P.G. Szabó, M.Cs. Markót, T. Csendes, E. Specht, L.G. Casado, and I. García

New Approaches to Circle Packing in a Square

With Program Codes

May 7, 2006

Springer

Berlin Heidelberg NewYork Hong Kong London Milan Paris Tokyo

2 Tibor Csendes and Péter Gábor Szabó Department of Applied Informatics Institute of Informatics, University of Szeged H-6701 Szeged, P.O. Box 652 Hungary

Mihály Csaba Markót Laboratory and Department of Operations Research and Decision Systems Computer and Automation Research Institute, Hungarian Academy of Sciences H-1518 Budapest, P.O. Box 63 Hungary

Eckard Specht Department of Experimental Physics Otto von Guericke University of Magdeburg D-39016 Magdeburg, P.O. Box 4120 Germany

Leocadio González Casado and Inmaculada García Fernández Department of Computer Architecture and Electronics University of Almería E-04120 Almería Spain

Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . IX

Glossary of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . XIV

1 Introduction and Problem History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Problem description and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 The history of circle packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2.1 The problem of Malfatti . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2.2 The circle packing studies of Farkas Bolyai . . . . . . . . . . . . . . 2 1.2.3 Packing problems from ancient Japan . . . . . . . . . . . . . . . . . . . 5 1.2.4 A circle packing from Hieronymus Bosch . . . . . . . . . . . . . . . . 6 1.2.5 The densest packing of circles in the plane . . . . . . . . . . . . . . . 6 1.2.6 Circle packings in bounded shapes . . . . . . . . . . . . . . . . . . . . . . 7 1.2.7 Generalizations and related problems . . . . . . . . . . . . . . . . . . . 8 1.2.8 Packing of equal circles in a unit square . . . . . . . . . . . . . . . . . 8

2 Problem Definitions and Formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.1 Geometrical models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 Mathematical programming models . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Bounds for the Optimum Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.1 Lower bounds for the maximal distance m_n . . . . . . . . . . . . . . . . . . . . 23 3.2 Upper bounds for the optimal radius r_n . . . . . . . . . . . . . . . . . . . . . . . . 25 3.3 Asymptotic estimation and its error. . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4 Approximate Circle Packings Using Optimization Methods . . . . . . . . . 31 4.1 An earlier approach: energy function minimization . . . . . . . . . . . . . . 31 4.2 The TAMSASS-PECS algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 4.3 Computational results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

VI Contents

5 Other Methods for Finding Approximate Circle Packings . . . . . . . . . . . 43 5.1 A deterministic approach based on LP-relaxation . . . . . . . . . . . . . . . . 43 5.2 A perturbation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.3 Billiard simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.4 Pulsating Disk Shaking (PDS) algorithm . . . . . . . . . . . . . . . . . . . . . . . 45 5.5 Computational results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

6 Interval Methods for Validating Optimal Solutions . . . . . . . . . . . . . . . . . 51 6.1 Problem formulation for the interval algorithms . . . . . . . . . . . . . . . . . 51 6.2 Interval analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 6.3 A prototype interval global optimization algorithm . . . . . . . . . . . . . . . 54 6.4 An interval inclusion function for the objective function of the point arrangement problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 6.5 The subdivision step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 6.6 Accelerating devices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 6.6.1 The cutoff test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 6.6.2 The ‘method of active regions’ . . . . . . . . . . . . . . . . . . . . . . . . . 58

7 The First Fully Interval-based Optimization Method . . . . . . . . . . . . . . . 61 7.1 A monotonicity test for the point arrangement problems . . . . . . . . . . 61 7.2 A special case of monotonicity – handling the free points . . . . . . . . . 63 7.3 A rectangular approach for the ‘method of active regions’ . . . . . . . . . 65 7.4 Numerical results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 7.4.1 Local verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 7.4.2 Global solutions using tiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

8 The Improved Version of the Interval Optimization Method . . . . . . . . 75 8.1 Method of active regions using polygons . . . . . . . . . . . . . . . . . . . . . . . 76 8.2 A new technique for eliminating tile combinations . . . . . . . . . . . . . . . 86 8.2.1 Basic algorithms for the optimality proofs . . . . . . . . . . . . . . . 89 8.3 An improved method for handling free points . . . . . . . . . . . . . . . . . . . 93 8.4 Optimal packing of n = 28, 29, and 30 points . . . . . . . . . . . . . . . . . . . 95 8.4.1 Hardware and software environment . . . . . . . . . . . . . . . . . . . . 95 8.4.2 The global procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 8.5 Summary of the results for the advanced algorithm . . . . . . . . . . . . . . 107

9 Interval Methods for Verifying Structural Optimality . . . . . . . . . . . . . . 109 9.1 Packing structures and previous numerical results . . . . . . . . . . . . . . . . 109 9.2 Optimality and uniqueness properties . . . . . . . . . . . . . . . . . . . . . . . . . . 111

10 Repeated Patterns in Circle Packings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 10.1 Finite pattern classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 10.1.1 The PAT(k^2 − l) (l = 0, 1, 2) pattern classes . . . . . . . . . . . . . 115 10.1.2 The STR(k^2 − l) (l = 3, 4, 5) structure classes . . . . . . . . . . . 123 10.1.3 The PAT(k(k + 1)) pattern class . . . . . . . . . . . . . . . . . . . . . . . 128 10.1.4 The PAT(k^2 + ⌊k/2⌋) pattern class . . . . . . . . . . . . . . . . . . . . . 128

Contents VII

10.2 A conjectured infinite pattern class . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 10.2.1 Grid packings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 10.2.2 Conjectural infinite grid packing sequences . . . . . . . . . . . . . . 133 10.3 Improved theoretical lower bounds based on pattern classes . . . . . . . 138 10.3.1 Sharp, constant lower and upper bounds for the density of circle packing problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

11 Minimal Polynomials of Point Arrangements . . . . . . . . . . . . . . . . . . . . . . 143 11.1 Determining the minimal polynomial for a point arrangement . . . . . 143 11.1.1 Optimal substructures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 11.1.2 Examining the general case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 11.1.3 Finding minimal polynomials using Maple . . . . . . . . . . . . . . . 153 11.1.4 Determining exact values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 11.1.5 Solving the P_{11}(m) = 0 equation by radicals . . . . . . . . . . . . . 156 11.2 Classifying circle packings based on minimal polynomials . . . . . . . . 157 11.2.1 The linear class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 11.2.2 The quadratic class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 11.2.3 The quartic class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 11.2.4 Some classes with higher degree polynomials . . . . . . . . . . . . 160

12 About the Codes Used . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 12.1 The threshold accepting approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 12.2 Pulsating Disk Shaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 12.2.1 Installation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 12.2.2 Why does the program use PostScript files? . . . . . . . . . . . . . . 167 12.2.3 Usage and command-line options . . . . . . . . . . . . . . . . . . . . . . . 168 12.3 The interval branch-and-bound algorithm . . . . . . . . . . . . . . . . . . . . . . 169 12.3.1 Package components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 12.3.2 Requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 12.3.3 Installing and using circpack 1.3 . . . . . . . . . . . . . . . . . . . . . . . 171 12.4 A Java demo program . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

Appendix A: Currently Best Known Results for Packing Congruent Circles in a Square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 A.1. Numerical results for the packings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 A.2. Figures of the packings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Related websites. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

Preface

The problem of finding the densest packing of congruent circles in a square is obviously an interesting challenge of discrete and computational geometry with all its surprising structural forms and regularities. It is easy to understand what the problem is: to position a given number of equal circles in such a way that the circles fit fully in a square without overlapping.

With a large number of circles to be packed, the solution is very difficult to find. This difficulty is highlighted by many features. On one hand it is clear that an optimal solution can be rotated, reflected, or the circles can be reordered, and hence the number of equivalent optimal solutions blows up as the number of circles increases. On the other hand, in several cases there even exists a circle in an optimal packing that can be moved slightly while retaining the optimality. Such free circles (or rattles) mean that there exist not only a continuum of optimal solutions, but the measure of the set of optimal solutions is positive!

One nice aspect of circle packing is that the problem is clear without any further explanation, and a solution can be provided by a figure. In a certain sense, the number of circles for which we know the optimal packing with certainty indicates how sophisticated the available theoretical and computational tools are. One can think that it is a kind of measure of our technological and scientific capabilities.

Beyond the theoretically challenging character of the problem, there are several ways in which the solution methods can be applied to practical situations. Direct applications are related to cutting out congruent two-dimensional objects from an expensive material, or locating points within a square in such a way that the shortest distance between them is maximal. Circle packing problems are closely related to the ‘obnoxious facility location’ problems, to the Tammes problem (locate a given number of points on a sphere in such a way that the minimal distance among them is maximal), and less closely related to the Kissing Number Problem (determine how many unit spheres can touch a unit sphere in an n-dimensional space). The emerging computational algorithms can also be well utilized in other hard-to-solve optimization problems like molecule conformation.

X Preface

The involvement of the authors with circle packing began in 1993 when one of the authors, Tibor Csendes, visited the University of Karlsruhe in Germany. His colleague, Dietmar Ratz, showed him a paper written in the IBM Nachrichten (42(1992) 76–77) about the difficulties involved in packing ten circles in the unit square. The problem seemed to fit the interval arithmetic-based reliable optimization algorithms they were investigating.

However, the first tries were disappointing: not even the trivial three-circle problem instance could be solved with the hardware and software environments available at that time. It became clear that symmetric equivalent solutions made the problem hard to solve.

A couple of years later a PhD student called Péter Gábor Szabó asked Tibor Csendes for an operations research subject. Among those offered was the circle packing problem, since Péter graduated as a mathematician (and not as a computer science expert, as do the majority of the PhD students at the Institute of Informatics of the University of Szeged). He began with the investigation of the structural questions of circle packing.

The Szeged team collaborated with the Department of Computer Architecture and Electronics at the University of Almería in Spain in optimization first in the framework of a Tempus project, and then for some years within a European Erasmus / Socrates programme. The head of the Spanish department, Inmaculada García, sent two PhD students to Szeged for a few months. One of the PhD students called Leocadio González Casado was interested in the circle packing problem and invested some time in a new approximating solution algorithm. Péter Gábor Szabó visited the Almería team, and the joint work resulted in the first double article reporting six world best packings at that time. These candidate optimal packings were all beaten later by the results of Eckard Specht at the University of Magdeburg. His collaboration with the Hungarian team brought other publications on the subject.

The last member joining the present team was Mihály Csaba Markót. He was a PhD student supervised by Tibor Csendes, but was working on another topic of improving the efficiency of interval arithmetic-based global optimization algorithms. His interest turned relatively late to circle packing, when the interval optimization methods seemed to be effective enough to tackle such tough problems. It was very interesting to see what kind of utilization of the problem specialities was necessary to build a numerically reliable computer procedure that cracked the next unsolved problem instances of 28, 29, and 30 circles. That produced a kind of happy end for this nearly 10-year story – and a return to the first hopeless-looking technique.

The authors had intended this volume to be a summary of the results achieved in the past few years, providing the reader with a comprehensive view of the theoretical and computational achievements. One of the major aims was to publish all the programming codes used. The checking performed by the wider scientific community helps in having the computational proofs accepted. The open source codes will enable the interested reader to improve on them and solve problem instances that still remain challenging, or to use them as a starting point for solving related application problems.

The present book can be recommended for those who are interested in discrete geometrical problems and their efficient solution techniques. The volume is also worth reading by operations research and optimization experts as a report or as a case study of how the utilization of the problem structure and specialities enabled the verified solution of the previously hopeless high-dimensional nonlinear optimization problems with nonlinear constraints. The outlined history of the whole solution procedure provides a balanced picture of how theoretical results, like repeated patterns, lower and upper bounds on possible optimum values, and approximate stochastic optimization techniques, supported the final resolution of the original problem.

Acknowledgments. The authors would like to thank all their colleagues who participated in the research. This work was supported by the Grants OTKA T 016413, T 017241, T 034350, FKFP 0739/97, and by the Grants OMFB D-30/2000, OMFB E-24/2001. It was also supported by the SOCRATES-ERASMUS programme (25/ ERMOB/1998-99), by the Spanish Ministry of Education (CICYT TIC96-1125-C03- 03) and by the Consejería de Educación de la Junta de Andalucía (07/FSC/MDM). All grants obtained are gratefully acknowledged, and the authors hope they have been used in an efficient and effective way – as in part reflected by the present volume. Mihály Csaba Markót would like to thank the Advanced Concepts Team of the European Space Agency, Noordwijk, The Netherlands for the possibility to prepare the manuscript during his postdoctoral fellowship. The authors are grateful to Jose Antonio Bermejo (University of Almería, Spain) for the preparation of the enclosed CD-ROM, and to David P. Curley for checking this book from a linguistic point of view.

Glossary of Symbols

n the number of circles/points to be packed/arranged, page 1 P (r_n, S) a circle packing, page 13 r_n the common radius of a circle packing, page 13 S the size of the enclosing square of a circle packing, page 13 r_n the optimum value of for the circle packing problem, page 13 A(m_n, Σ) a point arrangement, page 14 m_n the minimal pairwise distance in a point arrangement, page 14 Σ the size of the enclosing square for a point arrangement, page 14 m_n the optimum value of the point arrangement problem, page 14 P^′(R, s_n) an associated circle packing, page 14 s_n the size of the enclosing square for an associated circle packing, page 14 R the common radius for an associated circle packing, page 14 s_n the optimum value for the associated circle packing, page 14 A^′(M, σ_n) an associated point arrangement, page 14 σ_n the size of the enclosing square for an associated point arrangement, page 14 M the minimal pairwise distance for an associated point arrangement, page 14 σ_n the optimum value for the associated point arrangement problem, page 14 P^n_i Problem 2.i (1 ≤ i ≤ 5), page 14 d_n(r_n, S) the density of a circle packing P (r_n, S), page 17 T_h threshold level in Threshold Accepting Algorithm, page 33 ξ the variance of the perturbation size, page 35 d_{ij} the squared distance between two points for a point arrangement, page 52 d(x, y) the squared distance between x ∈ R^n and y ∈ R^n, page 52 f_n(x, y) the objective function for Problem 6.2, page 52 I the set of real, compact intervals, page 53 lb(A) the lower bound of the interval A, page 53 ub(A) the upper bound of the interval A, page 53 I(S) the set of intervals in S ⊆ R, and the set of boxes in S ⊆ R^n, page 53 w(A) the width of the interval A, page 53 F (X) an interval inclusion function of a real function f over the box X, page 53 f(X) the range of a real function f over the box X, page 53 D_{ij} the natural interval extension of d_{ij} , page 56 F_n(X, Y ) an interval inclusion function of f_n(x, y), page 56 f̃ the best known lower bound for the maximum of Problem 6.2, page 57 f̃_0 the best known lower bound for the maximum of Problem 6.1, page 57 D(x, y) the natural interval extension of d(x, y), page 79 S^m_{s..f} input sets of tile combinations for the B&B method, page 89 S̄^m_{s..f} output sets of tile combinations for the B&B method, page 89

m_1 s_1 ..f_1 S m s..f input sets of tile combinations for the B&B method, page 89 m_1 s_1 ..f_1S̄ m s..f output sets of tile combinations for the B&B method, page 89

PAT(f(k)) a pattern class, where n = f(k), page 115 STR(f(k)) a structure class, where n = f(k), page 123 [[p, q]] a grid packing, page 132 GP the set of grid packings, page 132 p^I_n(x) a generalized minimal polynomial, page 145 P_n(x) p^1_n(x), page 145

References

1. B. Addis, M. Locatelli, and F. Schoen: Packing circles in a square: new putative optima obtained via global optimization. Optimization Online (2005). Available at http://www.optimization-online.org/DB HTML/2005/03/

1088.html.

2. I. Althöfer and K. U. Koschnick: On the convergence of threshold accepting. Applied Mathematics and Optimization 24 (1991) 183–195.

3. P. Ament and G. Blind: Packing equal circles in a square. Studia Scientiarum Mathematicarum Hungarica 36 (2000) 313–316.

4. D. Baer and W. Mögling: Über Punktverteilungen im Quadrat mit speziellem Abstand.

In German. Wissenschaftliche Zeitschrift Pädagogische Hochschule Erfurt Mühlhausen 23 (1987) 116–120.

5. D. W. Boll, J. Donovan, R. L. Graham, and B. D. Lubachevsky: Improving Dense Packings of Equal Disks in a Square. Electronic J. of Combinatorics 7 (2000) #R46. Available at http://www.combinatorics.org/Volume 7/PostScriptfiles/

v7i1r46.ps.

6. Wolfgangi Bolyai de Bolya: Tentamen iuventutem studiosam in elementa matheseos purae elementaris ac sublimioris methodo intuitiva evidentiaque huic propria introducendi, cum appendice triplici. In Latin. Marosvásárhelyini, 1832–33. Second edition in 1904, Volume 2, 119–122. Available at

http://www.hti.umich.edu/cgi/t/text/text-idx?c=umhistmath;
idno=ACA7836.

7. K. Böröczky: Packing of spheres in spaces of constant curvature. Acta Math. Acad. Sci.

Hungar. 32 (1978) 243–261.

8. K. Böröczky Jr.: Finite packing and covering, Cambridge University Press, Cambridge, 2004.

9. P. Brass, W. Moser, and J. Pach: Research Problems in Discrete Geometry, Springer- Verlag, New York, 2005.

10. L. G. Casado, I. García, and Ya. D. Sergeyev: Interval Branch and Bound algorithm for finding the first-zero-crossing-point in one-dimensional functions. Reliable Computing 6 (2000) 179–191.

11. L. G. Casado, I. García, P. G. Szabó, and T. Csendes: Packing Equal Circles in a Square II. — New results for up to 100 circles using the TAMSASS-PECS stochastic algorithm. In: Optimization Theory: Recent Developments from Mátraháza, Kluwer, Dordrecht, 207–224, 2001. Available at

http://www.inf.u-szeged.hu/∼pszabo/Pub/pack1.ps.gz.

12. J. H. Conway and N. J. A. Sloane: Sphere Packings, Lattices and Groups, Springer-Verlag, New York, 1998.

13. D. Cox, J. Little, and D. O’Shea: Ideals, Varieties, and Algorithms. An Introduction to Computational Algebraic Geometry and Commutative Algebra, Springer-Verlag, New York, 1997.

14. H. T. Croft, K. J. Falconer, and R. K. Guy: Unsolved Problems in Geometry, Springer- Verlag, New York, 108–110, 1991.

15. A. E. Csallner, T. Csendes, and M. Cs. Markót: Multisection in Interval Methods for Global Optimization I. Theoretical Results. J. Global Optimization 16 (2000) 371–392.

16. T. Csendes: Nonlinear parameter estimation by global optimization – efficiency and reliability. Acta Cybernetica 8 (1988) 361–370.

17. T. Csendes and D. Ratz: Subdivision direction selection in interval methods for global optimization. SIAM J. Numerical Analysis 34 (1997) 922–938. Available at

http://epubs.siam.org/fulltext/SINUM/volume-34/28152.pdf.

18. DingZhu Du and P. M. Pardalos: Minimax and Applications, Kluwer, Dordrecht, 1995. 19. Z. Drezner, E. Erkut: Solving the Continuous p-dispersion Problem Using Non-linear Programming. J. Operat. Research Soc. 46 (1995) 516–520.

20. G. Dueck and T. Scheuer: Threshold accepting: a general purpose optimization algorithm appearing superior to simulated annealing. J. Comput. Phys. 90 (1990) 161–175.

21. L. Fejes Tóth: Über einen geometrischen Satz. In German. Mathematische Zeitschrift 46 (1940) 78–83.

22. L. Fejes Tóth: Punktverteilungen in einem Quadrat. In German. Studia Sci. Math. Hungar.

6 (1971) 439–442.

23. L. Fejes Tóth: Lagerungen in der Ebene, auf der Kugel und im Raum. In German. Springer- Verlag, Berlin, 1972.

24. G. Fejes Tóth: Handbook of Discrete and Computational Geometry. CRC Press, Boca Raton, 1997.

25. A. Florian: Verteilung von Punkten in einem Quadrat. In German. Österreich. Akad. Wiss.

Math. Natur. Kl. Sitzungsber. II 198 (1989) 27–44.

26. F. Fodor: The densest packing of 19 congruent circles in a circle. Geometriae Dedicata 74 (1999) 139–145.

27. F. Fodor: The densest packing of 12 congruent circles in a circle. Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry 41 (2000) 401–409.

28. F. Fodor: The densest packing of 13 congruent circles in a circle. Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry 44:2 (2003) 431–440.

29. J. H. Folkman and R. L. Graham: A packing inequality for compact convex subsets of the plane. Canadian Mathematical Bulletin 12 (1969) 745–752.

30. H. Fukagawa and D. Pedoe: Japanese temple geometry problems = Sangaku. Charles Babbage Research Centre, Winnipeg, Canada, 1989.

31. Zs. Gáspár and T. Tarnai: Upper bound of density for packing of equal circles in special domains in the plane, Periodica Polytechnica Ser. Civ. Eng. 44:1 (2000) 13–32. Available at http://www.pp.bme.hu/ci/2000 1/pdf/ci2000 1 02.pdf.

32. M. Goldberg: The packing of equal circles in a square. Mathematics Magazine 43 (1970) 24–30.

33. M. Goldberg: Packing of 14, 16, 17 and 20 circles in a circle. Mathematics Magazine 44 (1971) 134–139.

34. J. E. Goodman and J. O’Rourke (eds.): Handbook of Discrete and Computational Geometry, CRC Press, New York, 1997.

35. R. L. Graham and B. D. Lubachevsky: Dense packings of equal disks in an equilateral triangle from 22 to 34 and beyond, The Electronic J. of Combinatorics 2, 1995. Available at http://www.emis.de/journals/EJC/Volume 2/PDFFiles/

v2i1a1.pdf.

36. R. L. Graham and B. D. Lubachevsky: Repeated Patterns of Dense Packings of Equal Circles in a Square, The Electronic J. of Combinatorics 3 (1996) #R16, 211–227. Available at

http://www.combinatorics.org/Volume 3/PDFFiles/v3i1r16.pdf.

37. R. L. Graham, B. D. Lubachevsky, K. J. Nurmela, and P.R.J. Östergård: Dense packings of congruent circles in a circle. Discrete Mathematics 181 (1998) 139–154.

38. M. Grannell: An even better packing of ten equal circles in a square. Manuscript, 1990. 39. C. de Groot, R. Peikert, and D. Würtz: The Optimal Packing of Ten Equal Circles in a Square. IPS Research Report, Eidgenössiche Technische Hochschule, Zürich, No. 90–12, August, 1990.

40. B. Grünbaum: An improved packing of ten circles in a square. Manuscript, 1990. 41. H. Hadwiger: Über extremale Punktverteilungen in ebenen Gebieten. Math. Zeitschrift 49 (1944) 370–373.

42. T. C. Hales: Cannonballs and Honeycombs. Notices Amer. Math. Soc. 47 (2000) 440–449. 43. R. Hammer, M. Hocks, U. Kulisch, and D. Ratz: Numerical Toolbox for Verified Computing I., Springer-Verlag, Berlin, 1993.

44. E. Hansen: Global Optimization Using Interval Analysis, Marcel Dekker, New York, 1992.

45. T. Harayama: Optimal Packings of 8, 9, and 10 Equal Circles in an Isosceles Right Triangle, Master’s thesis, School of Information Science, Japan Advanced Institute of Science and Technology, Japan, 2000.

46. P. van Hentenryck, D. McAllester, and D. Kapur: Solving Polynomial Systems Using a Branch and Prune Approach, SIAM J. on Numerical Analysis 34 (1997), 797–827.

47. R. Horst, P. M. Pardalos, and N. V. Thoai: Introduction to Global Optimization, Kluwer, Dordrecht, 1995.

48. R. Horst and N. V. Thoai: D.C. Programming: Overview. J. of Optimization Theory and Applications 103 (1999) 1–43.

49. M. Hujter: Some Numerical Problems in Discrete Geometry. Computers and Mathematics with Applications 38 (1999) 175–178.

50. D. C. Karnop: Random search techniques for optimization problems. Automatica 1 (1963) 111–121.

51. R. B. Kearfott: Rigorous Global Search: Continuous Problems. Kluwer, Dordrecht, 1996. 52. R. B. Kearfott: Test Results for an Interval Branch and Bound Algorithm for Equality- Constrained Optimization. In: Computational Methods and Applications, Kluwer, Dordrecht, 1996, 181–200.

53. K. Kirchner and G. Wengerodt: Die dichteste Packung von 36 Kreisen in einem Quadrat.

Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry. In German. 25 (1987) 147–159.

54. O. Knüppel: PROFIL – Programmer’s Runtime Optimized Fast Interval Library. Bericht 93.4, Technische Universität Hamburg-Harburg, 1993.

55. O. Knüppel: A Multiple Precision Arithmetic for PROFIL. Bericht 93.6, Technische Universität Hamburg-Harburg, 1993.

56. O. Knüppel: PROFIL/BIAS V 2.0, Bericht 99.1, Technische Universität Hamburg- Harburg, 1999.

57. S. Kravitz: Packing cylinders into cylindrical containers. Mathematics Magazine 40 (1967) 65–71.

58. J. L. Lagrange: Recherches d’arithmétique. Nouv. Mem. Acad. Roy. Sc. Belle Lettres, Berlin, in Oeuvres III (1773) 693–758.

59. H. Lob and H. W. Richmond: On the solutions of Malfatti’s problem for a triangle. Proc.

London Math. Soc. 30 (1930) 287–304.

60. M. Locatelli and U. Raber: A Deterministic Global Optimization Approach for Solving the Problem of Packing Equal Circles in a Square. International Workshop on Global Optimization (GO.99), Firenze, Italy, 1999.

61. M. Locatelli and U. Raber: Packing equal circles in a square: a deterministic global optimization approach. Discrete Applied Mathematics 122 (2002) 139–166.

62. B. D. Lubachevsky: How to simulate billiards and similar systems. J. Computational Physics 94 (1991) 255–283.

63. B. D. Lubachevsky and R. L. Graham: Curved Hexagonal Packings of Equal Disks in a Circle. Discrete & Computational Geometry 18 (1997) 179–194.

64. B. D. Lubachevsky, R. L. Graham, and F. H. Stillinger: Patterns and Structures in disk packings. Periodica Mathematica Hungarica 34 (1997) 123–142.

65. B. D. Lubachevsky and F. H. Stillinger: Geometric properties of random disk packings.

J. Statistical Physics 60 (1990) 561–583.

66. C. D. Maranas, C. A. Floudas, and P. M. Pardalos: New results in the packing of equal circles in a square. Discrete Mathematics 142 (1995) 287–293.

67. M. Cs. Markót: An Interval Method to Validate Optimal Solutions of the “Packing Circles in a Unit Square” Problems. Central European J. of Operational Research, 8 (2000) 63– 78. 68. M. Cs. Markót: Optimal Packing of 28 Equal Circles in a Unit Square – the First Reliable Solution. Numerical Algorithms (37) 2004, 253–261.

69. M. Cs. Markót: Interval Methods for Verifying Structural Optimality of Circle Packing Configurations in the Unit Square. To appear in J. Computational and Applied Mathematics.

70. M. Cs. Markót and T. Csendes: A New Verified Optimization Technique for the “Packing Circles in a Unit Square” Problems. SIAM J. Optimization 16 (2005), 193–219.

71. M. Cs. Markót, T. Csendes, and A. E. Csallner: Multisection in Interval Methods for Global Optimization II, Numerical Tests, J. Global Optimization, 16 (2000) 219–228.

72. J. Matyas: Random optimization. Automatization and Remote Control, 26 (1965) 244– 251.

73. J. R. McDonnell and D. Waagen: Evolving recurrent perceptrons for time-series modeling, IEEE Trans. on Neural Networks 5 (1994) 24–38.

74. H. Melissen: Densest packings of congruent circles in an equilateral triangle. American Mathematical Monthly 100 (1993), 916–925.

75. H. Melissen: Densest Packing of Six Equal Circles in a Square, Elemente der Mathematik 49 (1994) 27–31.

76. J. B. M. Melissen: Densest packing of eleven congruent circles in a circle. Geometriae Dedicata 50 (1994) 15–25.

77. J. B. M. Melissen: Optimal packings of eleven equal circles in an equilateral triangle, Acta Mathematica Hungarica 65 (1994) 389–393.

78. J. B. M. Melissen and P. C. Schuur: Packing 16, 17 or 18 circles in an equilateral triangle.

Discrete Mathematics 145 (1995) 333–342.

79. R. Milano: Configurations optimales de disques dans un polygone régulier, Mémoire de Licence, Université Libre de Bruxelles, 1987.

80. M. Mollard and C. Payan: Some progress in the packing of equal circles in a square.

Discrete Mathematics 84 (1990) 303–307.

81. R. E. Moore: Interval Analysis. Prentice-Hall, Englewood Cliffs, 1966. 82. L. Moser: Problem 24 (corrected). Canadian Mathematical Bulletin 8 (1960) 78. 83. A. Neumaier: Interval Methods for Systems of Equations, Encyclopedia of Mathematics and its Applications 37, Cambridge Univ. Press, Cambridge, 1990.

84. A. Neumaier: Introduction to Numerical Analysis. Cambridge Univ. Press, Cambridge, 2001.

85. K. J. Nurmela: Constructing combinatorial designs by local search. Series A: Research Reports 27, Digital Systems Laboratory, Helsinki University of Technology, 1993.

86. K. J. Nurmela and P. R. J. Östergård: Packing up to 50 Equal Circles in a Square. Discrete & Computational Geometry 18 (1997) 111–120.

87. K. J. Nurmela and P. R. J. Östergård: More Optimal Packings of Equal Circles in a Square.

Discrete & Computational Geometry 22 (1999) 439–457.

88. K. J. Nurmela and P. R. J. Östergård: Optimal packings of equal circles in a square. In Y.

Alavi, D. R. Lick, and A. Schwenk (eds.): Combinatorics, Graph Theory, and Algorithms (Proc. 8th Quadrennial International Conference on Graph Theory, Combinatorics, Algorithms, and Applications), 1999, 671–680.

89. K. J. Nurmela, P. R. J. Östergård, and R. aus dem Spring: Asymptotic Behavior of Optimal Circle Packings in a Square. Canadian Mathematical Bulletin 42 (1999) 380–385.

90. N. Oler: An inequality in the geometry of numbers. Acta Math. 105 (1961) 19–48. 91. N. Oler: A finite packing problem. Canadian Mathematical Bulletin 4 (1961) 153–155. 92. Ch. Payan: Empilement de cercles égaux dans un triangle équilatéral. Á propos d’une conjecture d’Erdös-Oler. In French. Discrete Mathematics 165/166 (1997) 555–565.

93. R. Peikert: Dichteste Packungen von gleichen Kreisen in einem Quadrat. In German.

Elemente der Mathematik 49 (1994), 16–26.

94. R. Peikert, D. Würtz, M. Monagan, and C. de Groot: Packing Circles in a Square: A Review and New Results. In: P. Kall (ed.): System Modelling and Optimization, Lecture Notes in Control and Information Sciences, Springer-Verlag, Berlin, 180 (1992) 45–54.

95. J. Petris and N. Hungerbüler: Manuscript, 1990.

96. U. Pirl: Der Mindestabstand von n in der Einheitskreisscheibe gelegenen Punkten. In German. Math. Nachr. 40 (1969) 111–124.

97. U. Raber: Nonconvex All-Quadratic Global Optimization Problems: Solution Methods, Application and Related Topics, PhD thesis, University of Trier, 1999.

98. S. S. Rao: Optimization Theory and Applications. John Wiley and Sons, New York, 1978. 99. H. Ratschek and J. Rokne: Computer Methods for the Range of Functions. Ellis Horwood, Chichester, 1984.

100. H. Ratschek and J. Rokne: New Computer Methods for Global Optimization. Ellis Horwood, Chichester, 1988.

101. G. E. Reis: Dense packings of equal circles within a circle. Mathematics Magazine 48 (1975) 33–37.

102. M. Ruda: Körelhelyezések téglalapokon. In Hungarian. MTA III. Osztály Közleményei 19 (1969) 73–87.

103. J. Schaer: The densest packing of nine circles in a square. Canadian Mathematical Bulletin 8 (1965) 273–277.

104. J. Schaer: On the packing of ten equal circles in a square. Mathematics Magazine 44 (1971) 139–140.

105. J. Schaer and A. Meir: On a geometric extremum problem. Canadian Mathematical Bulletin 8 (1965) 21–27.

106. A. Schürmann: On Extremal Finite Packings. Discrete & Computational Geometry 28 (2002) 389–403.

107. K. Schlüter: Kreispackung in Quadraten. In German. Elemente der Mathematik 34 (1979) 12–14.

108. B. L. Schwartz: Separating points in a square. J. of Recreational Mathematics 3 (1970) 195–204.

109. F. J. Solis and J. B. Wets: Minimization by random search techniques. Mathematics of Operations Research 6 (1981) 19–50.

110. E. Specht’s packing website. http://www.packomania.com. 111. R. J. Speedy: Random jammed packings of hard discs and spheres. J. Phys.: Condens.

Matter 10 (1998) 4185–4194.

112. Gy. Staar: A megélt matematika. In Hungarian. Gondolat, Budapest, Hungary, 1990. 113. P. G. Szabó: Optimális körelhelyezések a négyzetben. In Hungarian. Polygon, X (2000) 48–64, 2000. Available at http://www.inf.u-szeged.hu/∼pszabo/Pub/

polygon.ps.gz.

114. P. G. Szabó: Some new structures for the “equal circles packing in a square” problem. Central European J. of Operations Research 8 (2000) 79–91. Available at

http://www.inf.u-szeged.hu/∼pszabo/Pub/struct.ps.gz.

115. P. G. Szabó: Sangaku, matematikai fatáblák japán templomokban. In Hungarian. KöMaL 7 (2001) 386–388. Available at http://www.komal.hu/cikkek/sangaku/

sangaku.h.shtml.

116. P. G. Szabó: Optimal substructures in optimal and approximate circle packings. Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry 46 (2005) 103–118. Available at http://www.inf.u-szeged.hu/∼pszabo/Pub/sub.ps.gz.

117. P. G. Szabó and T. Csendes: Lázár Dezsö és a kongruens körök négyzetben való legsürübb pakolásának problémája. In Hungarian. Magyar Tudomány 8 (2001) 984–985. Available at http://www.matud.iif.hu/01aug/szabopg.html.

118. P. G. Szabó, T. Csendes, L. G. Casado, and I. García: Packing Equal Circles in a Square I. – Problem Setting and Bounds for Optimal Solutions. In: Optimization Theory: Recent Developments from Mátraháza, Kluwer, Dordrecht, 191–206, 2001. Available at

http://www.inf.u-szeged.hu/∼pszabo/Pub/pack1.ps.gz.

119. P. G. Szabó, M. Cs. Markót, and T. Csendes: Global Optimization in Geometry – Circle Packing into the Square, Essays and Surveys in Global Optimization (Gerad 25th Anniversary Series), Ed. by C. Audet, P. Hansen, and G. Savard, Springer, 233–266, 2005. Available at http://www.inf.u-szeged.hu/∼pszabo/Pub/cp2.pdf.

120. P. G. Szabó and E. Specht: Packing up to 200 equal circles in a square. Submitted for publication. Available at http://www.inf.u-szeged.hu/∼pszabo/Pub/

pack200.pdf.

121. T. Tarnai: Packing of equal circles in a circle. Structural Morphology: Toward the New Millenium, The University of Nottingham, Nottingham, UK, 217–224, 1997.

122. T. Tarnai and Zs. Gáspár: Packing of equal circles in a square. Acta Technica Acad. Sci.

Hung. 107 (1995–96) 123–135.

123. A. Thue: Om nogle geometrisk-taltheoretiske theoremer. In Norvegian. Forhdl. Skand.

Naturforskeres 14 (1892) 352–355.

124. A. Thue: Über die dichteste Zusammenstellung von kongruenten Kreisen in einer Ebene.

In German. Norske Vidensk. Selsk. Skr. 1 (1910) 3–9.

125. B. Tóth and T. Vinkó: Egy hatékony számítógépes eszköz matematikai problémák megoldására. In Hungarian. Polygon XI/1 (2002) 19–42. Available at

http://www.inf.u-szeged.hu/∼boglarka/gspoly.ps.gz.

126. G. Valette: A better packing of ten circles in a square. Discrete Mathematics 76 (1989) 57–59.

127. G. Wengerodt: Die dichteste Packung von 16 Kreisen in einem Quadrat. In German.

Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry 16 (1983) 173–190.

128. G. Wengerodt: Die dichteste Packung von 14 Kreisen in einem Quadrat. In German.

Beiträge zur Algebra und Geometrie, Contributions to Algebra and Geometry 25 (1987) 25–46.

129. G. Wengerodt: Die dichteste Packung von 25 Kreisen in einem Quadrat. In German. Ann.

Univ. Sci. Budapest Eötvös Sect. Math. 30 (1987) 3–15.

130. D. Würtz, M. Monagan, and R. Peikert: The history of packing circles in a square. Maple Technical Newsletter 0 (1994) 35–42.

131. V. A. Zalgaller and G. A. Los’: The solution of the Malfatti-problem. In Russian. Ukr.

Geom. Sb. 35 (1992) 14–33. English translation: J. Math. Sci. 72 (1994) 3163–3177.

Related websites

Program codes Demonstration program for circle packing in Java:

http://www.inf.u-szeged.hu/∼csendes/pack.html

Source code and the control scripts of the sophisticated discussed interval algorithm:

http://www.sztaki.hu/∼markot/packcirc.htm

Source code, Makefile and the ’nice’ library of the PDS algorithm:

ftp://hydra.nat.uni-magdeburg.de/pub/packing/csq/csq.c
ftp://hydra.nat.uni-magdeburg.de/pub/packing/csq/Makefile
ftp://hydra.nat.uni-magdeburg.de/pub/nice/nice-2.0.tgz

Packing websites Packing website of E. Specht:

http://www.packomania.com

Packing website of P. G. Szabó:

http://www.inf.u-szeged.hu/∼pszabo/Packing circles.html

Papers Papers by L. G. Casado:

http://www.ace.ual.es/∼leo/curr.html

Papers by T. Csendes:

http://www.inf.u-szeged.hu/∼csendes/publ.html

Papers by I. García:

http://www.ace.ual.es/∼inma/

Papers by M. Cs. Markót:

http://www.sztaki.hu/∼markot/

Papers by P. G. Szabó:

http://www.inf.u-szeged.hu/∼pszabo/publikacios jegyzek.html

Some more web pages

Erich’s Packing Center:

http://www.stetson.edu/∼efriedma/packing.html

M. Locatelli’s home page:

http://www.di.unito.it/∼locatell/curr.html

Circle packings by R. Peikert:

http://www.cg.inf.ethz.ch/∼peikert/personal/CirclePackings/

H. Pfoertner, The Densest Packing of Equal Spheres in a Cube:

http://www.randomwalk.de/sphere/incube/

Zs. Ruttkay, Growing water lilies:

http://wwwhome.cs.utwente.nl/∼zsofi/sangaku/SanSim.html

T. Tarnai’s home page:

http://www.epito.bme.hu/me/htdocs/dolgozok/
/dolgozo reszlet.php?felhasznalonev=ttarnai

T. C. Woo’s works:

http://depts.washington.edu/ie/people/woo.htm
http://depts.washington.edu/ie/people/faculty/
twoo/NickelToolbox.exe

Al Zimmermann’s Programming Contests:

http://www.recmath.org/contest/

List of Figures

1.1 The Malfatti circles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 The Malfatti circles and a denser packing in an equilateral triangle. . 3 1.3 The example of Bolyai for packing 19 equal circles in an equilateral triangle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.4 Two examples by Farkas Bolyai for planting trees in a square-shaped region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.5 Two examples by Farkas Bolyai for planting trees in a triangular region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.6 The packings of 19 circles with densities larger than that of the example by Bolyai. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.7 A Japanese Sangaku. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.8 The packing of six equal circles in a rectangle, carved on a rock in Japan. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.9 Circles on a sphere in ‘The Garden of Earthly Delights’ by Hieronymus Bosch. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.10 The densest packing of identical circles in the plane. . . . . . . . . . . . . . . 7

2.1 Each circle packing corresponds to a point arrangement. . . . . . . . . . . 15

3.1 Subdividing the square into strips.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.2 Gaps occurring for circles touching the sides of the square. . . . . . . . . . 27

4.1 Some improved packings for n = 32, 37, 47, 62, and 72 circles found by the TAMSASS-PECS method. . . . . . . . . . . . . . . . . . . . . . . . . 37

7.1 Monotone decreasing property in variable x_1. In the first case, the (7.1) assumption holds for j = 2, 3. In the second case, (7.1) holds for j = 2, while (7.2) holds for j = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . 62 7.2 The optimal packing of 7 circles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 7.3 A special case of the method of active regions. The shaded rectangle can be deleted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

7.4 An illustration of the method of active areas with temporary one-directional splittings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

8.1 A basic elimination procedure using polygons (s = 6, k = 6) with exact arithmetic. The shaded region of R_i can be regarded as the inactive region to be eliminated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 8.2 Algorithm 8 with exact (left) and with interval (right) arithmetic. . . . . 81 8.3 An example of the application of Algorithm 9 for s = 7, k = 5, and u = 4. The resulting polygon is determined by the vertices e_1, . . . , e_4, d_1, . . . , d_4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 8.4 An illustration for the proof of the correctness of Theorem 8.6. Case (3b) for s = 2 (left) and case (3c) for s ≥ 3 with s = 11, k = 9 (right). 85 8.5 The idea behind Theorem 8.8. The particular symmetry

transformation applied is a reflection to the horizontal bisector of the region enclosing S^′. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 8.6 An example of adding a new column with

k = l = 4, c = 2, m = 5, i = 3, j = 3. . . . . . . . . . . . . . . . . . . . . . . . 91 8.7 An example of joining the remaining areas for

n = 11, k = l = 4, c = 2, m = 6, and for m_1 = 8, j = 3. . . . . . . . 93

9.1 Area reduction of the real (solid border) and hypothetical (dashed border) error rectangles in the theorem by Nurmela and Östergård. . . 113 9.2 The unique optimal packing structures of 28, 29, and 30 circles in a square. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

10.1 Circle packings in the pattern class PAT(k^2), where k = 2, 3, 4, 5, and 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 10.2 Circle packings in the pattern class of PAT(k^2 − 1), where k = 3, 4, 5, and 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 10.3 Circle packings in the pattern class of PAT_1(k^2 − 2), where k = 3 and 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 10.4 Circle packings in the pattern class of PAT_2(k^2 − 2), where k = 5 and 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 10.5 Circle packings of the structure class STR(k^2 − 3), where k = 4, 5, 6, 7, and 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 10.6 Circle packings of the structure class STR(k^2 − 4), where k = 5, 6, and 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 10.7 Circle packings of the structure class STR(k^2 − 5), where k = 6, 7, and 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 10.8 Circle packings belonging to the PAT_1(k(k + 1)) class, for k = 1, 2, and 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 10.9 Circle packings from the pattern class PAT_2(k(k + 1)) for k = 4, 5, 6, and 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 10.10Circle packings of the PAT(k^2 +

⌊_k 2 ⌋ ) pattern class, where k = 2, 4, 5, 6, and 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

10.11The grid packing that is related to the^3_5 fraction. . . . . . . . . . . . . . . . . . 131 10.12Lower and upper bounds of m_n for n = 2 − 100 circles. . . . . . . . . . . . 140

11.1 Two examples of optimal substructures in optimal circle packings. . . 144 11.2 The containment graph for the optimal circle packings with n = 2 − 27.145 11.3 Circle packings for n = 34 and n = 35 circles with optimal substructures indicated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 11.4 The optimal packing for 10 circles in the unit square. . . . . . . . . . . . . . . 151 11.5 The optimal packing for eleven circles in the square. . . . . . . . . . . . . . . 158 11.6 A classification of circle packings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

12.1 The TAMSASS-PECS main window (MW) where the algorithm parameter can be set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 12.2 TAMSASS-PECS running in a graphical output Window (GOW). . . . 164 12.3 An illustration of the Pulsating Disk Shaking algorithm. . . . . . . . . . . . 167 12.4 The starting menu of the Java demonstration program for a circle packing task. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 12.5 Result for the Java demonstration program after packing 9 circles. . . . 175

13.1 Best known packings for 2–7 circles. . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 13.2 Best known packings for 8–13 circles. . . . . . . . . . . . . . . . . . . . . . . . . . . 186 13.3 Best known packings for 14–19 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 187 13.4 Best known packings for 20–25 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 188 13.5 Best known packings for 26–31 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 189 13.6 Best known packings for 32–37 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 190 13.7 Best known packings for 38–43 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 191 13.8 Best known packings for 44–49 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 192 13.9 Best known packings for 50–55 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 193 13.10Best known packings for 56–61 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 194 13.11Best known packings for 62–67 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 195 13.12Best known packings for 68–73 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 196 13.13Best known packings for 74–79 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 197 13.14Best known packings for 80–85 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 198 13.15Best known packings for 86–91 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 199 13.16Best known packings for 92–97 circles. . . . . . . . . . . . . . . . . . . . . . . . . . 200 13.17Best known packings for 98–103 circles. . . . . . . . . . . . . . . . . . . . . . . . . 201 13.18Best known packings for 104–109 circles. . . . . . . . . . . . . . . . . . . . . . . . 202 13.19Best known packings for 110–115 circles. . . . . . . . . . . . . . . . . . . . . . . . 203 13.20Best known packings for 116–121 circles. . . . . . . . . . . . . . . . . . . . . . . . 204 13.21Best known packings for 122–127 circles. . . . . . . . . . . . . . . . . . . . . . . . 205 13.22Best known packings for 128–133 circles. . . . . . . . . . . . . . . . . . . . . . . . 206 13.23Best known packings for 134–139 circles. . . . . . . . . . . . . . . . . . . . . . . . 207 13.24Best known packings for 140–145 circles. . . . . . . . . . . . . . . . . . . . . . . . 208 13.25Best known packings for 146–151 circles. . . . . . . . . . . . . . . . . . . . . . . . 209 13.26Best known packings for 152–157 circles. . . . . . . . . . . . . . . . . . . . . . . . 210

13.27Best known packings for 158–163 circles. . . . . . . . . . . . . . . . . . . . . . . . 211 13.28Best known packings for 164–169 circles. . . . . . . . . . . . . . . . . . . . . . . . 212 13.29Best known packings for 170–175 circles. . . . . . . . . . . . . . . . . . . . . . . . 213 13.30Best known packings for 176–181 circles. . . . . . . . . . . . . . . . . . . . . . . . 214 13.31Best known packings for 182–187 circles. . . . . . . . . . . . . . . . . . . . . . . . 215 13.32Best known packings for 188–193 circles. . . . . . . . . . . . . . . . . . . . . . . . 216 13.33Best known packings for 194–199 circles. . . . . . . . . . . . . . . . . . . . . . . . 217 13.34Best known packing for 200 circles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

List of Tables

1.1 Results for the packing of 10 circles. . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2 The authors of the known optimal packings. . . . . . . . . . . . . . . . . . . . . . 10 1.3 The authors of approximate packings between 1995 and 2006. . . . . . . 11

2.1 Relations between the parameters of the problems. . . . . . . . . . . . . . . . . 17 2.2 Relations between the parameters of the problems. . . . . . . . . . . . . . . . . 17

4.1 The best known results for packing circles in a unit square with 2 ≤ n ≤ 35 using the TAMSASS-PECS algorithm. . . . . . . . . . . . . . . . 39 4.2 The best known results for packing circles in a unit square with 36 ≤ n ≤ 70 using the TAMSASS-PECS algorithm. . . . . . . . . . . . . . . 40 4.3 The best known results for packing circles in a unit square with 71 ≤ n ≤ 100 using the TAMSASS-PECS algorithm. . . . . . . . . . . . . . 41

5.1 Numerical results for n = 2 − 36 circles. . . . . . . . . . . . . . . . . . . . . . . . 47 5.2 Numerical results for n = 37 − 124 circles. . . . . . . . . . . . . . . . . . . . . . 48 5.3 Numerical results for n = 125 − 200 circles. . . . . . . . . . . . . . . . . . . . . 49

7.1 Local verification of the existing solutions. The columns contain the number of points (n), the dimensionality of the problem (dim = 2n), the CPU time (CPU, in seconds), the maximal length of the WorkList (MLL), the number of objective function evaluations (NFE), the number of executions of the method of active regions (NMA), and the number of iterations (IT). . . . . . . . . . . . . . . . . . . . . . . . 70 7.2 Global verification using the tiling approach. The table includes the number of points (n), the dimensionality of the problem (dim = 2n), the tiling setting (Comb.), the number of tile combinations (Tiles nr), the total CPU time (CPU, in seconds), the maximal length of the WorkLists (MLL), the total number of objective function evaluations (NFE), the total number of executions of the method of active regions (NMA), and the total number of iterations (IT). . . . . . . . . . . . . 72

8.1 Computational details for solving the packing problem with n = 28 points. The two columns on the left show the name and size of the input sets for the global optimization process. These sets are full tile combinations in Phase 1, the resulting sets of Algorithm 10 in Phase 2, the resulting sets of Algorithm 11 in Phase 3, the aggregated resulting sets of Phase 3 in Phase 4, and the only box to be refined in Phase 5, respectively. The middle group of columns lists the CPU time (CPUt, in seconds), the number of function evaluations (NFE), and the number of executions of the method of active areas (NMAA) necessary while processing the elements of the corresponding S sets. The column set on the right shows the name and size of the output sets of the given global optimization method. . . . . . . . . . . . . . . 97 8.2 Computational details for solving the packing problem with n = 29 points. The table is arranged in the same way as Table 8.1. . . . . . . . . . 98 8.3 Computational details for solving the packing problem for n = 30 points. The table is arranged in the same way as Table 8.1. . . . . . . . . . 99 8.4 The interval bounds of the global maximizer point for packing 28 points, the X_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 8.5 The interval bounds of the global maximizer point for packing 28 points, the Y_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 8.6 The interval bounds of the global maximizer point for packing 29 points, the X_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 8.7 The interval bounds of the global maximizer point for packing 29 points, the Y_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 8.8 The interval bounds of the global maximizer point for packing 30 points, the X_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 8.9 The interval bounds of the global maximizer point for packing 30 points, the Y_i coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

10.1 Optimal grid packings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 10.2 Details for the grid packing [[p, p]] when 2 < p < 14 is an even number. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 10.3 Details for the grid packing [[p, p]] when 2 < p < 14 is an odd number.138 10.4 The density for packings up to n = 13 circles. . . . . . . . . . . . . . . . . . . . 141

11.1 Relationships between the generalized minimal polynomials. . . . . . . . 146 11.2 The necessary precision for determining the minimal polynomials. . . 154 11.3 The exact r_n and m_n parameter values for circle packing problems. . 157

13.1 Best known results for the problem of packing circles in a unit square when 2 ≤ n ≤ 40. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180 13.2 Best known results for the problem of packing circles in a unit square when 41 ≤ n ≤ 80. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181 13.3 Best known results for the problem of packing circles in a unit square when 81 ≤ n ≤ 120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

13.4 Best known results for the problem of packing circles in a unit square when 121 ≤ n ≤ 160. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183 13.5 Best known results for the problem of packing circles in a unit square when 161 ≤ n ≤ 200. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

Index

Östergård, P.R.J., 9–11, 32, 59, 66, 76, 77, 112 Östergård, P.R.J., 113

accelerating devices, 55 active regions, 58 Addis, B., 9 Ajima, C., 2 all-quadratic optimization problem, 20 Ament, P., 9 associated circle packing, 14 associated point arrangement, 14 aus dem Spring, R., 9 AVL-tree, 56

basis of an ideal, 150 BFGS algorithm, 10 billiard simulation, 9 Blind, G., 9 Boll, D.W., 9, 11 Bolyai, F., 2–6 branch–and–bound, 54 Buchberger, B, 151

C–XSC Numerical Toolbox, 68, 95, 112, 167 Cabri-Géomètre, 10 candidate solution, 32 circle packing, 13 cutoff test, 58 cutoff value, 55

DC programming problem, 19 de Groot, C., 8, 9 degree of a polynomial, 149 density of a circle packing, 17 Dirichlet cell, 26 Donovan, J., 9, 171

feasible order, 150 Fejes Tóth, L., 6, 8 FIFO, 55 finitely generated ideal, 150 fixed circle, 18 Floudas, C.A., 9 Folkman, J.H., 27 free circle, 18 free circle centre, 64 free point, 64

Gáspár, Zs., 9 GLOBAL, 95 global optimum, 33 GlobSol, 21 Goldberg, M., 8, 9 Gröbner basis, 150 Gröbner, W., 151 Grünbaum, B., 9 Graham, R.L., 4, 8, 9, 11, 27 Grannell, M., 9

Hilbert, D., 150 Hironaka, H., 151 Hujter, M., 8

IBM Nachrichten, X ideal, 149 identical packings, 18 inclusion function, 53

238 Index

inclusion monotonicity, 54 interval, 53 interval Newton–Gauss–Seidel method, 112 interval selection rule, 56 isotone inclusion function, 54

Java demo program, 171

Kepler Problem, 8 Kirchner, K., 8 Kissing Number Problem, IX, 8

Lázár, D., 8 Lagrange, J. L., 6 leading term, 150 lexicographic order of monomials, 150 Linux, 37 Lob, H., 2 Locatelli, M., 9, 11 Los’, G.A., 2 lower bound, 53 Lubachevsky, B.D., 4, 9, 11

Malfatti Problem, 2 Malfatti, G., 2 Maranas, C.D., 9, 11 Meir, A., 8, 10 Melissen, H., 8 method of active regions, 58 Milano, R., 9 MINOS, 9 Mollard, M., 9 Monagan, M., 8 monomial, 149 monomial order, 149 monotonicity test, 61 Moser, L., 8 MSASS, 32

natural interval extension, 53 neighbour of a candidate solution, 33 Nurmela, K.J., 9–11, 32, 59, 66, 76, 77, 112, 113 Oler Theorem, 27 optimal associated circle packing, 14 optimal associated point arrangement, 14 optimal circle packing, 13 optimal point arrangement, 14 outward rounding, 54 overestimation, 54

Pardalos, P.M., 9 Payan, C., 9 Peikert, R., 8–10 point arrangement, 14 point interval, 53 polynomial ring, 149 PROFIL/BIAS, 68, 95, 110, 167, 169 pseudorandom, 35

Raber, U., 9, 11 rattler, 18 Ratz, D., X Richmond, H.W., 2 rigid packing, 18 rigid point, 110

Sangaku, 5 SASS, 32 Schaer, J., 8–10 Schlüter, K., 9 Schoen, F., 9 Schwartz, B.L., 8, 10 search box, 54, 55 structure of a point arrangement, 109

Tarnai, T., 9 Thue, A., 6 tiling, 71 tiling method, 70

upper bound, 53

Váradi, V., 171 Valette, G., 9, 151 verification, 61 Voronoi polygon, 26

Würtz, D., 8, 9 Wengerodt, G., 8, 10

Zalgaller, V.A., 2