Metric representations by v-products

By F. GECSEG

The purpose of this paper is to compare the metric representation powers
of the product and v;-products introduced in [1]. It is shown that a class of automata
is metrically complete with respect to the product if and only if it is metrically com-
plete regarding the v, -product. It is also proved that the vy-product is metrically
equivalent to the product.

We start with some basic notions and notations.

An alphabet is a nonvoid finite set. The free monoid generated by an alphabet
X will be denoted by X*. An element p=Xx, XX (x€EX, i=1,...,n) Isa word
over X, and n is the length of p, in notation, |p|=n. If n=0 then p is the empty
word, which will be denoted by e. For arbitrary integer n(=0), X will stand
for the subset of X* consisting of all words with length less than or equal to n.

An automaton is a system UA=(X, A4, 8), where X is the input alphabet, A is
a2 nonvoid finite set of states and the mapping §: AXX—~A is the transition func-
tion of A. We extend & to a mapping &: AXX*~4 in the following way: for
arbitrary a€ A4, 8(a, e)=a and 8(a, px)=8(5(a, p), x) (pEX*, x€X).

Take an automaton A=(X, 4,5), a state ac4 and an integer n(=0). We
say that the system (2, a) is n-free if 5(a, p)#58(a, q) for arbitrary p, gexm
with p=#q.

If we add an output to an automaton then we get the concept of a sequential
machine. More precisely, a system A=(X, 4, Y, 8, A) is a Mealy machine, where
(X, A, §) is an automaton, Y is the output alphabet and the mapping A: AX X~ Y
is the output function of A. We can extend A to a mapping A: AXX*—Y* in the
following way: for every acA, AMa,e)y=e and Aa, px)=MA(a, p)l(é(a, J2R x),
A mapping p: X*—~Y* is called an automaton mapping if there exist a Mealy
machine W=(X, 4, Y, 8,1) and an a€A such that u(p)=A(a, p) (peX™. If this
is the case then we say that u can be induced by A in the state a.

Take a Mealy machine U=(X, 4, Y, 4, 1), an automaton mapping p: X*-~Y*
and an integer n(=0). Itissaid that A induces p in length n if for some a€ A, u(p)=
=A(a,p) (pEX™).

Let A;=(X;, 4;,9)) (j=1, ..., 1) be automata, X and Y alphabets, and

(P: A]_X...XA;XX_’Xlx...XX;,
Y Ay X XAXX ~Y
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mappings. Then the Mealy machine U=(X, 4, ¥, , 4) is the product (w-product,
viproduct) of A; (j=1,...,t) with respect to X, ¥ and_(p, W if the automaton
(X, 4,6) is the product (x-product, v-product) of ; (j=I1,...,t) with respect
to X and ¢, and for arbitrary a=(a, ..., a)€A and _xeX, A, )=y (ay, ..., a, x).

A class K of automata is metrically complete w1t1_“1 respect to the product (o
product, v;-product) if for arbitrary automaton mapping u: X*—Y* and integer
n(=0) there exists a product (o-product, v-product) U=(X, 4, Y, 8,2) of auto-
mata from K inducing g in length n. Moreover, the vi-product is metrically equiy-
alent to the product provided that for every class K of automata and non-negative
integer # an automaton mapping p: X*—Y* can be induced in length n by a
viproduct A=(X, 4, 7, 5, 1) of automata from K if and only if it can be induced
in length # by a product B=(X, B, ¥, &', ') of automata from K.

Let A,=(X;, 4;,9,) (i=1, ..., 1) be automata, and take a product

t
U=(X, 4,68 = [] 41X, ¢].
i=1

Then for arbitrary a=(ay, ..., a)€4, peX* and i (1=i=¢) define ¢,(a,p) in
the fOHOng Way: goi(a, e):e and (pi(a’ qx)=(pi(a, Q) (Pi(é(a9 Q)y x) (‘IEX*, )CEX)
For notions and notations not defined here, see [3] and [4].
Now we are ready to state and prove

Theorem 1. A class K of automata is metrically complete with respect to
the product if and only if X is metrically complete with respect to the v,-product.

Proof. The condition is obviously sufficient.

To show the necessity assume that K is metrically complete with respect to
the product. We prove that for every alphabet Y and integer k(=0) there exist
a vy-product D=(Y, D, §”) of automata from K and a state d€D such that the
system (D, d) is k-free. This obviously implies that K is metrically complete with
respect to the v;-product.

It is shown in [2] that K is metrically complete with respect to the product
if and only if for arbitrary integer k(=0) there exist an W=(X, 4, 5) in K a state
a4 and a word p€X* with |p|=k such that 8(ay, p) is ambiguous, that is

d(ag, px)#d(ay, px") for some x,x'€X. Let us distinguish the following two
cases.

Case 1. Kcontainsan =(X, 4, §) such that for certain pairwise distinct states
@y, a4y, ..., Gy, @7 and inputs x,, Xy, ..., X,_q, X7 Wwe have

0(ap, x;) = ay, 8(a1, %) = @, ..., 0(ay—2; Xyo1) = @1 6(@y_y, Xo) = Gy
and  d(ay, x7) = aj.
Let k(>0) be an integer, and take two words p=y, e Ve Vrt1eVss G=Y1e0-VpZgy oo

€ YH (1s s Vo Zegts s ZEY) With ts, and  y,,,#z,,, if t3r, where
Y 1s an arbitrarily fixed alphabet. Consider the vy-product

s+1
B = (Ya B: 51) = ]] gi[Ys @, V]
i=1
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given as follows.
B, =A (i=1,..,s+1).

W) =9 and v@) =i-1 (=2,..,5+1).
(Pi(aja J’) = Xj (l=2a ey 815 JSO’ o n—ly pe Y)
xy if i=r+2 and y = z,44,

o) =1

In all other cases ¢ is given arbitrarily such that the resulting product is a v;-product.

Take the state b=(by, by, ..., b4 )EBWith by=ai, by=a, -y (i=2, ...,5+1),
where the indices of a’s are taken modulo #. One can easily show by induction on j
that for every j(=1,...,5)

x; otherwise (i=2,..,5t1; ye¥).

8 (b, y1...¥) = (€15 s €15 Cja2s oo Cs+1)

where ¢j41=4a1 and ¢=a,_g-n+; (E=j+2,..,s+1). Moreover, for every
j(=r+l,..,1)
8 (By YiooVrZpgree Zg) = (€1 ooos Cats oo Csr1)
where ¢;=a,_q-g+; (=i+1, ..., s+1). (The indices of «’s are considered modulo
n in the latter two cases, t0o.)
Therefore, the last component of &’(b, p) is aj, and the last component of
5'(h, g) is in the set {ay, @1, ..., @y—1}. Thus & (b, p)=5'(h, q).

Cuse 2. K does not satisfy the conditions of Case 1. Then for every integer
k(=0) there is an UA=(X, 4, 9) in K with pairwise distinct states aq, a1, ...
ces Oy Qg1 kg1 @Nd INPULS Xy, Xos ooes Xpy Xpp1, xi41 such that 8(a;, Xi41) =041
(i=0, ..., k) and d(ay, Xp,.1)=04,1. Again take the alphabet Y and the words p,
g of Case 1. Consider the v;-product

B = (Y, B,6) = [ BlY, ¢, ]
i=1

given in the following way.
B,=A (i=1,..,9)

v)=9 and v;=i—1 (=2 ..9.
©1(Y1) = Xp+1 (and @1(zy) = Xiy1 if r=0 and t# O).

xppy if i=r41, j=k+1 and ¥ = Zo41s
X otherwise .

(=200 j=1 0 ktl).

0i(@hi1, ¥) = Xpg1 (=2, .04 s).

fp.-(a,-,y)={

In all other cases ¢ is given arbitrarily in accordance with the definition of the v,-
product.
Take the state b=(ay, G—1, ---» G-s+)EB. Again it is easy to show that for
every j(=1,...,5) ‘
5’(b9 yl-"yj) = (cla vees Cja RRAE) Cs),
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where ¢;=a,__1)4; (i=J, ..., 8). Moreover, for every j(=r+1,...,s)
5/(b; Y1 PeZrgr- 2 ) = (c1$ seey Cj’ sers Cs)

with ¢;=a},; and ¢;=a,_g_n+; G=j+1, ..., 9).

T}{eref’&é, the last cc,;m(por;erjlt of &'(b,p) is apyy. If 5=t then the last com-
ponent of &(b, g) is ;... Moreover, if #<s then the last component of §’(h, q9)
i8 ay_(;—1)+:- In both cases we have &'(b, p)#5'(b, g).

To end the proof of Theorem 1 take an integer k(=1) and an alphabet ¥,
Moreover, set I={(p,q)|p, g€ Y®, p+#q}. As it has been shown for every pair
(p, )€T there exist a vi-product D, »=(Y, D 0> O¢pqy) of automata from K
and a state dg, €D, such that d, 4 (dep, g P)70(p,4)(dip, )5 ). Form the direct
product D=I1(D, »l(p, 9)€1), and'talge the state deD with pr(p,q)(d)=d(p!q),
where pr(,,,y denotes the (p, g)'" projection. Obv10us_ly,_ (D, d) Is a k-free system.
Since the direct product of v,-products of automata is isomorphic to a v;-product
of the same automata this completes the proof of Theorem 1.

Let us note that the v,-product used in the proof of Theorem 1 is also an -
product. &

Next we prove

Theorem 2. The product is metrically equivalent to the vs-product.

Proof. Let K be a class of automata. If X is metrically complete with respect to
the product then, by Theorem 1, for arbitrary integer k(=0) every automaton mapp-
ing p: X*~Y* can be induced in length k+1 by a v;-product A=(X, 4, ¥, 8, %)
of automata from K. Thus we assume that X is not metrically complete with respect
to the product. Therefore, none of Case | and Case 2 holds for K. This implies
that either there is no ambiguous state in any of the automata from X or there is
a maximal positive integer k such that for some W=(X, 4, 6)cK, ac 4 and peEXF
with |p|=k~—1, d(a, p) is ambiguous. In the first case every product of automata
from K can be given as a quasi-direct product of the same automata. Thus we sup-
pose the existence of the above k.

Let

Q[ = (X5 A’ 5) = ﬁg[l[XS q)] (QIz = (A,n Ais 61)EK3 i = 19 sy S)
i=1

be a product and a=(a;, ...,a)€A4 a state. We shall prove the existence of a V3~
product

t
>B = (Xa B> 5’) = HSBI[X, q)la V] (%; - (Xi,: Bi, 5:), i= 1, ceey Z)
i=1

with a state b=(b,, ..., b)cB such that the following conditions are satisfied.

D) By, b)) is k-free, X;=X, ¢} is the identity mapping on X and B, is a
vi-product of automata from K.

(i) B, is a v;-product of automata from K, X3=X and for any two words
P, q€X™ with |p|<k and |q|=k, 55(bs, @3(b, p))#54(by, 0}4(h, q))-

(i) B;eK (i=3,...,1).

(iv) For arbitrary two words p, g€ X* with |pl=|g|=k and integer i (1=i=s)
there is a j (1=j=1) with B,=U;, b;=q;, 85(b;, @5 (b, p))=6;(a;, @;(a, p)) and
83(b;» @500, 9))=5,(a;, 0:(a, g)). |
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This will imply that the subautomaton of 2[ generated by a is a homomorphic
image of the subautomaton of B generated by b. Indeed, take two words p, g€ X*
with 8(a, p)s£6(a, g). Itis enough to show that &'(b, p)##d'(h, ¢). Let us distinguish
the following cases.

© |p|, lg|=k. Then &'(b, p)#5'(b, q) since they differ at least in their first
components. ,

(I) |p|<k and |g|=k. Then &'(b,p) and §'(b, q) are different at least in
their 2" components.

(1D |p), |g|=Fk. First of all observe that, by the maximality of , for arbitrary
aptomaton €=(7Y, C, §")€K, state c€C and words r, 1y, 1€ Y* with jr|=k and
Iry|=1ral, 6”(c, r1)=08"(c, rr). Let p=pyps and g=q, 4, (|ps|=|g|=k). Moreover,
leti (1=i=s) bean index for which &,(a;, ¢:(a, p))#8,(a;, ¢i(a, g)). Take the index
j given by (iv) to this i and p;, ¢;. Then by our remark above &(b;, ¢}(b, p; pa))=
=5}(bj, @b, PUD3) z‘ai(‘aia pi(a, Pl)l’é):éi(aia ®;(a, p,py)) where pieX{" is a word
with ~|pgl=|p.|. Similarly, &7(b;, @}, qlq?))———éi(a;, ®i(a, q,g5)).  Therefore,

5'(b, p)d'(h, g) since they differ at least in their Jj" components.

The k-free automaton in (i) can be constructed by using the same method as
in the proof of Theorem 1 (according to Case 2).

To give B, take an automaton €=(Y, C, 8")€K with pairwise distinct states
Cos €1 oves Cim1» Cp» €1 and Inputs  yi, ..y Vi1, Y. ¥i such that 6"(co, y1)=¢15 ...
e 8(Chcr Vo) =Cp—1» 8"(ck—1>y)=0¢, and 8"(¢i—1. y)=c¢;. Form the single
factor v,-product

B, = C[X, 9", V']

where v()=1 and ¢”(c;, X)=y;41 (=0, ... k—1; x€X). Moreover, in all other
cases @” is given arbitrarily. Since K is not metrically complete B, satisfies (ii).

Next we show that for arbitrary words p, g€ X* with |p|=|g|=Fk and integer
i (1=i=s) there are a vg-product

D=(X,D, 5 = [[CIX, 0", V]
i=1

(€=(Y;, C;, 8))EK, i=1,...,r) and a state d=(d,, ...,d,)€D such that € =,
dr=ai: 5;(dr3 (P;,(da p))zéi(aia (pi(a’ p)) and 5;I(dra (p;’(d’ Q)):(Si(ai’ (Ri(a’ q)) Then
taking the direct product of B,, B, and these automata D the resulting automaton
%B with a suitable beB will obviously satisfy (i)—(iv).

Since the case
(%) 5i(a-ia @:(a, P)) = 6i(ais @:(a, ‘1))
is trivial we may assume that ( *) does not hold. Then p#gq. Let p=X;... XpXpt1--
i Xgy =Xy X Y1 Yk Xma17 Vmals (2, p)=P=Uy... Uplyyy.. U 81
<pi%a, @) =G =1y ... UpVpyy - V- MOTEOVET, SEL ;=X ... X} Pj=th Uy (j=0.1, ..,k
an

_{xl...xj if 0=j=m,
U= g X Yiarey; if m=j=k,
_ _{ul...uj if 0=j=m,
U= Vgt vggre-v; if m<j=k

Denote a; by ¢,. Let [, be the smallest integer u for which there is a v with u=zv=k
such that 8,(cy, D) =6:(¢co, P»). If there are no such u and v then let /;=k. Sim-
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ilarly, let I, be the least integer u such that for some v (u<v=k), 6;(co, 4,)=5;(c,, ,).
Again if there are no such # and v then let l,=k. Assume that /,=/,. Finally,
denote by w the maximal number with &;(co, Pw)=0:(¢o, 4w) (0=w=Kk). Since
8,(co, P)#8:(co, §) the inequality /,>w holds. Moreover, w=m. Let us introduce
the notations &;(c,, p)=c¢; (j=0, ..., ) and &(co, g;)=¢] (j=0, ..., 1,). Then the
elements Cg, ..., Cy» Cy1, Cowsy are pairwise distinct, and so are the elements of
the sets {co, ..., ¢} and {cf, ..., ¢i,}. We continue the proof by distinguishing
the following two cases.

Case I. w=m. Then let r=2 and €, =C,=%A,. Moreover, v(1)=1, v(2)=
={1,2} and
(Pf(cj’x) =Uj+1 (J = 05 vy ll—la xeX)a

03(ci ¢ Xje) =1 (J=0, .05 L—1),
(Pg(cj, C}a J’j+1) = Vi1 (G=m, .., L—1).

In all other cases ¢” is given arbitrarily. ¢” is well defined. It is obvious that ¢
is a function. Assume that (c;, ¢;, X;41)=(¢;, ¢}, ¥;41) holds for some j (m<j<I,).
But this would imply w=m.

It is seen immediately that by taking d=(c,, ¢,) the equalities

6”(d= p;) = (cj: cj) (J = 03 v ll)

8", g) =(c;yc) (J=0,..., 1y

hold. Since K is not metrically complete with respect to the product, by the choice
of /; and I;, this implies

and

5”(da p) = ((J, 5i(‘30’ p)) (CEA,)

5@, ) = (¢ :(eos D) (C'EAD.
Case 2. w=m. Let r=w-m+2 and €;=..=C,=A;. Moreover, v(1)=I,
V(DN=j—1(j=2 ....,r=2),v(r—1)=r—1 and v'(r)={r—2,r—1, r}. Furthermore,
O (Cpmmtts Xp41) = thyopirrr (=10, ..., m),
#1 (Cws Ym+1) = Vyt1s
‘P}I(Cw—m—jwﬂa Xpp1) = Upm—j+2+1 (j=2,..,r=2; 1=0,.., m+j—1),
(P;'I(Cw~m—j+2+h Vi1 = Uyop—jra+1 (G=2,.,r=2; I=m,..,m+j-2),
7 (Chr1s Vmarg) = Vyir (=2, ..., 7—2),
oralen ) =y (=0, L=1),
Oro1(en Vv =ty (I=m, s l,—1),
ol (Cans e 0 Xp) =ty (=0, .0, W),
Py (Crans Cs € Viwn) = Uy (I=m, .., w—1),
@7 (Cht15 Cws Cus Pypt1) = Vppr,
D7 (Cs Cots Cotts Xogr+1) = Upirs1 (CEAi, =1, .., ll—-(w—i-l)),
D7, Currs Cotrs Vrt141) = Vpparen (CEAI': I=1,.., Zz—(w+1))~

and
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Tn all other cases ¢” is given ar}?itrarily in accordance with the definition of the v,-
product. ¢” is well defined. This is clear in all cases except when

9 — 4 ’
(La Cywtls Cwtis xw+l+l) - (C s Cywtls Cowtls yw+l+1)

foranl (1=/ =I,—(w+1)). But this would contradict the choice of w.
One can easily show by induction on / that for d=(C,_,,, Cwom—1+ -+ €15 Co5 Co)
the following equalities hold.

8"(d, p) = (Cyommt1> Cw=m—=1+15 +-=> €141 €1 ) (=0,....,m),
‘3”(d9 pm+1) = (c;.lﬁ (At c{/-—l’ Cow+1s Crps oo Cpt 410 Con vl cm+l)
(e, .., €A 1 =1, .., w—m),
5”(d7 Qm+1) = (C;.I, cers c;/-—la c:v+1’ Cis oo Coptd1s Cnt s Cm+1)

(e, ol €A 1=1, .., w—m),

6" (d, p) = (c1s oo CYas €1 c) (e1s - CrofAn L=w+1, .., 1),
5”((1’ 41) = (C:,L,, Tens C;’—za Crs Cll) (ci/s ches C,’.’_2€A,~; l=w+l, .., lz)

Since K is not metrically complete with respect to the product, by the choice of /;
and I,, the last two equalities imply

6”(d5p) = (L';_/, sy cpl-,-la 5:’(00’ }_7)) and 5”((15 q) ='(El’ ey Er—-l: 6i(co, Ej))
(€ vvs €)1y Cay ooy Gm1€4Y)

which ends the proof of Theorem 2.
Let us note that the vg-product B in the proof of Theorem 2 is also an o-
product.

DEPT. OF COMPUTER SCIENCE
ARADI VERTANUK TERE I
SZEGED, HUNGARY
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