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 !"#$ %&"'()

 !"#$%& '!()*+,+-'.!

*+,-,./ 01.&2()3,-3,',2

*+(24'(5'1.&2()3 6"7$87/ 07)5+9:

;<=> *+,-,.? @A$(. '9A =

 

012#*3$$ "/3.%*3+

• 6B CB 6D&? EB FB G""27)? 0D, 0D,&A3 &H I7A5/)-? 0A7)5"7'/&)

7). J&2$/"/)- KB?KKB? IA,)'/
, M7""? N)-",O&&. J"/P5? Q,O E,AR

5,3? ST<=B

• J5#A)3,/ %&"'()?  &A.4'U$A&-A72&: ,",2+95/ 7"-&A/'2157/ VK)R

H&A27'/:7/ 6"-&A/'215&: =B? =>B H,8? *+,A:B KW()3/ 6)'7"X?

NY0N N#'W#5 Z/7.U? =>>[B

•  !"#$ %&"'()?  &A2("/5 )3,"W,: 95 5+/)'7:'/:15 ,",2+95!:?

I&"3-&) Z/7.U? *%0N? STTT? \]W4','' :/7.(5 =>>^B

• *B */$$1? NB *&/57"&)R*&/)/),)_ I7A5/)- 0D,&A3? *$A/)-,AR

C,A"7-? ST``B

!

 !"#$%4"( +)5%.2(%

 !"#$%& '()#*% '+,-.*//*) $,0$1+ '*" 2/!3

"/$'!.4-( %#*)5*6 -.(%1$7(-$8

6 ",-,"',A8,.',\\ 2U.5+,A 7  !"!#$%&' "(!)'%$""$) '#A'9)] 5+/)R

'7a/5 2,-7.(5B

6.81: 2,- 7+ A,B 95 C W("'&+U:\U"? 7 > 95 S :&)5'7)5&:\U"? 7 +

95 7 ∗ 2bW,",'/ 8,",:\]"? W7"72/)' 7 V 95 X +(AU8,",:\]" H,"9$4'D,']

7A/'2,'/:7/ :/H,8,+95,: 5+/)'7a/5('c

K"3,),: $9".(1" 7+ A? S? A + 1? A + B? A ∗ (B + 1) 7A/'2,'/:7/

:/H,8,+95,:B

"

SB I9".7_*#+%,!%+-$+ -+.!/!012!-"!- 7+A,B 95C W("'&+U 8,",:\]"?

7 > 95 S :&)5'7)5 8,",:\]"? 7 + 95 ∗ 2bW,",'/ 8,",:\]"? W7"72/)' 7

V 95 X 
5&$&A'&54'U 8,",:\]"? 7

〈kif〉 → 〈tag〉 | 〈kif〉 + 〈tag〉
〈tag〉 → 〈fakt〉 | 〈tag〉 ∗ 〈fakt〉
〈fakt〉 → (〈kif〉) | 〈valt〉 | 〈konst〉
〈valt〉 → A |B |C
〈konst〉 → 0 | 1

5+7\("3&: 7":7"27+(5(W7" H,"9$4'D,'] 8,"5&A&+7'&:7' V5+7W7:7'X

),W,++!:B

N+ ,-3 -3#"(!0!%.4  !%)!" "(!)'%$"B
#



 !"!#!$%&'

〈kif〉

⇒ 〈tag〉

⇒ 〈tag〉 ∗ 〈fakt〉

⇒ 〈tag〉 ∗ (〈kif〉)

⇒ 〈tag〉 ∗ (〈kif〉 + 〈tag〉)

⇒ 〈tag〉 ∗ (〈tag〉 + 〈tag〉)

⇒ 〈fakt〉 ∗ (〈tag〉 + 〈tag〉)

⇒ 〈fakt〉 ∗ (〈fakt〉 + 〈tag〉)

⇒ 〈fakt〉 ∗ (〈fakt〉 + 〈fakt〉)

 

 !"!#!$%& ()*+$,$-&,'

⇒ 〈fakt〉 ∗ (〈fakt〉 + 〈fakt〉)

⇒ 〈valt〉 ∗ (〈fakt〉 + 〈fakt〉)

⇒ 〈valt〉 ∗ (〈valt〉 + 〈fakt〉)

⇒ 〈valt〉 ∗ (〈valt〉 + 〈konst〉)

⇒ A ∗ (〈valt〉 + 〈konst〉)

⇒ A ∗ (B + 〈konst〉)

⇒ A ∗ (B + 1)

.!*/*%&' 〈kif〉 ⇒∗ A ∗ (B + 1)

!

0# A,B,C, 0, 1,+, ∗, ( %& ) 1!*!234* -**5 ,67$8!$72,7 27(!1!#%& &#9

7:$,;7&,'

 !" # $%&'&()* +,)!" %(-. )//&' 0% 
%)/ )//&' )'2*3 *2/)2 /24 5

# (0%6 7) ) 〈kif〉589$ ) 4 :*2 %(2:*)/*2/)2 %()8;$"&/ )$/)$3)(;%;,)$

*<'*0:9 $ , ( *0%% $ 3 !/)=7)*-<

=/"7>!:'

w &#5 ,67$8!$72,7 27(!1!#%& ⇔ 〈kif〉 ⇒∗ w<

"

?< @%*>,' AB+ !B+&#!6C D6)B6,8)#-&7 :+!*"E , @F G0 &#7:$,;7&,'

〈program〉 → 〈ut.lista〉.
〈ut.lista〉 → 〈ut〉 | 〈ut〉; 〈ut.lista〉
〈ut〉 → 〈ert.ado〉 | 〈ifut〉 |

〈whileut〉 | 〈blokk〉
〈ert.ado〉 → 〈valt〉 := 〈kif〉
〈ifut〉 →  ! 〈relacio〉 "#$% 〈ut〉 $&'$ 〈ut〉
〈whileut〉 → (# &$ 〈relacio〉 )* 〈ut〉
〈blokk〉 → +$, % 〈ut.lista〉 $%)

〈relacio〉 → 〈kif〉 〈relaciojel〉 〈kif〉
〈relaciojel〉 → < | > | = | 6=

#



 !"#$$#% & '#( )*'+(,-

〈kif〉 → 〈tag〉 | 〈kif〉 + 〈tag〉
〈tag〉 → 〈fakt〉 | 〈tag〉 ∗ 〈fakt〉
〈fakt〉 → (〈kif〉) | 〈valt〉 | 〈konst〉
〈valt〉 → A |B |C
〈konst〉 → 0 | 1

./ )* +01  !"#$%&%'()**%'+%# #$%+,'-#2

 

.01 w 3+4*!(!/&, &55!( 6* 
*&5)* &55!( */)8,&5,)59*&8 :+41+*

;<=>? 81+4"@ A(!0(&'% :& 〈program〉 ⇒∗ w2 B41+8 A64C#94

& 5D"+,5+/E 3+4*!(!/&,-

A := 0;

 !"#$ A < C %&

'$(") A := A + 1F

B := B ∗ CF

$)%F

C := C ∗B2

G6(C6*- +4 ,9C395H+ CD8,+8) ,+,*/E4+0+* w +*+,68% :!01

〈program〉 ⇒∗ wI

!"

J4,&4#8!*&$$&8-

 !"##$%&"# '()** "+$ ,-)+-'!)./0% #$"12 0.%#3

*'4%0' 50 '()** "+$ 6 "."# ' #$"12"# 7-)** 6 ,-)3

+-'!8 '99)- "1 *:(;:93" "1(<#*"#%8 =)+$ '. '()**

,-)+-'! "#+"("1!"09"(%93" ' 0.%#*'4%0#'98 2'+$%0

0.%#*'9*%9:0'# ="1$"03">
!!

K60 #4,&4#8!*&$$&8-

?C!,,- ? ;= A(!0(&'!/#*) 81+4" */)8,&L)*&-

GPL = (N,Σ, P, S)


M 81+4",&8 6* +01 NM+4:&*/8#4O #4,&4 '+0P(,Q ;= 81+4"@ w A(!0(&'

N*/O% */,()80Q2

G6(C6*- ? w A(!0(&' '+0M+4+4H+ & */)8,&5,)5&) +4EP(#*!58&5I

 9C395- ? w A(!0(&' */)8,&5,)59*&8 :+41+*⇔ w ∈ L(GPL)2

 +:#, & 56(C6*-  +43+*R4H+% :!01 w ∈ L(GPL)I

!#



 ! "#"$!%& '#'()"#'*'+',

 !"#$% &'( )*+,$ ,*()-./&#0/1 ,&'*+ /'/023*'('0 G =
(N,Σ, P, S) 
5 $+'*6/,$ 70 w ∈ Σ∗ 028 '0'/7$ '*!9$/.1 :)(+

w ∈ L(G) /'*"'0;*<'=

>)6?@@?1 :, w ∈ L(G)1 ,%%)- ,2 ,*()-./&#0 )#/A#/", &7( ,

w '(+ B@,* )*!,*. 6,(+ ")@@ )*!,*.C *'6'2'/707/ @.2/)0D/8 02,@?*+<

0)-)2,/E

 !

-./01"!"+)233"+#"0 01"#4+'056

7 8&$%+#%& 7

 "

-./01"!"+)233"+#"0 01"#4+'0

F(+ G = (N,Σ, P, S) $+'*6/,$ %9-$+'2'/5;(('/*'$1 :, &.$!'$

02,@?*+, A→ α ,*,%G1 ,:)* α ∈ (N ∪ Σ)∗E

H7*!,I Gar1 &'*+$'% 02,@?*+,.

•K → K + T 1 K → T 1

• T → T ∗ F 1 T → F 1

• F → (K), F → a.

L(Gar) ,2 a<@8* 6,*,&.$/ , (, ),+ 70 ∗ "'*'%@3* %7A'2:'/3 ,-./<

&'/.%,. %.5'"'270'% :,*&,2,E

 #

9"#.#%&"6

•  2 a1 b1 c1 d 02.&@8*#&)% Σ '*'&'./1

• ,2 A1 B1 C1 D1 S 02.&@8*#&)% N '*'&'./1

• ,2 U 1 V 1 W 1 X 1 Y 1 Z 02.&@8*#&)% N ∪ Σ '*'&'./1

• ,2 α1 β1 γ1 δ 02.&@8*#&)% (N ∪ Σ)∗ '*'&'./1

• 70 ,2 u1 v1 w1 x1 y1 z 02.&@8*#&)% Σ∗ '*'&'./

5)("?% "'*9*$.E

 $



 !"!#!$%&' ()!*'"+
'-&. /-)01

G = (N,Σ, P, S) !"#$%# &'()*+, A→ α (+(-.

 !"#$%!&$' ()#*+#, -.",/$
,1 /+%0%'%12&34

α0 ⇒ α1 ⇒ . . .⇒ αn

23# !#!-3#, -.",/$
,1

/αi +%5)(+6+$(+")) #%!1%7!"#*+"&*1 8%+,%11%&91:;-34

α0 ⇒l α1 ⇒l . . .⇒l αn

4!55 !#!-3#, -.",/$
,1

/αi +%5:6))6+$(+")) #%!1%7!"#*+"&*1 8%+,%11%&91:;-34

α0 ⇒r α1 ⇒r . . .⇒r αn

 !

2%3)+1

<' (7"1!%1"-(" -"=%:%'2&%-%1 5%#%7*+> Gar #,%+01(#)(#

K ⇒ T ⇒ T ∗ F ⇒ F ∗ F ⇒ F ∗ (K)
K ⇒l T ⇒l T ∗ F ⇒l F ∗ F ⇒l a ∗ F
K ⇒r T ⇒r T ∗ F ⇒r T ∗ (K) ⇒r T ∗ (K + T )

?( α 6+,(# 865, S ⇒∗ α /S ⇒∗l α, S ⇒
∗
r α3 (--67 α 6!(-3%7

8!"63 953# 6!(-3%8!"63: ;!55 6!(-3%8!"63<@

 "

4 1536786#9 3!"!#!$%&' /-)01 1:;
&03:$:

?( X ⇒∗l α 0(5, X ⇒∗r α (--67 X ⇒∗ α "& =%##*++@

A67$910( #%! "5(' B2+$*C+ GarD)(#

K ⇒ K + T ⇒ K + T + T ⇒ K + F + T,

$% &%! K ⇒∗l K + F + T &%! K ⇒∗r K + F + T #%! 1%+:%&;+@

 #

E++%#)%# 8( α 1%7!"#*+"& &'> /α ∈ Σ∗3 (--67 (--67 (' *++91*&

!*7 !%5=67$918(1> 0(5,"& "5(' +%&' 865, )(+ 6+$(+" /:6)) 6+$(+"3

+%0%'%12&%--%+ C5,(#('6- ( 1%7!"#*+"& &'(0(- -(B8(1>- !%5 !"#1

-67+*16'*& #2+-;+" +%0%'%12&%--%+@

<%$!3= F"#$%# X ∈ (N ∪ Σ) 2& w ∈ Σ∗ %&%12#4

X ⇒∗ w ⇔ X ⇒∗l w ⇔ X ⇒∗r w.

$%



 !"#$%
#'( )%*

 ! X ∈ (N ∪ Σ) "#$%&'( )&'*+,
*./ 0,% 12342!2 2 3&"/!(%&55

63#27 DX 12342!8 24&3#'&

9*:  ! 2 028 24&3#7&% &"#&;3&7 /!$"<67;=2 9+2"#*/ 
/2% "#$%&'&:

2! X 8 &3&4& DX>7&%? 9@!; 2 0,; X>/!&3 =&3$3=A%?:

9**: B2 X → λ ∈ P 8 2%%6' 2! 2 028 24&3#7&% "#$%&'& X 8 2 "#$%>

&'C7&% &"#&;3&7 3&/!,'42!6;;=2 2 λ8 &3&4& DX>7&%? 9@!; 2 0,;

X [λ]>+23 =&3$3=A%?:

9***: B2 X → X1 . . . Xn ∈ P C/ t1 ∈ DX1, . . . , tn ∈ DXn8 2%%6'

2! 2 028 24&3#7&% "#$%&'& X 8 2 "#$%C'5D3 n C3 *7)E3 '&7>

)'& 2 t1, . . . , tn 0,% "#$%&'C1&!8 &3&4& DX>7&%? 9@!; 2 0,;

X [t1, . . . , tn]>7&3 =&3$3=A%?

 !

 !"#$%
#'( )%*

X X

X1 Xn

X

λ . . .

t1 tn

X X[λ] X[t1, . . . , tn]

  

 !"#$%
#'( )%* +,-,((%-,. /,0%",

F&"#&7 t &"# X "#$%&'( )&'*+,
*./ 02?  %%6' t 42"2//,",; h(t)>

+&38 t 12;,',; fr(t)>+&3 =&3$3=A% C/ 2! 23,55* 4.)67 )&G7*,3=E%H

9*: B2 t = X 8 2%%6' h(t) = 0 C/ fr(t) = X ?

9**: B2 t = X [λ]8 2%%6' h(t) = 1 C/ fr(t) = λ?

9***: B2 t = X [t1, . . . , tn]8 2%%6' h(t) = 1+max{h(ti) | 1 ≤ i ≤ n}

C/ fr(t) = fr(t1) . . . fr(tn)?

I706'4,3*/27H h(t) 2 t>5&7 3C+D 63#27 E;2% 16//!,72% 42J*>

4E428 24&3#&% t "#$%&'C;D3 2772% +2324&3# 3&+&3C1&! +&!&;7&%?

K6+,55,8 fr(t) 2! 2! (N∪Σ)∗>5&3* /!.8 24&3#&; t 3&+&3&*7&% 523'.3

=655'2 ;$';C7D 3&63+2/,/,+23 %2<E7%?

 "

h(t1) = 3 h(t2) = 5

fr(t1) = F ∗ (K) fr(t2) = (a + a)

K

T

T F

( )K

F

( )

t2 =t1 =

K

+ T

F

a

K

T

F

a

F

∗

 #



 !"
$%&!' ! ()*+,-
+.$ /-0 1$ ! ()*+,-
+.0 0232''

41')&  !"#$%&!'!# X ∈ (N ∪ Σ) (# α ∈ (N ∪ Σ)∗ !#!"()

X ⇒∗ α

*++,- (# 
#*+ *++,-/

0* 1*) ,&2*) t ∈ DX 3!-415
46# 7* *8!&2-! fr(t) = α9

 !

5$$3)/%6&!&-$7

:'2 G = (N,Σ, P, S) 
7 )2!&1"*) 5&"*& '!)!-5&" )2!&1 * 8,#"

;!1!$!"!"" 7,'*&8*+ #!'<"#('(1!& * +=1!"+!$%+(>>!) <-0*"6 7!&9

?!1!$!"(#!++!&@

L(G) A {w ∈ Σ∗ |S ⇒∗ w}

A {w ∈ Σ∗ |S ⇒∗l w}

A {w ∈ Σ∗ |S ⇒∗r w}.

B!-415
46# 75++*&@ L(G) = {fr(t) | t ∈ DS, fr(t) ∈ Σ∗}9

 "

8)*+,-
+.0*! 1$ ()*+,-
+.$ /-0*! ,%9!'0%3.

:)6;)6<31$)0

C*D E* X ⇒∗ α/ *++,- 5&"*&5;*) )!8 
#*+ !'2 ,&2*) X '2=+!-F

3!-415
46# 7* &("!$4+ 8!&2)!+ 0*"5-* α9

G(&35H& &!'2!)!+ *$

A → aB |Ab
A → a
B → b

#$*;5&2,+ !'2 +=-)2!$!"7I''!"&!) )2!&1"*) #$*;5&2*49

J++,- A ⇒∗ ab9 K'2*)*++,- * t1 = A[a,B[b]] (# * t2 =
A[A[a], b] 75+-* fr(t1) = ab (# fr(t2) = ab

 #

8)*+,-
+.0*! 1$ ()*+,-
+.$ /-0*! ,%9!'0%3.

:)6;)6<31$)0

C;D J t ∈ DX "*-"*&8*$5#;6& 
#*+ *$ +=1!"+!$4+/ 0,'2 X ⇒∗ α/

3! )!8 "H3H)+ #!884" 3!-415
46 &(>(#!4-%&9

G(&35H& * Gar )2!&1"*) !#!"() t = K[T [T [F ], ∗, F [(, K, )]]] !'2

K '2=+!-F 3!-415
46# 7*/ 8!&2)!+ 0*"5-* F ∗ (K)9  H3LH+/ 0,'2

K ⇒∗ F ∗ (K)9

K'2*)*++,- !$ * 3!-415
46 +(" +I&=);=$% &(>(##,-,$*""*& 4#

!&1('!$0!"%@

K ⇒ T ⇒ T ∗ F ⇒ F ∗ F ⇒ F ∗ (K)
K ⇒ T ⇒ T ∗ F ⇒ T ∗ (K) ⇒ F ∗ (K)

 $



 !"#$%
#'(") *+ ,!"#$%
#'+ -%(") $./)0(.1'

2!34!351*+!(

 
" #$ $%&'($' t ∈ DS )* fr(t) = x ∈ Σ∗+ ,$-./* t $% x 012/,3
/4*

536$+ $77&2 t 1-.)2819:;1' :1-<$832&%%$ x ($9 &90$9/  6&(( &90$9/"

91,1%18)*)'17 9)=)*1/8>

?% /* /-$%+ <&-. <$ t′ $% x 1-. :3*/7 012/,3
/4* 536$+ $77&2 $ t@(A9

)* t′@(A9 7$=&88 ($9 &90$9/  6&(( &90$9/" 91,1%18)*17 7B9C'(C%'17>

D%)28+ :/,19 x :/'01' 91,1%18)*1 :1-<$832&%%$ $ x 1-. 012/,3
/4*

53638+ x ($9 &90$9/  6&(( &90$9/" 91,1%18)*1/ )* 012/,3
/4* 53/ 7C%C88

(/617
/4 399 51''>

 !

635*"0!728 /5!7$0)/.( *+ /5!7$!(

 !9/:
#'; D-. G '.19,8$'  !"#$% &'(+ <$ :/'01' x ∈ L(G)

*%4<&% 
*$7 1-. &9.$' t ∈ DS 012/,3
/4* 5$ 9)81%/7+ :19.21 fr(t) =
x>

<=$!0(!12*/5; G $77&2 )* 
*$7 $77&2 1-.)2819:;+ <$ :/'01'

x ∈ L(G) *%4'$7 =&'8&*$' 1-. ($9 &90$9/  6&(( &90$9/" 91,1%18)*1

,$'>

>#1./5:0%+; x ($9 &90$9/  6&(( &90$9/" 91,1%18)*1/ )* 012/,3
/4*

53/ 7C%C88 (/617
/4 399 51''>

"#

635*"0!728 /5!7$0)/.( *+ /5!7$!(

E)90$>

F17/'8*B7 $ 7C,1871%A+ G-.$'
*$7 $2/8:18/7$/ 7/5161%)*1718 -1'@

12394 G′ar '.19,8$'8H

•K → K +K+

•K → K ∗K+

•K → (K), K → a.

D77&2 L(G′ar) = L(Gar)+ G-.$'$77&2 Gar 1-.)2819:;+ G′ar =10/-

'1: 1-.)2819:;>

"$

635*"0!728 /5!7$0)/.( *+ /5!7$!(

I$94($'+ =)903G9 $% a + a + a *%4'$7 G′ar@($' 7)8 ($9 &90$9/

91,1%18)*1 /* ,$'H

K ⇒l K +K ⇒l a +K ⇒l a +K +K
⇒2

l a + a + a

K ⇒l K +K ⇒l K +K +K ⇒l a +K +K
⇒2

l a + a + a

?*0!7; J1: 9)81%/7 &9.$' $9-&2/8:G*+ $:19. 818*%A91-1* 
5 '.19,@

8$'249 190C'8/+ <&-. 1-.)2819:;@1>
" 



 !"#$%&' (#)$*+,#)$-

./0(1
345  !" G = (N,Σ, P, S) #$%&"'(')*+!!'),'& &"',-).&

 !"#$%&'(")#*+,")#*-. /-.!" 01234#" &2%35,.,.#6.& -.&78 1.

λ93'&)'4 :4 P 96'& 
4.# S → λ, A → BC :4 A → a .,.#<

4(.65,"2# -.&&.#=

678/+5 >?&@'&G = (N,Σ, P, S) #$%&"'(')*+!!'),'& &"',-).&12(

-.& -',' '#-?-.,'&4 01234#"9&2%35,*2%35A< G′ = (N ′,Σ, P ′, S)

#$%&"'(')*+!!'),'& &"',-).&=

  

9 + / $ : 7 %

 !

 : /+/$:7% ;/0(1
34<-

./0(1
345 B'!"'& .@2)) '!" G = (N,Σ, P, S)

#$%&"'(')*+!!'),'& &"',-).&8 3',"&'# 4(.65,".? 3'! -.&&.#

4(532(-. C9)D, p9?!=  !" α ∈ (N ∪ Σ)∗ 4(E '!" 6., 2,@.,?

/A266 2,@.,?7 ','3(:4:&'# '!" 2,".& n1 . . . nk ∈ [1, p]∗ 42%2(.9

)2) &'-'(+&#8 .3'," 3'!.@A. α '!" 6., 2,@.,? /A266 2,@.,?7

,'-'('):4:)= F:,@5G,8 .

/C7K → K +K8

/H7K → K ∗K8

/I7K → (K)8

/J7K → a.

&"',-).& '4):& CCJJJ :4 CJCJJ .( a+ a+ a 6., 2,@.,? ','3(:4'? ?4

:4 A266 2,@.,? ','3(:4'? ?4=

 "

 !=> /+/$:7%3 -+?#)38$@%

A(B@8C  !" w 4(E :4 '!" 01234#" &2%35,*2%356.& ,:-D G =
(N,Σ, P, S) 
* &"',-).&=

D@8B@8C K. w ∈ L(G)8 .##2% w '!" 6., 2,@.,? ','3(:4'8 #+,$&9

6'& LM'3L=

 +?#)38$@%C 0NO P 02
#'9N2G&!'%9O.4.3? .,!2%?)3G4=

 #



 !"# $%$&'()* +%,-.*/&0)

1%23()'4/()5  !"# |w| = n ≥ 1 $% &'()'* wij + w i,'-./ 0123,


.567* /'2-8-8 j "1%%29%7(9 :$%2,%2+;+ <='"7= wi1 +2 i,'-./ >'=?@A

B.*-'* j = 1, . . . , n,:' $% i = 1, . . . , n− j +1,:' C'("+=7:122D/

+ Vij = {A ∈ N | A⇒∗ wij} "+&C+2=# + /E;'=/'28 '&; +&+067*F

j = 1F A ∈ Vi1 ⇐⇒ A→ wi1 ∈ P A

j > 1F A ∈ Vij ⇐⇒ ∃1 ≤ k < j $% A → BC ∈ P # "1()

B ∈ Vik $% C ∈ Vi+k,j−kA <G.*+C./D% 0:1(:+C127%A@

H2D=7* w ∈ L(G)# +//1: $% 
%+/ +//1:# "+ S ∈ V1nA

 !

 !"# $%$&'()* +%,-.*/&0)

 %,-.*/&0) + Vij 6+%&+'-3 3*)'7&4/7)7.+5

begin

for i := 1 to n do Vi1 = {A | A→ wi1 ∈ P}I

for j := 2 to n do

for i := 1 to n− j + 1 do

begin Vij = ∅;
for k := 1 to j − 1 do

Vij = Vij ∪ {A | A→ BC ∈ P,B ∈ Vik, C ∈ Vi+k,j−k}I

end

end

 "

 !"# $%$&'()* +%,-.*/&0)

J Vij "+&C+21/ /.%23C3=7%7*+/

=7:>1*)1&D&=%7(+ F O(n2)#

.-8>1*)1&D&=%7(+F O(n3) ;+().% C.*-/'==8 01&.*1C.7&.%# +"1& n

+2 .*0D= %25 "1%%2+A

 #

 !"# $%$&'()* +%,-.*/&0)

K$&-+A

<L@ S → AA

<M@ S → AS

<N@ S → b

<O@ S → SA

<P@ A→ AS

<Q@ A→ a w = abaab

R'C '()$:='&C? *)'&;=+*

$%



 !"# $%$&'()* +%,-.*/&0)

 !"#$ %&"'($()*$+ w = abaab,

V11 = {A} V21 = {S} V31 = {A} V41 = {A} V51 = {S}

V12 = {A, S} V22 = {S} V32 = {S} V42 = {A, S}

V13 = {A, S} V23 = {S} V33 = {A, S}

V14 = {A, S} V24 = {S}

V15 = {A, S}

S ∈ V15+ (-.)( w ∈ L(G),

 !

 !"# $%$&'()* +%,-.*/&0)

/0 -"-10!*2 $"3&42(15*6$7 8$9&((

Vij = {A ∈ N | A⇒
∗ wij}+ j = 1, . . . , n+ i = 1, . . . , n− j + 1

.$"1$0&8 :**0-**!3!( -"-10!*2 ()6")7$8 7-;-00<8 !* T =;-"

>-":"><8,

/ ?@A $"3&42(15* B$0 -"-10!*2 ()6"$ 2*1-4-(!6-7C w ∈ L(G)

-*-(!7 1-3$#>$ w -3' 6$" &"#$"2 -"-10!*!(+ 8<":76-7 .26$<0-7-(

$#,

 "

 !"# $%$&'()* +%,-.*/&0)

1!"#2 $%$&'()* +%,-.*/&0)3

4560/3 D3' w *0E !* -3' ?.&1*8' 7&41)"%&41)6$7 "!;F G =
(N,Σ, P, S) 
% 7'-";($7 !* $0 -"F0F $"3&42(15* )"($" 1-38&7=

*(45)"( T -"-10F()6"$,

70/60/3 H$ w ∈ L(G)+ $88&4 w -3' 6$" &"#$"2 -"-10!*-+ 8<":7=

6-7 IJ-1I,

 %,-.*/&0)3 H$ S ∈ V1,n+ $88&4 .$>(*58 ;!34- B$0 $")662C

parse(1, n, S) -">)4)*(+ 8<":76-7 "-3'-7 $0 &5(95( IJ-1I,

 #

 !"# $%$&'()* +%,-.*/&0)

1!"#2  %,-.*/&0)8 parse(i, j, A)3

KC H$ j = 1+ $88&4 8-4-**<78 -3' &"'$7 A=(+ 1-"'4- A→ wi1 -3'

*0$6)"' !* $#>58 &5(95(4$ $ *&4*0)1)(,

LC H$ j > 1+ $88&4 8-4-**<8 1-3 $ "-382*-66 &"'$7 1 ≤ k < j

*0)1&(+ 1-"'4- ;$"$1-"' B ∈ Vik !* C ∈ Vi+k,j−k -*-(!7 A →
BC -3' *0$6)"' B1&7#>58 $0 m=-#28C,

/#>58 &5(95(4$ $0 m *0)1&( !* .$>(*58 ;!34- $ parse(i, k, B) !*

$ parse(i + k, j − k, C) $"3&42(15*&8$(,

  



 !"# $%$&'()* +%,-.*/&0)

 !"#$% $ w = abaab &$" '"#$"( )")*+!,)-

.(/)" S ∈ V15% /!01)2$34356 parse(1, 5, S)7)4- 8$9356% 2'0:

A ∈ V11% S ∈ V24 !, S → AS $ ;<= ,'1,+>*? ,+$&>":% 4)2>4 $+

'54954 <-

@!01)2$34356 parse(1, 1, A)74 !, parse(2, 4, S)7)4- A+ )",B 2C/>,

'549541$ $#3$ D7'4 ;*(/)" A→ a ,'1,+>*$ ;D==% 4)2>4 $+ '54954

<D- A *>,'#(6 2C/>,1$ 6$9356% 2'0: S ∈ V21% A ∈ V33 !, S →
SA $+ ;E= ,'1,+>*? ,+$&>":% 4)2>4 $+ '54954 <DE-

 !

 !"# $%$&'()* +%,-.*/&0)

 !"#$% $ w = abaab &$" '"#$"( )")*+!,)% F'":4$4>,-

8G/)46)+H)6 $ parse(2, 1, S)74 !, parse(3, 3, A) 2C/>,'6- A+ )",B

2C/>, '54951$ $#3$ I7$4 ;*(/)" S → b ,'1,+>*$ ;I==% 4)2>4 $+

'54954 <DEI- A *>,'#(6 2C/>,1$ 6$9356 ---

@!0J" $+ '54954 ;/$0:(, $ &$" '"#$"( )")*+!,= <DEIKD<DI-

.)03)0:+!,L 
,$6 )0: &$" '"#$"( ")/)+)4!,4 6$95H6- N"4$">&$H

$+ G,,+), &$" '"#$"( ")/)+)4!, F)",'1'">,$ )O9'H)H
(>"(, (#)(0 4$14%

*(/)" $ &$" '"#$"( ")/)+)4!,)6 ,+>*$ $+ (H954 2',,+>H$6 )O9'H)H7


(>"(, FJ00/!H:) ")2)4-

 "

 !"# $%$&'()* +%,-.*/&0)

A PQ8 $"0'1(4*5, )"BH:) $ 9'"(H(*>"(, (#B&'H:'"5"4,>0-

R>41>H:$% 2'0: $ H:)"/4$H4 )"B,+G1 P2'*,6: H'1*>"F'1*>1$ 6)""

2'+H(- S*($44 $ 0:$6'1"$4&$H ;91'01$*'+>,( H:)"/)6 ),)4!H=

H)* $"6$"*$+2$4T% *)14 $ 91'01$*'+>,( H:)"/)6 ,+(H4$O(,>H$6

>44)6(H42)4BH)6 6)"" ")HH() ;">,# $  UVWA H:)"/ ,+(H4$O(,>4=-

 #

 ' 1+.%$2 $%$&'()* +%,-.*/&0)

A"$9G4")4- V)0:)H G = (N,Σ, P, S) )0: 6G1H:)+)4FJ00)4")H

H:)"/4$H% w = a1 . . . an )0: (H954 ,+T- A+

[A→ X1 . . . Xk.Xk+1 . . . Xm, i]

$"$6? 6(F)3)+!,)6)4% $2'" A → X1 . . . Xm )0: ,+$&>":%  ! "# $

2C/356- ;A 9'H4 ,+)1)9)"2)4 $ 3'&& '"#$" )")3!H !, /!0!H (,% λ7

,+$&>": ),)4!H $"$63$ [A→ ., i]-=

.(H#)H 0 ≤ j ≤ n71) *)06'H,415>"356 )")*)6H)6 $+'H Ij 2$"7

*$+>4% *)":1) 4)"3),J"% 2'0: [A → α.β, i] $66'1 !, 
,$6 $66'1

/$H Ij7&)H% 2$ /$H '":$H γ !, δ% 2'0: S ⇒∗ γAδ% γ ⇒∗ a1 . . . ai

!, α⇒∗ ai+1 . . . aj-

X)2>4 i !, j 6(3)"G"(6 $+ (H954 ,+T $+'H 1!,+!4% $*)":)4 α7&T" ")

")2)4 /)+)4H(-

 $



 ! "#$%&' &%&(!)*+ #%,-$+.(/*

 ! I0, . . . , In "#$#!%&#& % w '(')!*"+ "#$#!%&,-%. /0%12 (+"&,3,4

-%.5 -'0'!!6.7

 ! Ij 8%()%! 9':-;
+=3,>=( .?0'&.'!+.@ 8#12 w ∈ L(G)@ %..#$ *"


"%. %..#$@ 8% In4>'- 0%- [S → α., 0] %(%.A '(')7

 ! "#$%&' &%&(!)*+ #%,-$+.(/*0

123/.0 B12 G = (N,Σ, P, S) 
C -2'(0&%- *" '12 w = a1 . . . an

"!=7
4/.3/.0  ! I0, . . . , In '(')!*"+ "#$#!%&7

 !

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

B(D"!?$ .+"!,)#(3E. I04& % .?0'&.'!D.*FF'-G

/H5 I+-9'- S → α "!%>,(2 '"'&*- ('12'- [S → .α, 0] ∈ I07

J")*&'(36. %! %(,>>+ /K5 *" /L5 F#-&#.%&@ %);1 I0 ),$ -') >D0;4

&8'&DG

/K5 M% [B → γ., 0] ∈ I0@ %..#$ )+-9'- [A → α.Bβ, 0] ∈ I0

'"'&*- %93E. %! [A→ αB.β, 0] '(')'& +" I048#!7

/L5 M% [A→ α.Bβ, 0] ∈ I0@ %..#$ )+-9'- B → γ "!%>,(2 '"'&*-

%93E. % [B → .γ, 0] '(')'& +" I048#!7

"#

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

N'126. C'(@ 8#12 %! I0, . . . , Ij−1 "#$#!%& ),$ +")'$&@ .#-"&$,(3E.

)'1 Ij4&G

/O5 I+-9'- [B → α.aβ, i] ∈ Ij−1 '"'&*-@ 8% a = aj@ %..#$ %93E.

% [B → αa.β, i] '(')'& Ij48'!7

J")*&'(36. %! %(,>>+ /P5 *" /Q5 F#-&#.%&@ %);1 Ij ),$ -') >D0;4

&8'&DG

/P5 M% [B → γ., i] ∈ Ij@ %..#$ )+-9'- [A → α.Bβ, k] ∈ Ii

'"'&*- %93E. % [A→ αB.β, k] '(')'& +" Ij48'!7

/Q5 M% [A→ α.Bβ, i] ∈ Ij@ %..#$ )+-9'- B → γ "!%>,(2 '"'&*-

%93E. % [B → .γ, j] '(')'& +" Ij48'!7

"$

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

R*(9%7 S'12'- G % .?0'&.'!D -2'(0&%-

/H5K → T +K

/K5K → T

/L5 T → F ∗ T

/O5 T → F

/P5 F → (K)

/Q5 F → a

*" ('12'- w = (a + a) ∗ a7

"%



 ! "#$%&' &%&(!)*+ #%,-$+.(/*

I0 : I1 : I2 :

[K → .T +K, 0] [F → (.K), 0] [F → a., 1]
[K → .T, 0] [K → .T +K, 1] [T → F. ∗ T, 1]
[T → .F ∗ T, 0] [K → .T, 1] [T → F., 1]
[T → .F, 0] [T → .F ∗ T, 1] [K → T. +K, 1]
[F → .(K), 0] [T → .F, 1] [K → T., 1]
[F → .a, 0] [F → .(K), 1] [F → (K.), 0]

[F → .a, 1]

 !

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

I3 : I4 : I5 :

[K → T + .K, 1] [F → a., 3] [F → (K)., 0]
[K → .T +K, 3] [T → F. ∗ T, 3] [T → F. ∗ T, 0]
[K → .T, 3] [T → F., 3] [T → F., 0]
[T → .F ∗ T, 3] [K → T. +K, 3] [K → T. +K, 0]
[T → .F, 3] [K → T., 3] [K → T., 0]
[F → .(K), 3] [K → T +K., 1]
[F → .a, 3] [F → (K.), 0]

 "

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

I6 : I7 :

[T → F ∗ .T, 0] [F → a., 6]
[T → .F ∗ T, 6] [T → F. ∗ T, 6]
[T → .F, 6] [T → F., 6]
[F → .(K), 6] [T → F ∗ T., 0]
[F → .a, 6] [K → T. +K, 0]

[K → T., 0]

 !"#$ [K → T., 0] ∈ I7% &' (a + a) ∗ a (') L(G)*+#, "&,-

  

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

.' I0, . . . , In (/0/'&1 2!('34513(3,&2

130+/,6/$7$1(38& 9 O(n2)%

!:;+/,6/$7$1(38& 3$1&$3+&,9 O(n3)-

!:;+/,6/$7$1(38&% <& G #86=01#$4>9 O(n2)

 #



 ! "#$%&' &%&(!)*+ #%,-$+.(/*

0-11 -%2#%+ &%&(!)* (&,#23*# 
+5%/*(&6.&* 6'&%78

.#6-5$#9

:&;6<
+=>  !" G = (N,Σ, P, S) #!" 
% &"#'()*& 
!"#$%&'()'%+

,* &-&
. /'"*& A ∈ N + 0#'"1# A⇒+ A2

 !""#$ 345.6 )*&78&"(92 :#).;<'#!#. G 
% &"#'()*&,/; 7/&=

.)1>5',*)? /'"*& G′ 
-7'>.0#&)#. 
% &"#'()*&+ *0#'"1# L(G) =
L(G′)2

 !

%& '#()!* !)!"&+,- #)./(-0"1,

234105  !" 
-7'>.0#&)#. G = (N,Σ, P, S) 
% &"#'()*&+ #!" w =
a1 . . . an -&@>) .;? A. *; I0, . . . , In #'#0;A.- ./1/;*)2

6104105 B* w ∈ L(G)+ *77/1 w #!" π C/DD /'6*'- #'#0;A.#+

7E'8&D#& FG#0F2

%)./(-0"1,5 B* In=D#& &-&
. [S → α., 0] *'*7H #'#0+ *77/1

'#!"#& *; />)@>) FG#0F+ 7E'8&D#& ,*C).>7 (A!1# *; 3*'5DD-9

parse([S → α., 0], n) *'!/1-)0>.)2
 "

%& '#()!* !)!"&+,- #)./(-0"1,

% parse([A→ β., i], j) #)./(-0"1, 5

3π !'/D5'-. (5')/;?+ 7#;6#)D#& π = λ9

3I9 4#!"#& π := πh+ *,/' h *; A→ β .;*D5'" ./1.;50*2

3J9 B* β = X1 . . . Xm+ '#!"#& k = m A. l = j2

3K9 3*9 B* Xk ∈ Σ+ '#!"#& k := k − 1 A. l := l − 12

3K9 3D9 B* Xk ∈ N + 7#1#..E&7 #!" [Xk → γ., r] *'*7H #'#0#) Il=

D#&+ H!"+ ,/!" [A→ X1 . . . Xk−1.Xk . . . Xm, i] ∈ Ir2 B*C).>7

(A!1# * parse([Xk → γ., r], l) *'!/1-)0>.)2 4#!"#& k := k− 1

A. l := r2

3L9 M#@#*) 3K9 >&)-' k = 02 B*')2
 #

%& '#()!* !)!"&+,- #)./(-0"1,

N*!"*15;*)2

O parse([A → β., i], j) ,P(5. ,/;;5*6C* *; A → β .;*D5'"

./1.;505) *; #66-!- #'#0;A.,#;2

B* β = v0B1v1B2v2 . . . Bsvs+ *77/1 * parse 1>)-& 0-&6#& 1 ≤
t ≤ s #.#)A& 0#!,*)51/;;* *; #'.< /'"*& Bt → βt .;*D5'")+ *0#=

'"#) * Bt=1# *'7*'0*;)>&7+ A. * w -&@>) .;?D*& *;) * @/;P
-?)+

*0#'" * Bt=D<' '#(#;#)#)) #'.< )#10-&5'-. .;-0D?'>0 #'<)) 5''2

$%



 ! "#$%&' &%&(!)*+ #%,-$+.(/*

 !"#$% & '()*#'*!+ ,*'",!-) .-)$/0' #(,#1%%*'2

parse([Bs → βs., is], js)3

parse([Bs−1→ βs−1., is−1], js−1)3

444

parse([B1→ β1., i1], j1)3

&.05

js = j − |vs| 1/ jq = iq+1 − |vq|3 67%8*% 1 ≤ q < s9,*

1/ &.05

β = v0B1v1B2v2 . . . Bsvs4

 !

 ! "#$%&' &%&(!)*+ #%,-$+.(/*

:158&2 w = (a + a) ∗ a3 6*;.-)<"' parse([K → T., 0], 7)9*#4

=! >?@ 51A1/B*% π := 23 6&<8 k = 1 1/ l = 74

= >C@>B@ 51A1/ '()*#'*!7'3 6*5DB*% #&5$5<"' [T → F ∗T., 0] *5*6*#
I79B*% 1/ &! [K → .T, 0] *5*6*# I09B&%4

E*;.-)<"' parse([T → F ∗ T., 0], 7)9*#3 6*5D%*' .&#$/$,& π :=
233 6&<8 k = 3 1/ l = 74

= >C@>B@ 51A1/ '()*#'*!7'3 6*5DB*% #&5$5<"' [T → F., 6] *5*6*#

I09B&% 1/ &! [K → F ∗ .T, 0] *5*6*# I69B&%4

E*;.-)<"' parse([T → F., 6], 7)9*#3 6*5D%*' .&#$/$,& π := 2343

6&<8 k = 2 1/ l = 64

= >C@>&@ 51A1/ '()*#'*!7'3 6*5DB*% k = 1 1/ l = 5 444 )1;*,*861%D

π = 234651246464

 "

0&%1%$2% %&3&%) 4#%#56 &%&(!)*

 !"#"$%" "!&!"' ()*+,-*./0 .&5&8F *5*6!1/7 &5;0,7#6"/0'2 &! S

'*!8+/!76BF5"6BF5 '77%8"5)& A,FB$5"%' 6*; G*51A-#*%7 *;D 05D&%

8*,7)$
7F/ G$# &67%*' & .&#$,& w4

I& /7'*,J53 w ∈ L(G)3 'J5(%B*% w 6∈ L(G)4

 #

 5+'1/!J5*#2 & B&5,*'",!7F 6*;/!J%#*#1/*4

7&89:
+6<  ;D G = (N,Σ, P, S) *;D 
G %D*5)#&% 12"$!34$5673 .&

)&% 05D&% A ∈ N 3 6*5D,* A⇒+ Aα4

A⇒+ Aα⇒+ Aαα⇒+ Aααα . . .

=&((#< >K$/8 #&%'(%D)@4 L*#/!+5*;*/ G 
G %D*5)#&%.0! '0%9

/#,"$5.&#F 05D&%G′ %*6 B&5,*'",!-) 
G %D*5)#&%3 &6*5D,* L(G) =
L(G′)4

 $



 !"#!$%&' ()!*!+,! !)()!- )!)./-'

 !"## G = (N,Σ, P, S) 
% &'()*#+& ,- w ∈ Σ∗ -./0 12+.3(0 4"2'

w ∈ L(G)

5-+6 7+)8(698.1/:(&#(- &'()*#+&"66+) %"2)+)6".9&6;

 . S 6(.!<-.1:7/)9:7/) 611&!9)*+ =8/7>)9&6 :(2 %(),=?#(&1 (2'

")'+& !(81*>
1/- %># +:1&(6 + 4+#>8+ w;

 !"#$%#&'"(&)  !(81*>
1/- %>7+& (2' &(:#(8:1&>)1-#

4()'(##(-?#@&6 *+)+:()' +)#(8&+#?*>A>*+);

*++#&'"(&)  &&+6 +. ())(&<8.,-(0 4"2' + 61#(8A(-.#,-&,) +)6+):+."##

+)#(8&+#?*>7+& -.(8(=)< #(8:1&>)1-"6 1))(-.6(!&(63( +. ()(:.(&!<

-./ BwC :(2%()()< 8,-.,4(.;

 !

 . >)#+)>&"- %()@)8<) )(%(), 4+)+!/ ()(:.,- +)+=D#)(#(;

E F1&!(& A ∈ N 38( 8D2.?#-@6 )( +. A +)#(8&+#?*>1&+6 (2'

A→ γ1 | . . . | γk -"88(&!A,#;

E G(2'(&(6 S +)#(8&+#?*>10 S → α1 | . . . |αk.

E H(8(--@6 :(2 +. ()-< ")'+& αi = w0A1w1 . . . Amwm +)#(83

&+#?*>#0 :()'8( w0 1))(-.6(!163( w ()(A,4(.0 +.+. %(&&>)) w =
w0w

′; Bw0 = λ :1&!12 A/IC

E J+ &1&
- 1)'(& αi0 +66"8 +.# :"&!4+#A960 4"2' w 6∈ L(G) ,- +.

+)2"81#:9- )(>));

  

,- 1))(-.#,-

61#(8A(-.#,-S

A1 Am

B1

w′
w

u0w0

Bn

 "

E J+ *+& 1)'(& i0 +.+. αi = w0A1w1 . . . Amwm ,- w = w0w
′0

+66"8 A13(# #(8A(-.#A@6 61;  . A1 → β1 | . . . | βl +)#(8&+#?*>6

6D.D## :(26(8(--@6 + )(2()-< ")'+#0 +:1 1))(-.6(!16 w′ ()(A,4(.K

βj = u0B1u1 . . . Bnun ,- w′ = u0w
′′;

E J+ (2' &(:#(8:1&>)1- 61#(8A(-.#,-( (-(#,& B=); :"-# A1C &(:

#+)>)9&6 ")'+& +)#(8&+#?*># +:1 1))(-.6(!16w :(2:+8+!# 8,-.,4(.0

+66"8 &(: :"&!4+#A96 +.#0 4"2' w 6∈ L(G)0 :1*() *+)+:(&&'1

()<.< 61#(8A(-.#,- (-(#,7(& + +#,#+&- ")'+& +)#(8&+#?*># *>)+-.#"#3

#96 +:1 1))(-.6(!(##;

E L.,8#0 4+ (2' -.1&#(& &(: #+)>)9&6 1))(-.6(!< +)#(8&+#?*>#0 +66"8

(2' -.1&#(# *1--.+:(2'@&6 BM&; ./
1"$/
13(# 4+A#9&6 *,28(C ,- +.

"## *>)+-.#"## +)#(8&+#?*+ 9#>& 6D*(#6(.< ()-< ")'+& +)#(8&+#?*>#

6()) *>)+-.#+&9&6 +:1 1))(-.6(!16;
 #



 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

 !"#$  !" #$% &'()$*+),-. G = (N,Σ, P, S) 
0 #"$(.1'# 23 $!"

w = a1 . . . an4 n ≥ 0 5#6+1 3,78

%#"#$  &'! 23 ' w $!" &'( 9(:'(5 ($.$,$123$4 ;' w ∈ L(G)8 <=(>#?

&$# (')8

*+,-.'/

• @5#:$# A ∈ N $3$12&$# )>!,-13=* ($ A '(1$)#'1-.A5#'* $!"

A → γ1 | γ2 | . . . | γk 39))$#:B218 C, A i?$:5* '(1$)#'1-.ABA)' Ai?

.$( 09!+#* ;5.'1*9,#58

• C, $($%,23 (s, i, α, β) '('*D *9#E!+)A
57* 39)9,'1'8

F s ∈ { q, t, b }4 #9)%A(4 $(09!':7 23 &'
*1)'
* 0112"3$8

 !

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

F i $!" 695#1$)4 1 ≤ i ≤ n + 14 an+1 := $8

F α $!" .$)$%4 %$("#$* 1$1$B$ ' B9&& .2!2# .'#8 G')1'(%',,' ',

$($%,23 %5#:$#*9)5 H1>)12#$121I8 <$,:J 2)12*$K λ8

F β $!" .$)$%4 %$("#$* 1$1$B$ ' &'( .2!2# .'#8 G')1'(%',,' '

($.$,$1$11 &'( 9(:'(5 %9#:'109)%A#'* ',1 ' )23,21 '%$("$1 %2! *5

*$(( 1$)B$3,1$#58 <$,:J2)12*$K S8

• C *9#E!+)A
57* ;'(%',A# %$!':+#* $!" ⊢ 0$)'!'$4 /'10
4+$8

@5#:$# (s, i, α, β) *9#E!+)A
57;9, ($!0$(B$&& $!" (s′, i′, α′, β′)

*9#E!+)A
57 .'#4 %$(")$ (s, i, α, β) ⊢ (s′, i′, α′, β′)8

• w ∈ L(G) ⇔4 ;' (q, 1, λ, S) ⊢∗ (t, n + 1, α, λ)8

"#

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

6. '1').7-4 21&3/4$)#-

L8 C := (q, 1, λ, S)M

N8 C%-! .'# 9("'# C ′4 %$(")$ C ⊢ C ′4 ($!"$# C := C ′M

O8 P' C := (t, n + 1, α, λ) .'('%$(" α?)'4 '**9) 9+16+1K  &'!8

 **9) ', α .$)$%&$# (2.J '(1$)#'1-.A* ':BA* ' &'( 9(:'(5 ($.?

$,$12318 <=(>#&$# 9+16+1K (')8

C, '(!9)51%+3&'# 3,$)$6(J ⊢ A1%$#$15 )$(A
571 ' *>.$1*$,J*266$#

:$E#5A(B+*K ', '(A&&5 QLR F QSR 69#19* *>,=( 39))$#:&$# ' ($!$(3J

'(*'(%',;'171 '(*'(%',,+* ' C *9#E!+)A
57)'8

"$

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

8$)'!'$4 /'10
4+

QLR 94$'/:'-.$7-; P' C = (q, i, α, Aβ)4 .'!"53 ', '*1-. 3,5%&7(+%

#$%1$)%5#A(534 '**9) C ⊢ C ′4 ';9( C ′ = (q, i, αA1, γ1β)4 23 γ1 ',

A $(3J '(1$)#'1-.AB'8

QNR <4='/'- 4!"#$ 411'-.$7-; P' C = (q, i, α, aβ) 23 a = ai4 .'!"53

', '*1-. 3,5%&7(+% 1$)%5#A(53 23 5(($3,*$:5* ', 5#6+1 695#1$) A(1'(

%+1'1911 5#6+1 3,5%&7(+%;9,4 '**9) C ⊢ C ′4 ';9( C ′ = (q, i +
1, αa, β). QC (2623 i = n+1 $3$12# 39;' #$% '(*'(%',;'174 %$)1

an+1 = $ 6= a4 3$%%5("$# a ∈ Σ?)'8R

QOR <4='/'- '1').7-; P' C = (q, n + 1, α, λ)4 '**9) C ⊢ C ′4 ';9(

C ′ = (t, n + 1, α, λ), .'!"53 $(2)B=* ' &$0$B$,J *9#E!+)A
5718

"%



 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

 !"  !"#$%#&#' !'()% !&&#*+%,*- #$ C = (q, i, α, aβ) %& a 6= ai'

$(()* C ⊢ C ′' $+), C ′ = (b, i, α, aβ).  -./&01 2$
(.*$
( 4,5

,$6).2$7"

 8" ./
"%$/
" /+ !'()%1/'- #$ C = (b, i, αa, β)' $(()* C ⊢ C ′'

$+), C ′ = (b, i− 1, α, aβ).  9 6$::;<= =&*&/2>, =?::;$.&::;@( $;

?A6B.).7"

 !

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

 C" ./
"%$/
" / "!%#$2#*+%,*1#'- #$ C = (b, i, αAj, γjβ) $(()* $;

$,422? &:&.&( ,&+&.:D0&:&(E

 ?" #$ A5A$( =$A j + 15&%?( $,.&*A$.<=4F$ ?:' $(()* C ⊢ C ′' $+),
C ′ = (q, i, αAj+1, γj+1β).  A5. $ (G=&.(&;>' =$01?: $ j + 15

&%?( $,.&*A$.<=4F4=$, .&*F&:;.F@( (?7 H.4A$ &;. ?,,&:;.F@( &;D*.

4./&01@A( A)*/4, 4,,$6).2$7"

 ??" #$ i = 1, A = S D: S5A&( 
:$( j $,.&*A$.<=4F$ =$A' $(()*

A?A
: 4./&A&. :&/&,1?( ()AI0B*4
?J2$7

 ???" #$ $; &,>;> K&,.D.&,&( &01?(& :&/ .&,F&:@,' $(()* C ⊢ C ′'

$+), C ′ = (b, i, α, Aβ).  A5A$( /4* /?A%&A $,.&*A$.<=4F4.

(?6*J24,.B(' &;D*. =?::;$ (&,, .D*A@A( $; &,>;> :;?A.*&7"

 "

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

3,&4/5 GeE K → T +K |T
T → a | b

9; $,.&*A$.<=4( :)**&A%F& $ K&A.?' .&+4. K1 $ K → T +K' K2 $

K → T ' T1 $ T → a D: =D0@, T2 $ T → b $,.&*A$.<=4. F&,&A.?(7

L,&/&;;@( $w = b+a :;J. $; &,>22 ?:/&*.&.&.. 4,.$,4A): &,&/;D:?

$,0)*?./B::$,7  M&+4. /):. n = 3' a1 = b' a2 = +' a3 = a D:

a4 = $7"

 #

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

3,&4/5 K → T +K |T
T → a | b

(q, 1, λ,K) ⊢ (q, 1,K1, T +K) ⊢ (q, 1,K1T1, a +K) ⊢
(b, 1, K1T1, a +K) ⊢ (q, 1,K1T2, b +K) ⊢ (q, 2,K1T2b,+K) ⊢
(q, 3, K1T2b+, K) ⊢ (q, 3,K1T2b +K1, T +K) ⊢
(q, 3, K1T2b +K1T1, a +K) ⊢ (q, 4,K1T2b +K1T1a,+K) ⊢
(b, 4, K1T2b +K1T1a,+K) ⊢ (b, 3,K1T2b +K1T1, a +K) ⊢
(q, 3, K1T2b +K1T2, b +K) ⊢ (b, 3,K1T2b +K1, T +K) ⊢
(q, 3, K1T2b +K2, T ) ⊢ (q, 3,K1T2b +K2T1, a) ⊢
(q, 4, K1T2b +K2T1a, λ) ⊢ (t, 4,K1T2b +K2T1a, λ)

NG=&.(&;D:(D66&A b + a ∈ L(Ge)7

9 b + a :;J 2$, ),%$,? ,&=&;&.D:&E K1T2K2T17

 $



 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

 ! "#$%#"&'( )*#+#,-# #*)*#. /%#%01 *#*2!.(

$",3'&4'#5#$("6% 7 O(n) 8#9&*",9(:;

90-3'&4'#5#$("6%7 O(cn) 8< *=>'&*&
9"#9(:; *! &%64'& &%64@

  

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

A*#64',(B$"(9 $*
/&9C"C@

8D:  (!%3"#4'C%$ %! %#C%#2%!"(5C E%#1(!B&F(.6.&*C % (',,*&0G.3*

,%CG5C@

H.,0.(; /'64 2*6 $50G5CI* "##%>B$%&9@ J'E"33"; &*2 (*6B$ %33%&

%! *(*$3*&; /% w 6∈ L(G)@

 !

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

J*$(!-#*6*( k ≥ 0 .( α ∈ (N ∪ Σ)∗I,%; #*64*&

FIRSTk(α) = {w |α⇒
∗ wx ∈ Σ∗ .( |w| = k E%64 (|w| < k .( x = λ)}

KL6!B$(+&C *64 kI$ 8>#@ k = 1: .( 29&0*& A → α (!%3"#4 *($.&

(!"2'#G5C C9 FIRSTk(α) /%#2%!$@

8M: 8N''CI%/*%0 $*
/&9C%@:  ! 9&>5$&%C O*#-,* &.!!+CO % k

/'((!P("6P >,*Q=.$; #*64*& *! x@ R% %! A &*2$*,29&"#9($

$*,G*(!$G+C C9; %CC', 
(%C '#4%& A → α %#$*,&%$BE% GL/*$

(!13%; 2*#4,* x ∈ FIRSTk(α)@ S9!'&4'( &4*#E$%&'C,% &%64'&

/%$.C'&4; #"(0 C.(-33@

 "

 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

8T: OU49#E"&$%,$"($O E*!*$+&C % 3%
C$,%
C,-#@ V.#0"5#; /% $50G5C;

/'64 %! 5$'#(1m 0%,%3 %#C%#2%!'$$ (!%3"#4 *(*$.& 29&0*649C&*C

%! 5$'#(1 %#$*,&%$BE"G"$ %#C%#2%!$5C; %CC', 9##*(!$.(9 C'&W9C$5(

*($.& CL!E*$#*&+# E9((!%#.>/*$+&C %! *#(- '#4%& (!%3"#4,%; %29&*C

2.6 E%& &*2 C9>,13"#$ %#$*,&%$BE"G%@

!#



 !"#"$%" "!&!"' ()")*+ ,"-)",./0 !"!12'03 )"4/$3-1506

 ! "#$%&"&
()*(+ (,-.%&/%*0*1+)2 3"**"11 3)+(4 5)16)&/78 5%2/ 7

5(.7 ."571)6%*9 4:$"++:2" +!"2:&/"+;

<2/7&(+8 57 w 6∈ L(G)8 744%6 "*=)657198 5%2/ 7! "*"3!-

7!%&%+>1+7 7! "*+- %*/7& 5"*/"18 75%* 7! (&$01.7& 5(.7 =7&; ?-18

"*=)657198 5%2/ 7 5(.)& 1%=)..*:$=" @%*/17++7 7! "*"3!:+1 :+

,"6>1+" @"* 7 1%=)..( 5(.)471;  ! )*17*)&%+ @"*A*6-* *"@"*: 57*7,9

"*"3!:+( 7*2%6(130+ 7 B"*"&"*2( @%63)B).7& w 6∈ L(G) "+"1:& 
+74

B"*!( 7 5(.)1 :+ 7! (&$01 $%(&1"61 7 *"2"*+- $%!>
(967 )**>1B7;

 !

LL(k) .7!"8-)./9 '0 !"!12'0#9

 ! LL(k) "*"3!:+ C3(&1 +$"
()*(+ @"*A*6-* *"@"*: "*"3!:+D 7!%&

7*7$0*8 5%2/ 73(4%6 "2/ A &"31"63(&)*(+ 4(1"6B"+!1:+:1 4"6"++A4

744%6 $91*9*72%+ (&@%63)
(94:&1 3"2&:!!A4 7! (&$01 3:2 @"*,%*E

2%!71*7& 6:+!:&"4 k 5%++!F+)2F $6"G#:1 :+ "&&"4 (+3"6"1:."&

"2/:61"*3H"& 4( 10,B04 =)*7+!17&( AE&74 7!1 7! 7*1"6&71>=)B)1

73"*/ +!"6(&1 4( 4"** -1 1"6B"+!1"&(8 57 =7& (*/"&;  3"&&/(."&

&(&
+ (*/"& 7*1"6&71>=78 744%6 7!1 10,B04 3%&,7&(8 5%2/ 7! "*E

"3!"11 +!9 &"3 "*"3" L(G)E&"4;

I+74 7!%471 &/"*=17&%471 *"5"1 LL(k) 39,%& "*"3"!&(8 73"*/"4

4("*:2>1(4 7! F&; LL(k) @"*1:1"*1;
 "

: FIRSTk ()"1)2 *!;.<
3+>)

?!;.<
3+6 J"2/"& k ≥ 0 "2/ "2:+! +!)3;

K"1+!-*"2"+ α ∈ (N ∪ Σ)∗E67

FIRSTk(α) = {w |α⇒
∗ wx ∈ Σ∗ :+ |w| = k =72/ (|w| < k :+ x = λ)}

K"1+!-*"2"+ L ⊆ (N ∪ Σ)∗E67

FIRSTk(L) =
⋃

α∈L

FIRSTk(α)

 #

α ⇒∗

α ⇒∗

;;;

α ⇒∗

;;;

k 5%++!

= x ∈ Σ∗

 $



 !"#!"$%&'(

 ! FIRSTk(α), F IRSTk(L) ⊆ Σ∗,k "#$ %&' (#&)$ *+,-+./01!

2! u ∈ Σ∗34+

FIRSTk(u) =

{

{ u } *+ |u| < k
{w } *+ u = wx, +*/, |w| = k.

5,')60/4 FIRSTk(u) = { u } #$ FIRSTk(u) = {w } *),')77

4)684) FIRSTk(u) = u #$ FIRSTk(u) = w37 %4960!

:! ; 7/(<==>+0=+6 + FIRSTk ?),@,#$ *),')77 + 4@(>8)== FIk37

*+$.6<,?90!

A! FI1(aba) = a, FI2(aba) = ab #$ FIk(aba) = aba ->68)6

k ≥ 334+!

 !

 ! LL(k) "#$%&'(" )$*"+
-./(

0$*"+
-.1

B)&')6 k ≥ 1 )&' )&#$. $.<-! ;.7 -/68?90C */&' + G 6'),(7+6
LL(k)C *+ (+,+*<6'$./4 7),?)$D,6)0 +.

• S ⇒∗l wAα⇒ wβα⇒∗ wx

• S ⇒∗l wAα⇒ wγα⇒∗ wy

• FIk(x) = FIk(y)

E),7#7),)0C ->68+66'>$./4 β = γ!

)'%*!+&,!-( F+ )&' 6'),(7+6 LL(k)C +00/4 +. LL(k + 1) >$!

 "

 ! LL(k) 2$%'3'$% 4'256(%7(!48(

93'$%1 G +00/4 #$ 
$+0>$ +00/4 LL(k)C *+ (+,+*<6'$./4

S ⇒∗l wAα ,)().)7#$C A→ β #$ A→ γ H)8>& 0D,@6=@.I P 3=),>

$.+=<,'/0C ->68+66'>$./4 FIk(βα) ∩ FIk(γα) = ∅.

:-!5"#+'481 J>680#7 >4<6'K >68>4)07 =>./6'%7<$!

 #

+1 LE*C */&' + ,)--+ E),7#7),)> 7),?)$D,6)0 #$ + 6'),(7+6 -#&$)-

LL(k)K

• S ⇒∗l wAα⇒ wβα⇒∗ wx #$

• S ⇒∗l wAα⇒ wγα⇒∗ wy

-),')04) FIk(x) = FIk(y)C #$ -#&>$ β 6= γ!

M00/4 +. u = FIk(x) = FIk(y) $.N4+ 7),?)$D,C */&' u ∈
FIk(βα)∩FIk(γα)! L)*<7 + wAα =+, -/8+7E/4-<4+C +. A→ β

#$ +. A→ γ "0D,@6=@.I1 $.+=<,'/04+C FIk(βα) ∩ FIk(γα) 6= ∅C

+-> ),,)67-/68<$C ->(), E),7)77D0C */&' + ,)--+ E),7#7),)> 7),3

?)$D,6)0!

  



 ! "#$% $&'( G LL(k)% )* + ,*--+ #*,./.*,*0 1*- .*,2*34,1*5%

6+'(03 6+1 *'(wAα  +, -&1)+.#&7-+% 6+1 5/. 54,81 89: 39+ ;,(%

+9 A→ β /3 +9 A→ γ% -*,(*57* FIk(βα) ∩ FIk(γα) 6= ∅<

=9 >.?  0 +9. 2*,*1.0% $&'( 6+,+-*,( x, y ∈ Σ∗ 39+6+57+ βα⇒∗ x%

γα ⇒∗ y /3 FIk(x) = FIk(y)< =9 6039&1. *,,*1.-&1) +11+5%

$&'( G LL(k)% -06*, + ,*6*9*./3*5*. 8339*7+56+ 5+@2>5% $&'(

• S ⇒∗l wAα⇒ wβα⇒∗ wx%

• S ⇒∗l wAα⇒ wγα⇒∗ wy%

• FIk(x) = FIk(y)

/3 -/'03 β 6= γ< "*$;. G 1(*,6.+1 LL(k)<

 !

LL(k)  ! "#$% &!&'()! ) *

A/7)/3B z ∈ L(G) C

">)2>5B S ⇒∗l wAα /3 z = wz′< =,:7*1/9/3B u = FIk(z
′)<

D55&7 AE. +99+, +9 *'(/7.*,-F A → β +,.*71+.G6;6+, .*72*39.245

50% -*,(7* u ∈ FIk(βα)<

H+ 101
3 0,(*1 β% +55&7 z 6∈ L(G)<
!"

u ∈ FIk(βα)

S

A

w

α

β

= z

k $&339

u

w

!#

 !"#$% GarB K → K + T, K → T %

T → T ∗ F, T → F %

F → (K), F → a
J*- LL(1)% -*7.

•K ⇒∗l K ⇒ K + T ⇒∗ a + a

•K ⇒∗l K ⇒ T ⇒∗ a

• FI1(a + a) = FI1(a) = a

-/'03 K + T 6= T <

!$



 !"#$%!$&'!($) !*% !*+,*-% -&$+$%)*)! %.-&%/&).0

123 45 5,6%% $78 G )8$9#%5) *- $78 k -&/: 5!!6+ $9,")%;$%'<$=

;678 G %$9>$-?%.<$ 5& LL(k) @$9%*%$9%A

1B3 46785) :C!",.! 5& LL(k) $9$:&*-A

D9%59/)6-5) 
-5! 123<$% #/95-&69>F! :$7G

1B3H% 9/-,0 IJ9"K L69%/)= I6+:/9.- )8$9#$! *- -&.)%5!%.!F- $9<

$:&*-J!= MGB @$>$&$%G

 & $78-&$+C((= N)G $+'-$) LL(k) $-$%($) :.),!*% !*+,*-%

:$7#/95-&69>F!G

 !

O.),!*% !*+,*- :$7#/95-&69/-/;6& -&J!-*7 #5) 5 FIk(α)<%

!.-&/:?%P 5976+.%:F-+5G Q;;$& -&J!-*7 9$-& 5 !"#$%!$&'!+$G

 !"#$
&'( R$78$)$! L1, L2 ⊆ Σ∗ )8$9#$! *- k ≥ 0G  !!6+

L1 ⊕k L2 = {FIk(xy) | x ∈ L1, y ∈ L2}.

 !"#$% 45 L1 = {λ, abb} *- L2 = {b, bab}= 5!!6+ L1 ⊕2 L2 =
{b, ba, ab}G

&'()'(*+!,% L1 ⊕k L2 :.),.7 #*7$-= :.#$9 L1 ⊕k L2 ⊆ Σ∗,kG

S6#/((/ 5 ⊕k :C#$9$% 5--&6
.5%?# *- !"))8$) .75&69;5%P= ;678

:.),$) α, β<+5

FIk(αβ) = FIk(α)⊕k FIk(β).

 "

GGG
GGG

k ;6--&

xy =

 #

FIk(α)<% !.-&/:?%/-5

R$78$) α = X1 . . . XnG Q!!6+ 5& $9'&'$! :.5%%

FIk(α) = FIk(X1)⊕k . . .⊕k FIk(Xn).

O.#$9 5 ⊕k :C#$9$%$% !"))8C #*7+$;5>%5).= $9$7$),' 
-5!

FIk(Xi)<% !.-&/:?%5).= 5;69 Xi ∈ (N ∪ Σ)G

T'%= 5 FIk(α) ,$U)?
.P>/(P9 !"#$%!$&.!= ;678 ;5 Xi ∈ Σ= 5!!6+

FIk(Xi) = XiG

O.),$&% $78($#$%#$= 5&% !5K>F!= ;678 5:$))8.($) :.),$) A ∈
N <+$ FIk(A)<% !. %F,>F! -&/:69).= 5!!6+ :.),$) α -&P+5 FIk(α)<

% .- !. %F,>F! -&/:69).G S$;/% $9$7$),' FIk(A)<#59 @67959!6&).G

 $



FIk(A)  !"#!$%& &'($)#*+)(!,

 !"#$  !" G #$%&"'(')*+!!'),'& &"',-).&/

%#$"#$ 01&2'& A ∈ N 3%' . FIk(A) 4.,5.(/

&'()*+, FIk(A)3) 1)'%6,78# . H0(A), H1(A), . . . 9:%:(.)).,/

 !

-./0,1$2#)

;<= >'!"'& 51&2'& a ∈ Σ ?9 i ≥ 0 '9')?& Hi(a) = {a}/

;@= >'!"'& 51&2'& A ∈ N 3%' H0(A) =
{x ∈ Σ∗ |A→ xα ∈ P

.4:, (|x| = k) -.!" (|x| < k ?9 α = λ)} ?9 ,'!"'& i = 0/

;A= 01&2'& A ∈ N 3%' H0(A), . . . , Hi(A) 56% 195'%)'#/

>'!"'& Hi+1(A) =
Hi(A) ∪ {x ∈ Σ∗ |x ∈ Hi(X1)⊕k . . .⊕k Hi(Xn)

-.,.5'," A→ X1 . . . Xn ∈ P '9')?& }.

;B= C. 51&2'& A ∈ N 3%' Hi(A) = Hi+1(A)D .##:% 6,,78&# 5'!D

#+,$&E'& ,'!"'& i = i + 1 ?9 5'&7+&# -199(. ;A=3%./

 "

34.(56 GarF K → K + T, K → T D

T → T ∗ F, T → F D

F → (K), F → a

G(65H)98# #1 . FI1(K), F I1(T ) ?9 FI1(F ) 4.,5.(:#.)/ I

H0, H1, . . . #$(',H)?9'# '!" )6E,6(.) 9:%.1E.& 6E%6(:,4.)J# .

#$-')#'(K 5J2:&F

K T F

H0 ∅ ∅ {(, a}
H1 ∅ {(, a} {(, a}
H2 {(, a} {(, a} {(, a}
H3 {(, a} {(, a} {(, a}

  

34.(56 L',$,7+# G′ar3%., .() . &"',-).&) 5',"&'# 9(.E6,".1F

<F K → TT ′
@F T ′ → +TT ′

AF T ′ → λ

BF T → FF ′

MF F ′ → ∗FF ′

NF F ′ → λ

OF F → (K)

PF F → a

G′ar 8!".&
9.# .( .%1)5')1#.1 #1*'7'(?9'#') !'&'%6,7.D )'46)

L(Gar) = L(G′ar)/

#$$



 !"#$%&'( () FI1(X)*+, #)-.+- X ∈ {K, T, T ′, F, F ′}*/+0

K T T ′ F F ′

H0 ∅ ∅ {+, λ} {(, a} {∗, λ}
H1 ∅ {(, a} {+, λ} {(, a} {∗, λ}
H2 {(, a} {(, a} {+, λ} {(, a} {∗, λ}
H3 {(, a} {(, a} {+, λ} {(, a} {∗, λ}

1+2", FI1(K) = FI1(T ) = FI1(F ) = {(, a}3 FI1(T ′) = {+, λ}

45 FI1(F ′) = {∗, λ}0

 ! 

 ! LL(k) "#$%&%#$ #$'()%&*#

+#,)-
/01 1+,5!6%+7+5 A ∈ N */+ %+78+-

σ(A) = {L ⊆ Σ∗,k | 9:- $%8:- w 45 α, 2$78 S ⇒∗ wAα 45 L = FIk(α)}.

;<7,<- 45!/+9+2+,63 2$78 σ(A) 2:%#:! 947+53 #+/, σ(A) ⊆
P(Σ∗,k)0

= σ(A) 2:%#:!$( ()5!"#>,2:,?(0 = ()5!"#>,"5'(/: :%(:%#:5 :%*

7$/),#'5 %4-8+7+3 2$78 ),+/"
)?9:% ()5!"#$%&'( #)-.+- A,B ∈
N */+ :

σ̄(A,B) = {L ⊆ Σ∗,k | 9:- $%8:- w 45 α, 2$78 A⇒∗ wBα 45 L = FIk(α)}

2:%#:!,0 A!',"- σ(A) = σ̄(S,A) %+5!0

 !"

 ! LL(k) "#$%&%#$ #$'()%&*#1

= σ̄(A,B) 2:%#:!$( ()5!"#>,"5:0

 !"#$ A78 G (</-8+!+,BC77+,%+- -8+%9,:-0

%#$"#$ D)-.+- A,B ∈ N */+ : σ̄(A,B) 2:%#:!0

&'()*+, σ̄(A,B)*, ),+/"%&'( :H0(A,B), H1(A,B), . . . 5$/$!:,,:%0

 !#

-./0,1$2#)

EFG H+78+- #)-.+- A,B ∈ N */+ H0(A,B) =
{L ⊆ Σ∗ |A→ γBα ∈ P :2$% L = FIk(α)} 45 %+78+- i = 00

EIG D)-.+- A,B ∈ N */+ H0(A,B), . . . , Hi(A,B) #"/ )5#+/,+(0

H+78+- Hi+1(A,B) = Hi(A,B) ∪ {L1 ⊕k L2 |
∃C ∈ N : L2 ∈ Hi(A,C) 45 L1 ∈ Hi(C,B)}.

EJG K: #)-.+- A,B ∈ N */+ Hi(A,B) = Hi+1(A,B)3 :(($/

"%%&'-( #+73 (C%<-L+- %+78+- i = i + 1 45 #+-&C-( 9)55!:

EIG*/+0

A(($/ σ(A) = σ̄(S,A)0

 !$



 ! LL(k) "#$%&%#$ #$'()%&*#+

 σ(A)  !"#$%&'()'*"$+$,*- .)-)%!/' )# LL(k) 01-'2'1- $'03+)-4

%)#$"$,*-  5.1' 1#! 6 (3+7 '1'"#8-1+1" G491 )# LL(k) 01-'2'1-

)-+39!'%! :")/ 1-;5/'(1'8<

 !"#$ =+7 G  59/71#1'0>++1'-1/ /71-.')/ 2" 1+7 k ≥ 1 1+2"#

"#$%<

%#$"#$  &'! () G LL(k) 2" (') () G /1% LL(k)<

 !"

*+&,-.$)#/

?@A B$-)""#:/ 1+7 3-7)/ A /1%'19%!/$-!"'6 %1-7/1 -1+)-$,,  2'

)-'19/)'&.$C) .)/ 2" "#$%3-C:  ! σ(A)4'<

?DA B$-)""#:/  2'  >-5/,5#8 A→ β 2" A→ γ "#),$-7' 2" %!/4

;1/ L ∈ σ(A)49) "#$%3-C:  ! )

(FIk(β)⊕k L) ∩ (FIk(γ)⊕k L)

()-%)#'< E) .)/ 3-7)/ L %1-791 1# ) %1'"#1' /1% >91"6

)  39 G /1% LL(k) '1($' $--C:/ %1+ 2" );C:/ 3:'F:'9)

(') C1-#2"'<

?GA E) .$-)"#'()'* A4/) HC),,  2' )-'19/)'&.)4F$9C)6 )  39 !"4

%2'1-C> ?DA4'<

?IA E) .$-)"#'()'* HC),, /1%'19%!/$-!"6 )  39 !"%2'1-C> ?@A41'<

 !#

?JA K;C:/ 3:'F:'9)  &'! C1-#2"' ?%19' )# $'03+)-%)#3'' LL(k)

01-'2'1- '1-C1">-A<

 !$

 !"#$ LL(k) %&"'!'&" &"#()'!*!+&,

K Gar /71-.')/ /1% LL(1)< B1+7> F2-;$:- ) K → K + T |T
"#),$-7F$9'< L''6 %!/;1/ L ∈ σ(K)49)6 0>++1'-1/>- )''*-6 (3+7

%! )# L6 FI1(K +T )⊕1L = FI1(K) 2" FI1(T )⊕1L = FI1(T )6

%19' )# 1-8#8 M2-;) )A 92"#1 "#19!/' λ 6∈ FI1(K) 2" λ 6∈ FI1(T )<

N3.$,,$6 :+7)/
") )# 1-8#8 M2-;) "#19!/' FI1(K) = {(, a} 2"

FI1(T ) = {(, a}6 '1($'

(FI1(K + T )⊕1 L) ∩ (FI1(T )⊕1 L) = {(, a} 6= ∅.

P+7)/)  39G′ar .!"#3/'LL(1)6 %!.1- 198"1/LL(1)6 ;1 1#'  2"8,,

%:')'C: ,1<

 !%



 ! "#$%"& LL(k) &'"()*+& ,"-&.
0123&+4 "($45%!.*5%"

 FOLLOWk !"#$"% &'()*
,-."/

6"-&.
017 0'12') A ∈ N 34 k ≥ 1/  5567

FOLLOWk(A) =
⋃

{FIk(β) |S ⇒
∗ αAβ, 8"#"$,#2') α, β ∈ (N ∪ Σ)∗97"}.

 % 6#2") :'7$,);#,4 4%"8"5 FIk9,< "$'#2'5 "% A9: :"7:"#$"%-

$6)&":=67$;5 >$,): αAβ? A9: 5@8':A 734%3BA# >8"12,4 β9B-#?

8'%':!':A5 #'/

 !"

 :68;BB,"5B") " FOLLOWk .'#@#34 !'#2':: " 7@8,&'BB

FOk9: !"4%);#.C5/

FOk(A)

S

Aα β

u

k !644%

  !

 FOk(A) 8+(9+!:4 40%!39.*3%+7

 !"#$ D12 G 
= )2'#8:") 34 '12 k ≥ 1 '134% 4%;$/

%#$"#$ E,)&') A ∈ N 97' FOk(A)/

&'()*+, FOk(A)9: ,:'7;#.C5 " H0(A), H1(A), . . . 4676%"::"#/

   

-./0,1$2#)

>F? 0'12') i = 0< H0(S) = {λ} 34 $,)&') A 6= S97' #'12')

H0(A) = ∅/

>G? E,)&') A ∈ N 97' H0(A), . . . , Hi(A) $;7 ,4$'7:'5/ 0'12')

Hi+1(A) = Hi(A) ∪ {x ∈ Σ∗ |
x ∈ FIk(βHi(B)) 8"#"$'#2 B → αAβ 4%"B;#2 '4':3) }.

>H? I" $,)&') A ∈ N 97' Hi(A) = Hi+1(A)< "5567 ;##.C)5 $'1<

5J#@)B') #'12') i = i + 1 34 $').J)5 >G?97'/

E,)&') A97" FOk(A) = Hi(A)/
  #



 !"#$%  !"#"$%& G′ar'()" )*+ ) ,-!".+),+ /!"-,!& 0*)12"-)34

54 K → TT ′

64 T ′ → +TT ′

74 T ′ → λ

84 T → FF ′

94 F ′ → ∗FF ′

:4 F ′ → λ

;4 F → (K)

<4 F → a

=*2/>"$?& &3 FO1(X)'!+ /3,@!, X ∈ {K, T, T ′, F, F ′}'(!A

  !

=*2/>"$?& &3 FO1(X)'!+ /3,@!, X ∈ {K, T, T ′, F, F ′}'(!A

K T T ′ F F ′

H0 {λ} ∅ ∅ ∅ ∅
H1 {λ} {+, λ} {λ} ∅ ∅
H2 {λ} {+, λ} {λ} {+, ∗, λ} {+, λ}
H3 {), λ} {+, λ} {λ} {+, ∗, λ} {+, λ}
H4 {), λ} {+, ), λ} {), λ} {+, ∗, λ} {+, λ}
H5 {), λ} {+, ), λ} {), λ} {+, ∗, ), λ} {+, ), λ}
H6 {), λ} {+, ), λ} {), λ} {+, ∗, ), λ} {+, ), λ}

B!C2+ FO1(K) = FO1(T
′) = {), λ}D FO1(T ) = FO1(F

′) =
{+, ), λ} E0 FO1(F ) = {+, ∗, ), λ}A

  "

 ! "#$%"& LL(k) &'"()*+& ,"-&.
012+

3"-&.
014 F!G-!, k ≥ 1A H*+ />,@$?&D C>G- G !(I0!, LL(k)D

C) +!+0*I"!G!0 A ∈ N E0 A → βD A → γ &%"#,1#*I 0*)12"->&

!0!+E, +!"$!0%"D C>G-

FIk(βFOk(A)) ∩ FIk(γFOk(A)) = ∅,

J)C>" βFOk(A) = {βx | x ∈ FOk(A)}AK

  #

56*"(4 L) G !(I0!, LL(k)D )&&>( LL(k)A

70!8&'.*9%4 M,@3(!&+4 +NC G !(I0!, LL(k)D @! ,!/ LL(k)A

L) G ,!/ LL(k) )&&>( +!"$!0%",!& )*

• S ⇒∗l wAα⇒ wβα⇒∗ wx

• S ⇒∗l wAα⇒ wγα⇒∗ wy

• FIk(x) = FIk(y)

N!"+E+!"!&D E0 /EG30 β 6= γA F!G-!, u = FIk(x)A

O!""!0"!G4 FIk(α) ⊆ FOk(A)A
  $



 FIk(α) ⊆ FOk(A) !"#$%$"# &'($$

u = FIk(x) ∈ FIk(βα) = FIk(β)⊕k FIk(α) ⊆
FIk(β)⊕k FOk(A) = FIk(βFOk(A)).

)(*+,#-(, &".&/$($0($-1 0+.2 u ∈ FIk(γFOk(A))1 $"03$

u ∈ FIk(βFOk(A)) ∩ FIk(γFOk(A)) 6= ∅,

(&' "##",$&+,43*1 &"5$ G "56*", LL(k)7

  !

 89:"$8";68<", 8%$ 8%54%*$ !+.=/8 $'*;$3;,'>

?@A )( (4+$$ ".2 G ,2"#:$(, %* ".2 k *;3& (88+5 "#49,$0"$6B"1

0+.2 G $"#="*C$'B" (; "56*", LL(k) !"#$%$"#$D

?EA )+.2(, &F894'8 (; "56*", LL(k) "#"&;%*D

  "

 ! "#$%"& LL(k) '"()*)"( "(+,&)*%"-

 !"#$ G.2 G 895,2";"$!H.."$#", ,2"#:$(, %* ".2 k ≥ 1 ".%*;

*;3&7

%#$"#$  &'! 0( G "56*", LL(k)1 8H#9,<", (')7

  #

*+&,-.$)#/

?@A I3#(**;/,8 ".2 +#2(, A ,"&$"5&',3#'*$ &"#2,"8 #".(#3<< 8%$

(#$"5,($C:3=( :(,7

?EA I3#(**;/,8 8%$ 8H#9,<9;6 A → β %* A → γ *;(<3#2$ %* *;3B

&+#=/8 8' ( (FIk(βFOk(A)))∩ (FIk(γFOk(A))) 0(#&(;$7 )(

"; ,"&H5"*1 (88+5 G ,"& "56*", LL(k)1 $"03$ 3##=/,8 &". %*

+/$J/$> (')7

?KA )( :3#(*;$0($- AB,(8 L=(<< 8%$ (#$"5,($C:(BJ35=(1 (88+5 '*B

&%$"#=H8 ?EAB$7

?MA )( :3#(*;$0($- L=(<< ,"&$"5&',3#'*1 (88+5 '*&%$"#=H8 ?@AB"$7

?NA  4=/,8 +/$J/$5(  &'! ="#;%*$7
 $%



 !"#$%

G′ar !"# #$% &'("! )*"+,'(-,./" 0"!1 23'(3#!3# +"' &'4"'"

56("!"*7

89 T ′ → +TT ′ |λ: FI1(+TT
′ FO1(T

′)) = {+} $)

FI1(λFO1(T
′)) = FI1({ ), λ}) = { ), λ}7 ;3<,%

FI1(+TT
′ FO1(T

′)) ∩ FI1(λFO1(T
′)) = {+} ∩ { ), λ} = ∅.

=9 F ′ → ∗FF ′ |λ: FI1(∗FF
′ FO1(F

′)) = {∗} $)

FI1(λFO1(F
′)) = FI1({+, ), λ}) = {+, ), λ}7 ;3<,%

FI1(∗FF
′FO1(F

′)) ∩ FI1(λFO1(F
′)) = {∗} ∩ {+, ), λ} = ∅.

>?03%#3*$)#$--3! G′ar 3.@)3! LL(1)7

 ! 

A* LL(1) 3)3%7

 !"#$% G "##&. $) 
)"#C) "##&. 3.@)3! LL(1)1 <" LL(1)7

&'()*+,"-.% ⇐: D,. +3',%%5#1 <&6( <" G 3.@)3! LL(k)1 "##&.

LL(k) C)1 2C!43! k ."7

⇒: E!4C.3#%: %F< G !(3'0%"! LL(1)1 43 !32 3.@)3! LL(1)7

G"! #$% &'("! #H'?!+?*@A→ β $) A→ γ )*"+,'(1 I%3<,% β 6= γ9

23'(3#.3

FI1(βFO1(A)) ∩ FI1(γFO1(A)) 6= ∅,

0"6(C) 0"! &'("! a ∈ (Σ ∪ {λ})1 <&6( a ∈ FI1(βFO1(A)) ∩
FI1(γFO1(A))7

 !!

&$' ()(*+ a ∈ Σ7 J##&. "* a ∈ FI1(βFO1(A)) ∩ FI1(γFO1(A))

%".%"'2"*,) !$6(F$'3#$--3! 0"'K)5'<"% 2367

&$,' $"()(*+ a ∈ FI1(β) $) a ∈ FI1(γ)7 J##&. '$%3*!3# "*

• S ⇒∗l wAα⇒ wβα⇒∗ wax′

• S ⇒∗l wAα⇒ wγα⇒∗ way′

'303*3%$)3#1 %&0,++, %3'/3)H' FI1(ax′) = FI1(ay
′) = a7 J*$.%1

2C03' G !(3'0%"! LL(1)1 β = γ !"# C) %3'/3)H'!C3 #3''1 "2C 3''3!% 

2&!4,)7

 !"

&$' ()(*+ a ∈ Σ7 J##&. "* a ∈ FI1(βFO1(A)) ∩ FI1(γFO1(A))

%".%"'2"*,) !$6(F$'3#$--3! 0"'K)5'<"% 2367

&$-' $"()(*+ β ⇒∗ λ, a ∈ FO1(A) $) a ∈ FI1(γ)7 J##&. '$%3*!3#

"*

• S ⇒∗l wAα⇒ wβα⇒∗ wα⇒∗ wax′

• S ⇒∗l wAα⇒ wγα⇒∗ way′

'303*3%$)3#1 %&0,++, %3'/3)H' FI1(ax′) = FI1(ay
′)7 J*$.%1 G

!(3'0%"! LL(1) 0&'%" 2C"%% β = γ1 "2C 3''3!%2&!4,)7

 !#



 !" #$#%& a ∈ Σ !""#$ %& a ∈ FI1(βFO1(A)) ∩ FI1(γFO1(A))

'%$'%()%&*+ ,-./0-(1"-221, 3%(4+5(6%' )1. 

 !'" !(#$#%& a ∈ FI1(β)7 γ ⇒∗ λ -+ a ∈ FO1(A) !,,1" %&

1+1',1" % 89&#,/:'*+% %& ;%<=>6?& 6%+#,(4%, '?$'-,9" 

 !)" !(#$#%& β ⇒∗ λ, a ∈ FO1(A)7 '#3*88* γ ⇒∗ λ 

@%+#,(4%, 

 !"

 *" #$#%& a = λ !""#$ % λ ∈ FI1(βFO1(A)) ∩ FI1(γFO1(A))

'%$'%()%&*+ A./ 3%(4+5(6%' )1.7 6#./ β ⇒∗ λ, γ ⇒∗ λ7 '#3*88*

λ ∈ FO1(A) !&-$' (-'1&,1" %&

• S ⇒∗l wAα⇒ wβα⇒∗ wα⇒∗ w

• S ⇒∗l wAα⇒ wγα⇒∗ wα⇒∗ w

(131&1'-+1"7 '#3*88* w 5'*, λ *(( -+ '1(B1+C(7 6#./ FI1(λ) =
FI1(λ) !&-$'7 )931( G ,/1(3'%, LL(1) β = γ>,%" 9+ '1(B1+C(,1

"1((7 %)9 )1.9,' 
+%" 1((1,')#,E*+ 

F '-'1( k = 2>$1 )*$ ,1) 9.%&G
 !#

 ! "#$%"& LL(k) "'"(!)% *'*+,-'"-"

H-$E-+I z ∈ L(G) J

K5EB5"I S ⇒∗l wAα -+ z = wz′ !(L$1,-&-+I u = FIk(z
′) 

F""#$ A>' %&&%( %& 1./-$'1()M A → β %('1$,%':3*3%( '1$B1+&'BC"

"97 )1(/$1 u ∈ FIk(βα) 

N931( FIk(α) ⊆ FOk(A)7 %,,%" 9+ '1(B1+C(,91 "1((7 6#./ u ∈
FIk(βFOk(A)) 

F& 1$L+1, LL(K) E1O,:
94B% +&1$9,' (1.01(B188 1./ #(/%, +&%8*(/

3%,7 %)9$1 1& % '%$'%()%&*+ '1(B1+C(7 6% 21E9. ,9,
+ 9(/1, +&%8*(/7

%""#$ z 6∈ L(G) 

F FIk(βFOk(A)) 6%()%&#" "9+&*):'*+% %(%231'L 0#,'#++*.AG

 !$

!$L+1, LL(k) ,/1(3'%,#" 1+1'-81, 1./M 1(1)&L '*8(% "#,+'$5*(>

6%'4 % "?31'"1&L"-221, 

M +#$%9 %& N ∪ Σ ∪ {$} 6%()%& 1(1)1931(7 #+&(#2%9 21E9. % Σ∗,k
6%()%& 1(1)1931( 3%,,%" 
:)"-&31 

@% A ∈ N 7 %""#$ M >,1" %& A +#$6#& -+ u ∈ Σ∗,k #+&(#26#&

'%$'#&4 M(A, u) 1(1)1 %&' % '13-"1,/+-.1' :$B% (1 %)9' %""#$ "1((

3-.1&,97 6% %& 1(1)&-+ +#$*, A>' "1(( "9'1$B1+&'1,9 -+ u %& 1(L$1

,-&1'' +&4 

@% a ∈ Σ7 %""#$ M >,1" %& a +#$6#& -+ %& u ∈ Σ∗,k #+&(#26#&

'%$'#&4 M(a, u) 1(1)1 %&' %EB% )1.7 6#./ )9' "1(( 
+9,*(,97 6% %&

1(L$1 ,-&1'' +&4 u -+ a>' "1(( 9((1+&'1,9 %& 1(1)&1,EL +&46#& 

 !%



M  ! "#$%&'!( ) *+,
./0(1

 !" #$%&'% A ∈ N () u ∈ Σ∗,k ')'*(%+ ,- u ∈ FIk(β(FOk(A))

() A→ β - j.'&$/ )0-1234+ -//56

M(A, u) = (β, j),

 7" #$%&'% a ∈ Σ () u ∈ Σ∗,k ')'*(%+ ,- u = av+ -//56 3'84'%

M(a, u)9232:

 ;" <'84'% M($, λ)9 !435()&6+

 =" #$%&'% >2) X ∈ (N ∪ Σ ∪ {$}) () u ∈ Σ∗,k ')'*(% 3'84'%

M(X,u)97.'(:

 !"

 !"#$% G′ar '3'>0?*2132@-A

M : a ( ) + ∗ λ

K TT ′, 1 TT ′, 1 7 7 7 7

T FF ′, 4 FF ′, 4 7 7 7 7

T ′ 7 7 λ, 3 TT ′, 2 7 λ, 3
F a, 8 (K), 7 7 7 7 7

F ′ 7 7 λ, 6 λ, 6 ∗FF ′, 5 λ, 6
a 2 7 7 7 7 7
( 7 2 7 7 7 7
) 7 7 2 7 7 7

+ 7 7 7 2 7 7

∗ 7 7 7 7 2 7

$ 7 7 7 7 7  

 #$

89$6 + LL(k)  ! "#:6. (!539.%";6<

&'()*G %4'3B*-%  ->$ '6?)'% LL(k)"M '3'>0? *2132@- () z ∈ Σ∗

)0C:
+)*()* &,-' () z '84 1-3 53&-3$ 3'B'0'*()'+ ,- z ∈ L(G)+ .-/

/D3E%1'%:

 # 

01#23-4

• F56)02>500G/ >'8 G )0-1234-$*:

• H0 '3'>0() (x, α$, π) -3-/I /5%J8G62
$C/ )5650-*-+ -,53

. x ∈ Σ∗ '84 )0C+ -0 '3'>0'%&? )0C ,2*6-3(B? 6()0'+

. α ∈ (N∪Σ)∗ '84 B'6'>+ - 3'B'0'*'** 1-3 >5%&-*L56>- -05%

6()0'+ ->'34 >(8 *5B211$ /$*'6@')0*()'/'* () $33')0*()'/'*

*-6*-3>-0:

. $ -0 '3'>0'%&? )0C B(8(* @'30? )0$>1C3G>+ $ 6∈ (N ∪ Σ):

. π '84 )56+ )0-12345/ )56)02>-$1C3 -3/5*5** )5650-*:

• M'0&? /5%J8G62
$CA (z, S$, λ): z ∈ L(G) -//56 () 
)-/$)

-//56 *'3@')D3+ ,- (z, S$, λ) ⊢∗ (λ, $, π):

 #!



 ! "#"$!%&' (#)*+',$-&

 ! C := (z, S$, λ)"

#! $%&' ()* +,-)* C ′. %/,-0/ C ⊢ C ′. ,/'-/* C := C ′"

1! 2) C = (λ, $, π) ),)34. (),)%/,- π50/. )33+0 +678679 .)"/

3:,;*</* +678679 0"$!

$%/**-=</* )> +67867 .)"/. π )?@) z /'- <), +,?),= ,/(/>/7ABA7!

 !!

1,$"/",' +"#2
'4 C/'-:3 D/,. E+'- )> (x,Xα, π) 3+*F'60G
=I<)*

()'-6*3 J)E+, Xα ∈ (N ∪ Σ)∗$K! LA8/>>:3 u = FIk(x)5/7!

J K 2) X = A ∈ N AB M(A, u) = (β, j). )33+0 (x,Xα, π) ⊢
(x, βα, πj)! J$ (/0/% 7/7/@A* /'- */%7/0%=*G,=B G,,7 )%/,-/7

3=7/0@/B>7/77:*3!K

J#K 2) X = a ∈ Σ AB M(a, u) = ! . )33+0 (x,Xα, π) ⊢
(x′, α, π). )E+, x = ax′! J$> =,,/B>7/*?M 7/0%=*G,=B =,,/B>3/?=3

)> /,/%>/*?M B>IE+>!K

J1K 2) M(X, u) ="#$!%&'() J)%= 
B)3 4'- ,/E/7. E) X = $, α =
λ AB u = λK. )33+0 *=*
B G7%/*/7!

JNK 2) M(X,u)O*+,&. )33+0 *=*
B G7%/*/7!

 !"

5%#6(7 P*867 G′ar AB ) z = a ∗ (a + a) B>I!

(a ∗ (a + a),K$, λ) ⊢ (a ∗ (a + a), TT ′$, 1) ⊢
(a ∗ (a + a), FF ′T ′$, 14) ⊢ (a ∗ (a + a), aF ′T ′$, 148) ⊢
(∗(a + a), F ′T ′$, 148) ⊢ (∗(a + a), ∗FF ′T ′$, 1485) ⊢
((a + a), FF ′T ′$, 1485) ⊢ ((a + a), (K)F ′T ′$, 14857) ⊢

!!!

(λ, F ′T ′$, 14857148624863) ⊢ (λ, T ′$, 148571486248636) ⊢
(λ, $, 1485714862486363)

C/EG7 a ∗ (a+ a) ∈ L(G′ar) AB  NQRS NQT#NQT1T1 ) B>I <), +,?),=

,/(/>/7AB/!

 !#

U'- /'-B>/0V 8A,?) LL(1) *-/,(7)*0)!

-"./0
+23 G ")8&!"+9 LL(1). E) λ5%/*7/B AB (),)EG*-B>+0

A → β AB A → γ 3A7 3:,;*<;>M B>)<G,-. %=*?)**-=B>+0 β AB

γ 3:,;*<;>M 7/0%=*G,=B B>=%<I,6%+33), 3/>?M?*/3!

U'-B>/0V LL(1) ⇒ /0MB/* LL(1) ⇔ LL(1)

2) A → aβ′ AB A → bγ′ 3:,;*<;>M B>)<G,-+3. )33+0

FI1(aβ
′FO1(A)) = FI1(aβ

′) = {a} AB FI1(bγ′(FO1(A)) = {b}.

/>A07

FI1(aβ
′FO1(A)) ∩ FI1(aγ

′FO1(A)) = ∅.

 !$



 !"#$%&'()(*

 !" #$%&'() *' LL(1) +,-./+01& #(!&'2-0(03&3)(4

5(+/-0&2+ *' /6708(-7(9&( -"(9:0*-0;

S → iEtSeS | iEtS | x

E → y<

*#/ -"/9:=-:*9$*- -(# LL(1) *' S → iEtSeS | iEtS &'*>=9",+

#/*00;

FI1(iEtSeSFO1(S)) ∩ FI1(iEtSFO1(S)) = {i} 6= ∅.

 !"

 !"#$%&'()(*

?/(#(9@2+ * +A'A& B)(CD(0 3& >(:('(02-+ (!" E@ :=90,'$0;

S → iEtSeS | iEtS | x

E → y

8(9"(00;

S → iEtSA | x

A→ eS | λ

E → y4

 ' 10$>>/ -"(9:0*- #=) LL(1)4

F()&'( * #$%&'() -(# #G+A%/+ #/-%(- -"(9:0*- (&(03-4

 !#

 !"#$%&'()(*

HIJ5KLMGN

O-B10; G = (N,Σ, P, S) 
6 -"(9:0*-4

QN R/-%(- A ∈ N 7)(;

SN ?()(&&2+ #(! A7&'*>=9",+ @,>> ,9%*9*/-*+ 9(!8,&&'*>> α 6= λ

+A'A& B)(CD304

7 8(9"(00(&T0&2+ *' A → αβ1 | . . . | αβm | γ1 | . . . | γm &'*>=7

9",+*0

7 *' A→ αA′ | γ1 | . . . | γm 3& A′ → β1 | . . . | βm &'*>=9",++*9

UN O&#30(9@2+ SN70< *#T! #=) -/-
&(-(+ A7*&'*>=9",+< #(9"(+

@,>> ,9%*9*/-*+ +A'A& * B)(CD(4
 !$

 !"#$%&'()(*

 !"#$% I

•K → T +K | T

• T → F ∗ T | F

• F → (K) | a

-"(9:0*->$9 +*B@1+ * +A:(0+('V LL(1) -"(9:0*-,+*0;

K → TT ′ K → TT ′

T ′ → +K | λ T ′ → +TT ′ | λ
T → FF ′ T → FF ′

F ′ → ∗T | λ F ′ → ∗FF ′ | λ
F → (K) | a F → (K) | a

 %&



 !"!#$! %&!%&!' ()!)*$ &!&+,'-

 !"!#$! %&!%&!' ()*++*,-"./  !"!#$ %"%&'()* !"+,-*.&/),01 ! w

)'$2$" 0**3#/"4! 5-$26"/30 &%+ 7%"(58.%3* %+9 ,"9!3 #%-*46
*$)

76. !&*3%0 ! +9;0%-% S< !  !.6-! 5%#*+ w=

>! )*0%-?"< w ∈ L(G)< 0?";32%3 w 6∈ L(G)=

@"A0()'?"%.1 
*0"/)&%3.%)8.()=
 ! 

.&/01
3$4 @+9 G = (N,Σ, P, S) %+9 
7 39%"4.!3 
12!"3,&4+&3<

 ! 3*3
) ,"9!3 A ∈ N < &%"9-% A⇒+ A=

A⇒+ A⇒+ A⇒+ A . . .

5&++)4 BC6)# .!30;394D= E%.)'A"%+%) G 
7 39%"4.!3 ,' 0,3F

).-/6" !.$ ,"9!3 G′ 
*0"/)&%3.%) 
7 39%"4.!3< !&%"9-% L(G) =
L(G′)=

 !"

6!7)!809- )!"!#$! %&!%&!' &!&+,'-

G#,.. G = (N,Σ, P, S) 
7 39%"4.!3 () w ∈ Σ∗ )'$< *+!'F%<  ,+9

w ∈ L(G)

H)!0 λF&%3.%) () 
*0"/)&%3.%) 39%"4.!3,00!" 7,+"!"0,'/30=

G w )'$2$" 0**3#/"4! 5-$26"/30 &%+ 7%"(58.%3* %+9 ,"9!3 #%-*46F


*$) 76. !&*3%0 +9;0%-% !' S 0%'#A)'*&2$"/&=

I(. &J4%"%.1

561%+&!'37 %+9 )'*&2$"/&&!" .,4622 ,"4!))/0 !' *35/. )'$. B!&*

0%'#%.2%3 wD=

8&9"2:!:37 %+9 )'!26"9 K,22 ,"#!"6. ! 2!" ,"#!"64!"  %"9%..%)8.K?0=

L%#/06"6) !' A→ x )'!26"9 )'%-*3.=

 !#

-%#/06"6)

A

= wu′ x w′

u

G' 6".!"63,) !"/"-$" 7%"7%"(  !"!#$ %"%&'() !"!5;."%.%=

M"4!))/0 wF. !' %"%K(-A" B4!+9*) ) *7.%"K?30D !##*+< !&8+ !' %","4!F

),.. -()' K,22 ,"#!"* 4(+(3 0* 3%& !"!0/" %+9 )'!26"9 K,22 ,"#!"!=

E% 6. "%+9%3 u ,"9!3< !&*-% .%"K%)?"<  ,+9 w = uw′ () 4!3 ,"9!3

u′ () x<  ,+9 u = u′x () A → x ∈ P = >%"9%..%)8.)?0 xF%. !

)'!26"9 A 2!" ,"#!"64!"< 4!+9*) -%#/06"K/30= @-%#&(39?" 0!5K/0

!' u′Aw′ )'$.< !&%"9-% u′Aw′⇒ w

!' u′Aw′ )'$-! 4(+%''?0 %'. .,4622 N+9<  ,+9 w′ %"%K(.A" 0%'#4%

 !!



 !! " #$%&'% ()**+ ,('-%$./0" u′A1()*  22'34  563  * 637 " 8)%%

,*9 /)## ).2 .' :;3;! 5$3'!% "' !$5  . "<. $37 ,* #+.7 /)##

).2 . = > "' . "<.%  "")? ?$2<"+.<!"= @37 8?9#+./<" 5$3 $.;?!'

S1$%=

 !"

 !" #$%&'!()*

 !"#$%&'()*%+,-.&.( -/01"-$,(2 >  22'3 ,('-%$.%0!"4 ()37

$.;?%0!" $37 ).7 ! 8)!%)%  (). ?$2<"+.!' ', .$($%4  "")? !$5

%<2/<"4 ()37 $.:;3$**0"1$  ?$2<"+.+,% : 37 %):+## ,('-%$./0!"

$37 ";,A##' ).7 ! ?$2<"+.+, ?$5;!7;#$!4  5'%A.  *% :+?/<"4 ()37

,'"$?$,$! $.:$*$% S1($*=

3%+,-.&.()*%+,-.&.( -/01"-$,(2 > $.;?%0!" $37 ).7 ! 8)!%)%4

 (). ?$2<"+.!' .$($%4  "")? %B## ).7 ! ,* #+.7 ', .$($%4  5'  .1

" .5 ,  ?$2<"+.+,? = C"")? !$5 %<2/<" $.2B!%$!'4 ()37 5$.7'"

,* #+.7 ,*$?'!% ?$2<"+./<!"=

 !#

+,-%'./0*

34567$(8- &% 9 P ):%&" (69:.&;/- %5; (/**%0+<'$ =9&9>"&;%0 >?)

+/0@ A9 (!"#$%&'()*%+,-.&.( -/01"-$,((9& $9&.&-/6,0- 9--/* ='5%6)

680- >"0+"5 *%+,-.&.($@ B/=.::.C !9 *%+,-.&.()*%+,-.&.( -/01"-)

$,(:9 8$-4680-C 9--/* >"0+"5 9 -"(%:: (/*(6.>D (69:.&; (6%*"0$

*%+,-.&<,0-@

D':$.  ,* #+.7)" +.% .<!" -$.+..6%)%% ,)??$!2/$ B!";!7$,4 !$5 #'*1

%),4 ()37  -$!%' $.: 5'!2'3  ($.7$, '?+!7# :',*= D;3,$5 5)!21

( %/<"4 ()37 $"")? w 6∈ L(G)4 5':$. !$5 :$%%0!" E37$.$5#$

5'!2$! .$($%A,;3$%= C*;?% F
, "H37 5'!%  %)812)I! $.$5*;,!;.J

-$!! "$.. % ?% !<!"  :',,* .;8;,4 : 37',  # 
"%? 
" .$($%A,;3;%=

 !$

1'2'$3' 4,'4,'! 5)').3 /'")'/6%0 ,',(7!08 )'-%$8"(20*

E0F,$ C37 G = (N,Σ, P, S) 
'".<,5$!%$, ;, λ15$!%$,

"B?!7$*$%-033$%.$! !7$.:% ! ;, $37 w = a1 . . . an ∈ Σ∗, n ≥ 1

,*9=
G,$F,$ E5%0  !"#$% $% & w %#'(&) !*+  ,-- ,".&"/ "!0!#!1$%! 2&

w ∈ L(G)3 45"6(-!(  !"  !"#$%3

#$%&'!(

• 76*#81%5) "! & %#&-9"+,) !*+ %,::!(. $13

• ;# !"!<#$% (p, i, α, β) &"&)= ),(>*?:9
/') %,:,#&1&A &2,"

 !"



 p ∈ { q, b, t }! "#$%&'! (')#*+,- ./ b01+
34$+
3 &''+5#46 7(8,9

.$4.3(: q6

 i +8 ;"5<4 /8-1+ %<4+4- 5#;"4($! 1 ≤ i ≤ n + 16

 α (*= >($(%! 4(4(?( + ?#11 >.*." >+"6 @+$4+'%+ +8 ;"5<4 /8-

('#'>+/#44 $./8.19' $(,<3&'&/#33+' 3('(43(8(44 (N ∪ Σ)∗ 1('; /8-6

7(8,9.$4.3(: λ6

 β (*= >($(%! 4(4(?( + 1+' >.*." >+"6 @+$4+'%+ +8 (' 

(%8./ A4B$4."(4(A >+*=;/ + >.*$(C+?4#44 /C;)4('./(3 ./ $(,<3&'&/#3

/#$#8+4+6 7(8,9.$4.3(: λ6

• D 3#"E*<$&
;-3 C+'%+8&" %(*+,<"3 (*= ⊢ &4%("(4; $('&
;-4:

(p, i, α, β) ⊢ (p′, i′, α′, β′) ,(4($%;";/84;3</ $('&
;-6 D8 &4%("(4;

$('&
;-4 ,(E";&'- $./8 FGH '.5./.49' (';",<'>+ +8 ('/9 #'=+" '.5./4

+'3+'%+88<3! +%; +'3+'%+8C+4- + 3#"E*<$&
;-$+6

 !"

• 7(8,9 3#"E*<$&
;-: (q, 1, λ, λ)6 D 1()(?(89 3#"E*<$&
;-3 +'+3?+

(t, n + 1, S, γ) +C#' γ (*= s F/C;)4H /8;%1-'<%1-' ./ /8+1&'=#3

/#$/8&%+;1-' 3.58(44 /#$#8+46 D8 4('?(/I'! C#*= w ∈ L(G) +33#$

./ 
/+3;/ +33#$! C+ (q, 1, λ, λ) ⊢∗ (t, n + 1, S, γ)6

 #$

 ! "#"$!%&' (#)*+',$-&

FJH ."!/0 1*23)-+4
'6 7"4##8,4&(9 K(*=(" C := (q, 1, λ, λ)6

FGH :"/-14#4&9 D%L* C = (q, i, αγ, β) +'+3M ./ >+" A→ γ +'+3M

/8+1&'=! +,,;* C ⊢ C ′! +C#' C ′ = (q, i, αA, jβ) ./ j +8 A → γ

/8+1&'= /#$/8&%+! ./ + j (,;3 +8 ('/9 #'=+" /8+1&'=! +%('= /8($;"4

$(,<3&'&/ C+?4C+4- >.*$(6

FN+ %&$ "(% '(C(4 $(,<3&'";! +33#$ 4#>&11'.5I"36H

FOH ;<'=,"#%&9 N+ C = (q, i, α, β) ./ i 6= n+1! +33#$ C ⊢ C ′! +C#'

C ′ = (q, i+1, αai, sβ) Fai 5(,;* +8 ('(%8(",9 /8- i (,;3 1(4P?(H6

Q("?I"3 FGH $( F%($4 C+ '(C(4! +33#$ $(,<3&'<"3H6

FRH >#=*)(/4&9 N+ C = (q, n + 1, S, β)! +33#$ C ⊢ C ′ = (t, n +
1, S, β). D8 +'*#$;4%</ &''?#" '( ./ +,?#" 3; ?)"2 ?('8./46

 # 

FSH @,$"2", 7(
1,+(
1 4##(A*,7(9 N+ C = (q, n + 1, α, β) ,( α 6=
S! +33#$ F"(% .$4I3 (' S (4 4(C&4H C ⊢ C ′! +C#' C ′ = (b, n +
1, α, β)6 Q("?I"3 FTH $(6

FTH U+
34$+
3 >.*$(C+?4&/+: FV*=%&/4 3;8&$- (/(4(36H

F;H N+ C = (b, i, αA, jβ)! + j (,;3 /8+1&'= A → γ ./ +8 αγ

F>+*=;/ + >;//8+&''L4#44 /8-H $(,<3&'C+4- (*= 4#>&11; B → γ′

/8+1&'= /8($;"4 ;/ F>+*=;/ αγ = α′γ′H! +33#$ C ⊢ C ′! +C#'

C ′ = (q, i, α′B, kβ)! ./ k > j + B → γ′ /8+1&'= /#$/8&%+ F+8

&'4+'<"3 $B*8L4(44 /#$$(",1("H ./ + j (,;3 <4&" (8 + '(*('/9 #'=+"

/8+1&'=! +%('= /8($;"4 αγ /8-" $(,<3&'&/ C+?4C+4- >.*$(6

Q("?I"3 FGH $( F%($4 C+ '(C(4! +33#$ $(,<3&'<"3H6

 #%



 !" #$
&'($
& )*+(,-$.'/0$1  2+34/0' &56/(7 ,0,',&8"

 55" 9$ C = (b, i, αA, jβ): $ j;,<5& 06$=/>3 A → γ *0 i 6= n + 1

<, αγ ?,4 (,<@&/>-$'7 4/0 06$=/>>3$>: $&&A( C ⊢ C ′ = (q, i +
1, αγai, sβ).

B,?.C?&  D";(,  4,(' -$ >,-,': $&&A( (,<@&/>@?&"8

 555" 9$ C = (b, n+1, αA, jβ) $ j;,<5& 06$=/>3 A→ γ <, αγ ?,4

(,<@&/>-$'7 4/0 06$=/>>3$> *0 4/( 0-5E',>?5 0,4 '@<@?& $&&A(

C ⊢ C ′ = (b, n + 1, αγ, β). B,?.C?&  !";(,8

 5)" 9$ C = (b, i, αa, sβ) *0 i > 1: $&&A(C ⊢ C ′ = (b, i−1, α, β).

B,?.C?&  !";(,8

 )" 9$ ,+35& E,>'*',> 0,4 ',>.,0C> $&&A( w 6∈ L(G): $6 $>+A(5'4@0

/>>.A? >, *0 $<.A?  !" .,>6*0' A@'F@'($8

 !"

 !"!#$! %&!%&!' ()!)*$ +!,)!+-./ &!&01'/2 )!3.#2,0"/4

#$%&' () Ge1 1 : K → K + T 2 : K → T
3 : T → a 4 : T → b.

2>,4,66C& $ w = b + a 067'8

(q, 1, λ, λ) ⊢ (q, 2, b, s) ⊢ (q, 2, T, 4s) ⊢ (q, 2, K, 24s) ⊢

(q, 3, K+, s24s) ⊢ (q, 4, K + a, ss24s) ⊢ (q, 4, K + T, 3ss24s) ⊢

(q, 4, K, 13ss24s) ⊢ (t, 4, K, 13ss24s):

G,-/' b + a ∈ L(Ge)8 GA)/==/ 13ss24s;=H> 'I(I>), $6 s;,&,':

b + a .A== A><$>5 >,),6,'*0*' &$F.@& 13248

 !#

#$%&' *) J,+3,? G $ &I),'&,6H ?3,>)'$?

 D" E → E + T

 K" E → T

 L" T → T ∗ F

 M" T → F

 !" F → a

2>,4,66C& $ w = a ∗ a 067'8

 !!

2>,4,66C& $ w = a ∗ a 067'8

(q, 1, λ, λ) ⊢ (q, 2, a, s) ⊢ (q, 2, F, 5s) ⊢ (q, 2, T, 45s) ⊢

(q, 2, E, 245s) ⊢ (q, 3, E∗, s245s) ⊢ (q, 4, E ∗ a, ss245s) ⊢

(q, 4, E ∗ F, 5ss245s) ⊢ (q, 4, E ∗ T, 45ss245s) ⊢ (q, 4, E ∗ E, 245ss245s) ⊢

(b, 4, E ∗ E, 245ss245s) ⊢ (b, 4, E ∗ T, 45ss245s) ⊢ (b, 4, E ∗ F, 5ss245s) ⊢

(b, 4, E ∗ a, ss245s) ⊢ (b, 3, E∗, s245s) ⊢ (b, 2, E, 245s) ⊢ (q, 3, T∗, s45s) ⊢

(q, 4, T ∗ a, ss45s) ⊢ (q, 4, T ∗ F, 5ss45s) ⊢ (q, 4, T, 35ss45s) ⊢

(q, 4, E, 235ss45s) ⊢ (t, 4, E, 235ss45s)

G,-/' a ∗ a ∈ L(G): ,+3 .A== A><$>5 >,),6,'*0, F,<5+ 235458

 !$



 !"!#$! %&!%&!' ()!)*$ +!,)!+-./ &!&01'/2 )!3.#2,0"/4

 ! "#$#%&# '(#'(#) *"#"+& ,#-"#,./0 (#(1!)02 "#3/%2-1$0

-,%4/.5/#$#-0,3" 6 O(n) 7#2.(,%2089

2+:4/.5/#$#-0,3"6 O(cn) 7; (<=/.(.
2,#2089 (! ."35/. ."35?

 !"

 !"!#$! %&!%&!' ()!)*$ +!,)!+-./ &!&01'/2 )!3.#2,0"/4

@(#35/%0A-,02 -(
*.2B,B?

7C8  0!"4,#5/B"- "! "#B"#1"!,0$B D"#&0!A.E0)3).(B " 0/%%(.+F)4(

%"BF$B?

7G8 H#:%(.)!I.B "! 2.=$-4". (35 k */00!J0,3J u 0!&- )0 "44&#

BKD(-B(!-(-I.B? L)#+,$#9 *" -$+F$B9 */35 u .(1 BKD(-B(!*(- (35

A .(1-(%12.,#20 $-,.9 "BB/% %(+$B,#$.B AM%"?

7N8 O"
B-%"
B '(#35/%0A-,0" BI#K.4K!: -(
*.2B,BB"#?

 !#

LR(k) -5&!6,)-.7 '/ &!&01'/87

G = (N,Σ, P, S) (35 -(-0!:#(3(0 
' .5(#D-".?

 ! LR(k) .5(#D-"./B9 "*/# k ≥ 0 1/0- 20 (35 (3)0! 0!,19

/#5". 0=(
2,#20 BK%.5(!(-'I33(-#(. .5(#D-"./B9 1(#5(B (0(-)4(.

"! "#$#%&# '(#'(#) (#(1!)0B/% 1(3.)!!IB " F/44 /#+"#2 1/.+"-M

'/%1" 1)3 '(#+/#3/!"-#". %)0!).(B k */00!J0,3J =%(P<)- )0 (..(B

0(3A-0)3)D(# '(# -$+F$B /#+".2 12.+ " 0*2'-(#)0M%(+$B,#,0 12.+ "

%(+$B,#,0M%(+$B,#,0 B/.Q2B-$0-?

R(
*.2B"2 /B/B 12"-- '(#-(00!IB9 */35 SM.(B 
0"B (35(-#(. "#-(%M

."-AD,F" D". )0 S .(1 0!(%(=(# (35(-#(. 0!"4,#5 F/44 /#+"#,. 0(1?

 !$

9&:-;
2$4 S(35(. γ F/44 1/.+"-'/%1"9 γ 6= S?  !- 1/.+F$B9

*/35 β " γ .5(#(9 *" D". /#5". A → β 0!"4,#59 1(#5%( S ⇒∗r
αAw ⇒r αβw = γ?

 ! (#(1!)0 0!(1=/.-F,4&# '/.-/0 " .5)# 1(3*"-,%/!,0"6 *" 12.M

+(. γ F/44 1/.+"-'/%1,."B 1(3 -$+.,.B *"-,%/!.2 (35 .5(#)-9

"BB/% 12.+(. F/44 1/.+"-'/%1,- -$+.,.B %(+$B,#.2 20? T2D(#

(BB/% JF%" F/44 1/.+"-'/%1,- B"=$.B9 (# -$+.,.B +K.-(.29 */35

(35 z ∈ Σ∗ 0!& %(+$B,#*"-&M( 7-K44 #)=)04(.8 SM%(9 D"3520

-(#F(0I#M( z ∈ L(G)?

 %&



 ! LR(k) "#$%&'(" )$*"+
-./(

0$*"+
-.1  !"#!$ k ≥ 0 !"# !"%&' &'()* +', )-$./012 3-"# 4

G $#!56,4$ LR(k)2 34 64543($#&'-7 ,!5/!&85$!1 4'

• S ⇒∗r αAw ⇒r αβw

• S ⇒∗r γBx⇒r γδx = αβy

• FIk(w) = FIk(y)

9!5,%,!5!12 ):$.4$$#:&'-7 α = γ, A = B %& β = δ*

 !"#$%&'$() ;4 !"# $#!56,4$ LR(k)2 411-7 4' LR(k + 1) :&*

 ! 

<932 3-"#G LR(k) %& !5 4147/01 .=$,!$:2 3-"# z ∈ L(G) ,!5/!&85>

!* <932 4', )(7 ,0./012 3-"# ω ⇒∗r z* ?11-7 4' ω &'@$41

$!) 5!3!, 1%, 185=$A='B $#!5!* ;4 0"#4$:& !"#7%&', ω = αβw2

)(&7%&', ω = γδx2 ,-6(AA( 64$$41 -5#4$ A → β %& B → δ

&'4A(5#-1 )!5#!17!

• S ⇒∗r αAw ⇒r αβw %&

• S ⇒∗r γBx⇒r γδx = αβw,

411-7 FIk(w) = FIk(w)2 %& 4' LR(k) 9!5,%,!5 ):4,, 4', 14C/012

3-"# α = γ2 A = B %& β = δ2 ,!3(, ):$. 4 $#%52 ):$. 4 7!.01
:@

!"#%7,!5)E!$ )!"34,(7-'-,,*

+ ,-6(AA:41A4$ 4', :& 5(,$: 9-"/012 3-"# 4' LR(k) 9!5,%,!5 &':$,%$

9!5-5./4 4 &3:9,!5%&>7!.01(5(& 1-$F:1,0&, :&*

 !"

+' LR(k) $#!56,4$-1 !&!,%A!$ :& 4 1=6!,1!'B 1%, 1%7.%&

)!"6(54&'-5(&(74 1-$
!$,7(50$1G

HIJ ;4 4.-,, !"# G $#!56,4$ %& !"# k &'()2 411-7 !5.=$,3!,B>!2

3-"# G $#!56,4$ LR(k)>!K

HLJ ;-"#4$ )E1=.:1 4' LR(k) !5!)'%&K

M:$.1%, 1%7.%& )!"6(54&'-5(&(3-' &'81&%"8$1 64$ 4' LR(k)

9!5,%,!5 !"# -5#4$ (,9-"45)4'(&(742 4)!5# "#41-754,: &'!)C-$,A@5

/-AA4$ 34&'$(534,@* ?33!' 4'-$A4$ &'81&%"8$1 64$ 4 1=6!,1!'B

9-"45)4174*

 !#

0$*"+
-.1 ?"# γ ∈ (N ∪ Σ)∗ *+#,-'. /#$012 34 64$ -5#4$ αβw

/-AA )-$.4,9-7)4 )!5#$!1 $#!5! β %& ,!5/!&85 7(2 3-"# γ C7!NO!

αβ>$41*

+ /(734,@ C7!NO !"# -5#4$ &'@2 4)!5# C7!NO! !"# /-AA )-$.4,>

9-7)($412 .! $!) $#P5:1 ,P5 4 $#%5 /-AA -5.45: 6%"%$*

+' !5!)'%& &-7($ 5%$#!"%A!$ /(734,@ C7!NO!1!, (55Q,0$1 !5B*

R%50$1 4'2 3-"# 4 /(734,@ C7!NO!13!' 4..:" &3:9,!5/8$1 P/4AA &'>

:)A@50)-14,2 4)Q" !5 $!) %7/81 4 $#%5 /-AA -5.45: 6%"%,2 64"#:& 1:

$!) 454105 4 $#%5* + .!N$Q
:@ &'!7:$, 4' Q"# 14C-,, &'@ :& /(734,@

C7!NO2 4): 4'-$A4$ )(7 7!.01(534,@*

 !$



 !"#$
&'(  ! [A → β1.β2, u] "#"$% &'()$"* LR(k)  ! " #$ #

+,-,!!.$/ "0)# A→ β1β2 ∈ P 12 u ∈ Σ∗,k3 4 5 β1 = λ 126-"78

" β2 = λ 92 #,0,*217,234

 !"#$
&'(  ! [A → β1.β2, u] LR(k) ,#,: %&'%$( ) *+ αβ1

,-&.*/0 1& 23& / 0" #1*,!9$ S ⇒∗r αAw ⇒ αβ1β2w ;,(9-'
9= %78/

0)78 u = FIk(w)3

 !"

 !"#$
&'(  ! [A → β1.β2, u] LR(k) ,#,: %&'%$( ) *+ αβ1

,-&.*/0 1& 23& / 0" #1*,!9$ S ⇒∗r αAw ⇒ αβ1β2w ;,(9-'
9= %78/

0)78 u = FIk(w)3

 ++"$/ 0)78 ,78 LR(k) ,#,: 1(-1+8,2 ,78 >'(*0"*= &(,?@(,/ "

2!,:#1#,*,2 >,#,+*12, " $A-,*$,!BC

D E" "! LR(k) ,#,: [A → β1.β2, u] "#"$%/ "0)# β2 6= λ/ "$$)(

"! A→ β1β2 2!"F'#8 2!=F" >A0,* ,78 $12BFF9 (,;G$'#'2+'#/ :,(*

,!,+ 2!"F'#8 >)FF )#;"#'+"$ H3I ,#B**9 (12!, 5-"7892 β14 :'( :,7D

,78,!9$ " >'(*0"*= &(,?@ H-171-,#I3

D E" "! LR(k) ,#,: [A→ β., u] "#"$%/ "$$)( "! A→ β 2!"F'#8

2!=F" >A0,* " >'*0"*= &(,?@ (,;G$'#'2'+'#3

 !!

 ;)** γ >'(0"*= &(,?@ ,2,*1+ " γD(" 1(-1+8,2 LR(k) ,#,:,$ 0"#D

:"!'* Vk(γ)D-"# >,#A#>.$3 J9+;,+ γD(" Vk(γ) -17,2 0"#:"!3  

Vk(γ)D$"* LR(k) /-4!-#$*# 0K->G$ 5:,#8 ,#+,-,!12 )++"+ ";=;9$/

0)78 ,78 Vk(γ) 0"#:"!F"+ #1-B >'(0"*= &(,?@,$,* ,78:'2 "#' K(-"

*'F#'!"*2!,(L ,#(,+;,!12* $"&G+$43

M,-,!,*>.$ "

T = {Vk(γ) | γ >'(0"*= &(,?@}

>,#A#12*3

N2:1* :,7>,78,!!.$/ 0)78 O F'( '#*"#'F"+ -17*,#,+ 2)$ γ >'(0"*=

&(,?@ -"+ O T 92 -17,2 0"#:"!/ G78"+92 (12!0"#:"!" "! LR(k)

,#,:,$ 0"#:"!" 0"*-'+80"#:"!'+"$/ ":9 :,79+* 
2"$ -17,23

 !#

Vk(γ) )!*+,-./01.2,(

5$16/ G +8,#-*"+ 12 γ = X1 . . . Xn 2!=/ "0)# X1, . . . , Xn ∈ (N ∪
Σ)3

76/16/ Vk(γ) 0"#:"!3

809)+ & P92!':)#>G$ " Vk(λ), Vk(X1), . . . , Vk(X1 . . . Xn) 0"#:"D

!)$"*3

 !$



 !"#$%&'()

 !" Vk(λ) #$%&'()*'%!

 +"  ,-$
$!/$&'/'%0" 1$-23- S → α ∈ P 3%3*4- /3563-

[S → .α, λ] ∈ Vk(λ)0

 7"  83&'9'%0" 1$-2!22$5: !()5 Vk(λ) ;<=)*>3*<: ! Vk(λ) ($-23-

[A→ .Bβ, u] !/!#? 3/3(493 4%B → δ P @;3/$ %&!;'/69!: /3563-

[B → .δ, v] ∈ Vk(λ) ($-23- v ∈ FIk(βu)@9!0

 !"

 !"#$%&'()

 ;" A356B# C3/: >D56 Vk(X1 . . . Xi−1)@3* ('9 #$%&'()*D**E#0

F##D9 #$%&'()*GE# Vk(X1 . . . Xi)@*0

 +"  84H*3*4%0" 1$-23- [A → α.Xiβ, u] !/!#? Vk(X1 . . . Xi−1)@

;3/$ 3/3( 3%3*4- /3563- [A→ αXi.β, u] ∈ Vk(X1 . . . Xi)0

 7"  83&'9'%0" 1$-2!22$5: !()5 Vk(X1 . . . Xi) ;<=)*>3*<: !

Vk(X1 . . . Xi) ($-23- [A→ α.Bβ, u] !/!#? 3/3(493 4% B → δ
P @;3/$ %&!;'/69!: /3563- [B → .δ, v] ∈ Vk(X1 . . . Xi) ($-23-

v ∈ FIk(βu)@9!0

 #$

*+!,-.  LR(1) *';/'#" Glist S → L
L → L ∗ E |E
E → a | b

T0 = V1(λ) I [S → .L, λ]
[L→ .L ∗ E, λ / ∗]
[L→ .E, λ / ∗]
[E → .a, λ / ∗]
[E → .b, λ / ∗]

T1 = V1(L) I [S → L., λ]
[L→ L. ∗ E, λ / ∗]

 # 

T = {Vk(γ) | γ G'9>!*J H93KL }  !"#$%&'$"()

/01(& G -63/=*!-0

2(&1(& T = {Vk(γ) | γ G'9>!*J H93KL }.

 #%



 !"#$%&'()

 !" #$%&$' T = {Vk(λ)}  Vk(γ) ()%*+,-./0  1" 2*'-"3

 4" 5,'6166,% 1.7% T 89$' :1' .$%;$)<)$-)$' -=9)=>1- -$%&?@ 1

@<:$-@$>A-B

 C$%&?'@ $%& .$%;$)<)$-)$' T ∈ T $)$.$-3 #$%&$' $> T =
Vk(γ)3

 D$)<);?@ .$% T 8-3

 5,'6$' X ∈ (N ∪ Σ)8+1 0>=.*);/@ @, T ′ = Vk(γX)8$-

 Vk(γ) ()%*+,-./0  9" 2*'-"3 E1 T ′ 6∈ T 1@@*+ T ′8- :$%&?@

F$) T 89$G @?)<'9$' )H2;?'@ -*:=993

5,:$) 1> LR(k) -=9)=@ I1).1>1  :1%&,0 T " :H%$0G 1 F$'-, 1)%*+,-8

./0 :H%$0 0>=.J )H2H0 /-=' -$+.,'=)3

 !"

*+!,-.  LR(1) -=9)=@" GlistB S → L
L → L ∗ E |E
E → a | b

T0 = V1(λ) K [S → .L, λ]
[L→ .L ∗ E, λ / ∗]
[L→ .E, λ / ∗]
[E → .a, λ / ∗]
[E → .b, λ / ∗]

T1 = V1(L) K [S → L., λ]
[L→ L. ∗ E, λ / ∗]

 !#

T2 = V1(E) K [L→ E., λ / ∗]

T3 = V1(a) K [E → a., λ / ∗]

T4 = V1(b) K [E → b., λ / ∗]

T5 = V1(L∗) K [L→ L ∗ .E, λ / ∗]
[E → .a, λ / ∗]
[E → .b, λ / ∗]

T6 = V1(L ∗ E) K [L→ L ∗ E., λ / ∗]

 !$

!" LR(k) #$#%& '#()*+&,+"'-+.

/%012
45. L$-0>A)$%$0 α 0>M+1

EFFk(α) = {FIk(x) |α⇒
∗
r β ⇒r x J%&G I*%& β 6= Ax

0$..,)&$' A ∈ N 8+$}.

6$#%&.  LR(k) -H-$)3" G 1@@*+ H0 
01@,0 1@@*+ LR(k)G I1 .,'6$'

T ∈ T LR(k) -=9)=+1 ,%1>G I*%& I1 T 89$' :1'

[A→ β., u] 1)1@J $)$.G 1@@*+ ','
0 9$''$ $%& *)&1' .=0,@ [B →
β1.β2, v] $)$.G .$)&+$ u ∈ EFFk(β2v)3  O>- +<:,6$' J%& F$;$>>?@

@,G I*%& .,'6$' LR(k) -=9)1 @*'>,0>-$'03"

 !%



 !"#$% G !"# $#%&'()$("* )+,- LR(k) $.

&'()*+,"-.% /012+#345 56 T  (* 273% 8$,-95 :+!!7 T  '$5 26'%$'

T $#$2;(. <2$''-6=$' T  =$' '6'
: [A → β., u] 7#75? $#$2*

81#7::045 7 5&8$(5$0" (1=#107(+(.

@7 T  =$' (7#1#4'5 [A → β., u] 7#75? $#$2$(* 755+! T 26' 

%$' [B → β1.β2, v] 7#75? $#$2;!$ 860:,1#345 2$,* )+,- u ∈
EFFk(β2v) ($#3$:9# $. AB(( 56)7:0'1#(45* )+,- EFFk(β2v)

56:012C()7(D.E @7 (7#1#4'5 6#-$' $#$2$( T  =$'* 755+! G '$2

LR(k). @7 $,-$(#$' T (1=#107( $:$(;' :$2 (7#1#4'5 5;( +#-7'

$#$2$(* 72$#-$5 56$#;,C(65 $0( 7 F$#(;($#(* 755+! G LR(k).

 !!

 !"#$% Glist LR(1)G

T0 = V1(λ) H [S → .L, λ]
[L→ .L ∗ E, λ / ∗]
[L→ .E, λ / ∗]
[E → .a, λ / ∗]
[E → .b, λ / ∗]

I==$' '6'
: [A→ β., u] 7#75? $#$2* ($)1( '$2 #$)$( 5+'J65(4:.

 !"

 !"#$% Glist LR(1)G

T1 = V1(L) H [S → L., λ]
[L→ L. ∗ E, λ / ∗]

<0 [S → L., λ] ( ;: 70 [L → L. ∗ E, λ / ∗] $#$2$5 5+'J65(4:=7'

#$)$('$5. K$ EFF1(∗Eλ) = EFF1(∗E∗) = {∗} ;: λ 6∈ {∗}* C,-

70 LR(1) F$#(;($# 2$,6'( 
:75 '$2 :;!9#.

@7:+'#D7' #1()7(D 7 T2, . . . , T6 (1=#15 $:$(;' 6:.

 !#

/( LR(k) #$#0(!. 01234!.# ALF) G LR(k)E

M$,5+':(!41#345 70 LR(k) &"&'() *+,"+** 72$#- 5;( !;:0!$ +: 

0()7(DG 70 f *&-!.&/01!2 *+,"+3$ ;: 7 g 24*4 *+,"+3$. M6'%5;(

(1=#7 :+!76 T $#$2$68$# 87''75 
C25;08$.

<0 f ($8;5$'-:;, (1=#7 +:0#+N76 Σ∗,k $#$2$68$# 87''75 
C25;08$.

< T ∈ T :+!)+0 ;: 70 u ∈ Σ∗,k +:0#+N)+0 (7!(+0D f(T, u) :+! 70(

C!37 #$* )+,- 26( 5$## ($''6* )7 7 860:,1#( 31!)7(D N!$OP!$ ;!8;'-$:

LR(k) $#$2$5 )7#2707 T * 70 $#"!$';0$(( :0D N$%6, u.

< g ,+(+ (1=#7 +:0#+N76 N ∪ Σ $#$2$68$# 87''75 
C25;08$. <

T = Vk(γ) :+! ;: 70 X +:0#+N 1#(7# 2$,)7(1!+0+(( $#$2 Vk(γX)*

($)1( g(T,X) = Vk(γX).

 "$



f(T, u)  !"#!$ %&'"(
*+,-.

/01 2- T 34&" 5-" [A → β., u] -6-78 &6&9: -77!; 6&<=&"

f(T, u) =/ !"#$%&%': j1: ->!6 j -? A→ β $?-4@6= $!;$?@9-.

/A1 >- T 34&" 5-" [A → β1.β2, v] -6-78 &6&9: ->!6 β2 6= λ B$

u ∈ EFFk(β2v): -77!; 6&<=&" f(T, u) ='()*+.

/C1 2- u = λ B$ T 34&" 5-" [S → α., λ] -6-78 &6&9: -77!;

f(T, u) =!&*,-."%'.

/D1 E*"%&" 9@$ &$&#4&" 6&<=&" f(T, u) =()/..

F g <!#! #@46- !$?6! -* N ∪ Σ &6&9&*5&6 5-""-7 
(97B?5&. F

T = Vk(γ) $!; B$ -? X !$?6! @6#-6 9&<>-#@;!?!## &6&9 Vk(γX):

#&>@# g(T,X) = Vk(γX).

 ! 

 !"#$% GlistG 0G S → L

AG L→ L ∗ E CG L→ E

DG E → a HG E → b #&5B7&"=$B< #@46@,-G
f : a b ∗ λ

T0 ' ' ( (

T1 ( ( ' !

T2 ( (  C  C

T3 ( (  D  D

T4 ( (  H  H

T5 ' ' ( (

T6 ( (  A  A

g : S L E a b ∗

T0 T1 T2 T3 T4
T1 T5
T2
T3
T4
T5 T6 T3 T4
T6

 !"

LR(k) !&!012') .&-, )+0#'

&'()* G /LR(k)1 "=&65#-" LR(k) &6&9?I /#&5B7&"=$B< B$ <!#!1

#@46@,- B$ w ∈ Σ∗ $?+.

+)*()* &,-' B$ w ,!44 !6%-6* &6&9?B$&: >- w ∈ L(G): .-/ 7J6K"3

4&".

 !#

01#23-4

• F? &6&9?B$ (x, αT, π) -6-78 7!"'<L;@
*+7 $!;!?-#-: ->!6

3 x ∈ Σ∗ &<= $?+: -? &6&9?&"%I $?+ >@#;-6B5I /5-<=*$ - ,@;>-#+

 ;&'M&" #86*1 ;B$?&:

3 αT ∈ (T ∪N ∪Σ)∗: ->!6 α #-;#-69-??- - ,@;>-#+  ;&'M&# 8<=:

>!<= &""&7 9*"%&"  ;&'M& L#@" α34-" 4&""& 5-" - ;@ B;5B"=&$

LR(k) #@46- *$. /N<= T B;5B"=&$ α′3;&: ->!6 α′3# 8<= 7- ,L7 α3

4+6: >!<= #K;K6,J7 4&6I6& - T 34&6* $?*94+6L9!7-#.1 O<= 5&;&9"&7

#&7*"#,J7: 9&6="&7 #&#&,& - ,!44 5B<B" 5-".

3 π &<=: - $?-4@6=!7 $!;$?@9-*4+6 -67!#!## $!;!?-#. O<= $!;"-7

#&7*"#,J7: 9&6="&7 #&#&,& - 4-6 5B<B" 5-".

 !$



 !"#$%&

•  !"#$ %&'()*+,
./0 (w, T0, λ)1 23&4 T0 = Vk(λ) 562)7.8 2 λ

9,+32:/ ;+!(<+! =+6='7!8 LR(k) :,>42?@ A >!B!9!"$ %&'()*+,
./%

(λ, T0αT, π) 242%C2%@

A %&'()*+,
./% %D"D::. ,:E!'!:!: ⊢F624 9!4D49G%@

A" ,:E!'!:. +!4,
./ C)7 62' #!('.,4621 3&)7 w ∈ L(G) 2%%&+

=8 
82%.8 2%%&+ :!49!8G41 32 2 %!"#$ %&'()*+,
./>/4 !4=+:G'% !)7

&472' (λ, T0αT, π) %&'()*+,
./:1 E!47+! f(T, λ) = !"#$%&'(@

5H%%&+ αF>/4 !432)762 2" LR(k) :,>42 8".E>/4*E&%2:1 2" S

!)7!:4!' 24:!+'2:I6,9,: %2;9*%@?
 !"

'$ %(%)$*#+ ,(-.&+/)0#

J@ C := (w, T0, λ)K

L@ AEI) 62' &472' C ′1 E!47+! C ⊢ C ′1 4!)7!' C := C ′K

M@ N2 C = (λ, T0αT, π) 242%C1 6242E!47 πF+! =8
f(T, λ) = !"#$%&'(1 2%%&+ &*:;*:0 1-%2 %G4D'>!' &*:;*:0

3%)@

AE!''7.>!' 2" &*:;*: 1-%21 2%%&+ 1π 2#92 w !)7 9&>> &4#24.

4!6!"!:=8=:1 23&4 J 2" !)7!:4!' S >24 &4#24C 8"2>,47 8&+8",E2@

 !#

4/)%2%/+ &%(5
+! OB3 2" (x, αT, π) %&'()*+,
./>2' 62)7*'%@

 =;!""G% u = FIk(x)F!:@

5J? N2 f(T, u) = () &*+'!'(1 j?1 2%%&+ αT 6!+!E>$4 :D+F

4G'% 2 · |β| #2+2> 8".E>/4*E&:1 23&4 A → β 2 jF!#.% 8"2>,47@

O!)7G% B!41 3&)7 2 6!+!E>!' E2+2# γT ′@ A%%&+ (x, αT, π) ⊢
(x, γT ′AT ′′, jπ) 23&4 T ′′ = g(T ′, A)@

5L? N2 f(T, u) =(,-".1 2%%&+ (x, αT, π) ⊢ (x′, αTaT ′, π), 23&4

x = ax′ =8 T ′ = g(T, a)@

5M? N2 f(T, u) = !"#$%&'( 52E. 
82% C)7 4!3!:1 32 T F>!' 62'

[S → α., λ] 242%C !4!E =8 u = λ !)7.#!9P4!) :!49!8G4'!%? 2%%&+

'.'
8 ,:E!'!:@

5Q? N2 f(T, u)R,-/%1 2%%&+ '.'
8 ,:E!'!:@

 !$

O!%.':8G% 2 Glist '7!46:2': =8 2 w = a ∗ b ∗ a 8"/:@ A#9*% E!)

8"/ !4!E"=8=:@

(a ∗ b ∗ a, T0, λ) ⊢ (∗b ∗ a, T0aT3, λ) ⊢ (∗b ∗ a, T0ET2, 4) ⊢
(∗b ∗ a, T0LT1, 34) ⊢ (b ∗ a, T0LT1 ∗ T5, 34) ⊢
(∗a, T0LT1 ∗ T5bT4, 34) ⊢ (∗a, T0LT1 ∗ T5ET6, 534) ⊢
(∗a, T0LT1, 2534) ⊢ (a, T0LT1 ∗ T5, 2534) ⊢
(λ, T0LT1 ∗ T5aT3, 2534) ⊢
(λ, T0LT1 ∗ T5ET6, 42534) ⊢ (λ, T0LT1, 242534)

S.6!4 f(T1, λ) = !"#$%&'(1 2" a ∗ b ∗ a 8"/ !4!E! L(Glist)

'7!46'!%@ O&6,>>,1 2" JLQLTMQ 8"2>,47 8&+8",E 8&+&"2: !"!' 8"/

9&>> &4#24. 4!6!"!:=8=: 2#92@

 !!



 !!"#$%&&'!#( LL(k) '! LR(k) )*#+,#( (-"-..

/'.#+0  ! "#$ %$"&'(!% LL(k)) !**+, !- LR(k) ./0

1#$ L %$"&'"( LL(k)2%!* 34!/+%&5!% LR(k)2%!*6 7+%89%*) 4!

'!% +&$!% G LL(k) 34!/+%&5!% LR(k)6 %$"&'(!%) 7"&$," L =
L(G)0
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