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Equivalence of Mealy and Moore Automata

Istvan Babcsanyi *

Abstract

It is proved here that every Mealy automaton is a homomorphic image of
a Moore automaton, and among these Moore automata (up to isomorphism)
there exists a unique one which is a homomorphic image of the others. A
unique simple Moore automaton M is constructed (up to isomorphism) in
the set MO(A) of all Moore automata equivalent to a Mealy automaton A
such that M is a homomorphic image of every Moore automaton belonging
to MO(A). By the help of this construction, it can be decided in steps |X|*
that automaton mappings inducing by states of a k-uniform finite Mealy
[Moore] automaton are equal or not. The structures of simple k-uniform
Mealy [Moore] automata are described by the results of [1}. It gives a pos-
sibility for us to get the k-uniform Mealy [Moore] automata from the simple
k-uniform Mealy {Moore] automata. Based on these results, we give a con-
struction for finite Mealy [Moore] automata.

1 Preliminaries

Let X be a nonempty set. A Mealy automaton (over X) is a system A =
(A, X,Y,6,)\) consisting of a (nonempty) state set A, the input set X, a (non-
empty) output set Y, a transition function § : A x X — A and a surjective output
function A\: Ax X = Y. -

A Moore automaton (over X) is a system A = (A, X,Y,4, ) consisting of a
(nonempty) state set A, the input set X, a (nonempty) output set ¥, a transition
function § : A x X = A and a surjective sign function p: A = Y.

If A, X and Y are finite, the Mealy [Moore| automaton A is called finite.

For arbitrary Moore automaton A = (A,X,Y,6,u), the system A, =
(A,X,Y,6,)) with A = pd is a Mealy automaton over X. The Mealy automa-
ton A, is called the Mealy automaton associated with the Moore automaton A.
It is said that \ is the output function of the Moore automaton A. The Mealy
automaton A = (4, X,Y, 6, A) fulfils the Moore criterion if

8(ay, 1) = 6(az,z2) = A(a1, 1) = A(az, 22)

for every a1,a9 € A and 21,22 € X. If p: A —= Y is a surjective mapping
such that A = ud, the Moore automaton A, = (4,X,Y,4,u) is called a Moore
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automnaton associated with the Mealy automaton A. Furthermore, we say that y is
@ sign function of the Mealy automaton A. We note that the output function ) is
determined by restriction of x to the subset §(4, X) = {4(a,z);a € A,z € X} of A,
Thus, the restrictions of all sign functions of the Mealy automaton A to §(4, X)
are equal. The Mealy automaton A = (4,X,Y,4,]) is called real if there exist
ar,a9 € A and 71,720 € X such that

6(ar, 1) = 8(as, ze) and  Aar,z1) # AMaz, T2).

Let Z* and Z* denote the free monoid and the free semigroup over a nonempty
set 7, respectively. If A = (A4,X,Y,4,}) is a Mealy automaton, the functions §
and A can be extended to A x X* in the usual forms as follows:

5(a,e) = a, 8(a,pz) = d(a,p)é(ap,z),

Ma,e) =e, Ma,pz) = Ma,p)A(ap, z),

where a € A, p € XT, ap denotes the last letter of §(a, p) and e denotes the empty
word. ([5], [2]). If A = (A, X,Y,d,) is a Moore automaton, the extension of § is
similar to the case when A is a Mealy automaton. The extension of u to AT is
given by ‘

plaras ... ax) = plar)p(az) ... plaw) (61,02, ,0k € 4).

It means that if A = pd, then

Ma,p) = p(6(a, p)),

foralla € A4, pe Xt. But Aa,e) = e and u(6(a,e)) = p(a) for all a € A.

‘The Mealy [Moore] automaton A' = (4', X,Y",é', N'[i']) is a subautomaton of
the Mealy [Moore] automaton A if A’ C A; ¥’ CY, ¢ and ' [y'] are restrictions
of § and X [u] to A’ x X [A'].

Let A; = (A, X, Y, 8, Milwi]) (i = 1,2) be arbitrary Mealy [Moore] automata
over X. We say that a mapping @ : A; — Ay is a homomorphism of A; into Ag if

0(d1(a,3)) = 2(p(a),z), Aila,2) = Ka(p(a),z) [m(e) = pa(p(a))] -

for all a € A and z € X. It is easy to see that

A (a,p) = As(ip(a),p)

for all p € X*. The mapping ¢ : A; — As is called a homomorphism of a Moore
automaton A, into a Mealy automaton A if ¢ is a homomorphism of (A1), into
As. We note that every homomorphic image of a real Mealy automata is real, too.

Every state a € A of a Mealy automaton A induces a mapping cq : X* = Y"
given by a,(p) = Ma,p) (p € X*). The mapping a : X* — Y* is called automaton
mapping if there exist a Mealy'automaton A and a state a € A such that a = Q.
The mapping « : X* = Y'* is an automaton mapping if and only if it preserves the
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length of words and the map of every prefix of a word is a prefix of the image word.
The Mealy automata A and B are called equivalent if {oy;0 € A} = {a; b € B}
The Mealy automaton A and the Moore automaton B are eguivalent if A and

B, are equivalent. Similarly, the Moore automata A and B are ' equivalent if Ay
and B, are equivalent.

An equivalence relation p of state set A of a Mealy [Moore] automaton A is
called a congruence on A if

(a, b) € p=> (5(&,58),5(1?, z)) € p, ’\(0'7 z) = A(b, z) [/J'(a) = /‘(b)]

for all a,b € A and z € X. The p-class of A containing the state a is denoted by
pla). The greatest congruence on A is the relation p [ o] defined by

(a,b) € ppalmpAl <= Aa,p) = Ab,p) [p(3(a,p)) = u(d(b,p))]

for all p € X*. Denoting the identity relation on the state set A by 14, we say that
A is simple if pp =14 [Tp = 4], that is, A and A/pa [A/mp] are isomorphic.

Since every homomorphic image of a Mealy automaton A is equivalent to A ([5],
[7]), therefore we can give the automaton mappings with simple Mealy automata.
The Mealy automata A and B are equivalent if and only if A/pp and B/pg are
isomorphic ([5]). Thus, simple Mealy automata are equivalent if and only if they
are isomorphic. For every Mealy automaton A, there exists a Moore automaton B
such that A and B are equivalent ([4], [5], [6]) From this it follows that we can
give the automaton mappings by simple Moore automata.

2 Moore automata equivalent to a Mealy
automaton

For a Mealy automaton A = (4, X,Y,4, ) over X, let us denote by Ay = (4 x
Y, X,Y, 6y, py) the Moore automaton over X for which

oy ((a, ), z) = (8(a,z),M(a,z)) and py(a,y)=y (e€AyeY,zeX).
If Ay = pydy, then
Ay ((a,9), ) = py 8y ((a,9),2)) = py (8(a, 2), A, 7)) = Ma,2)
for every a € A,y €7, v:c € X, and hence, Ay is equivalent to A.

Lemma 1 If the Mealy automaton A’ is a homomorphic [isomorphic] image of the
Mealy automaton A, then A% is a homomorphic [isomorphic] image of Ay .

Proof. If ¢ is a homomorphism [isomorphism] of A onto A, the mapping
P: AxY — A" xY, such that

¥(a,y) = (p(a)y) (a€ 4, yeY),
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is a homomorphism [isomorphism] of Ay onto Ay

Consider the subautomata M = (M, X,7Y,dy, uy) of Ay where for every a €
A there exists y € Y such that (a,y) € M. Let M(A) be the set of all such
subautomata M.

Lemma 2 The Mealy automaton A is a homomorphic image of every automaton
M in M(A).

Proof. It is easy to see that the mapping ¢ : M — A, defined by ¢(a,y) =
a (a € A), is a homomorphism of M, onto A.

Theorem 1 The Mealy automaton A; = (A;,X,Y,d1, A1) is a homomorphic im-
age of a Moore automaton As = (A3, X,Y, 82, o) if and only if there exists a
homomorphic image of Ag in M(A1).

Proof. First, we note that every automaton M € M (A;) is a Moore automa-
ton. By Lemma 2, if there exists a homomorphic image of Ay in M (A1), then A,
is a homomorphic image of Aa.

Conversely, assume that ¢ is a homomorphism of the Moore automaton A, onto
the Mealy automaton A;. It is evident that by the state set M = {(p(b), pa(b));b €
Ao},

M = (M, X,Y, 8%, uy) € M(Ay).

We show that the mapping v : A, = M, defined by
P(b) = (p(b), pu2(b)) (b€ Az),

is a homomorphism of A onto M. It is obvious that the mapping 9 is surjective.
For every b € Ay andz € X

Y(82(b, ) = (0(82(b,2)), p2 (82, ) = (81(p(b), ), A (b, z)) =

= (81(p(b), ), M (0 (0), 2)) = 8% (0 (b), 2 (1)), 7) = by ($(b), ),
pa(b) = py (p(0), p2 (b)) = py ($(b)).

Therefore, 7 is a homomorphism.

Theorem 2 For every Mealy automaton A (up to isomorphism) there ezists a
unique automaton M € M(A) which is a homomorphic image of any automaton
in M(4).

Proof. First, we give the automaton M. If A # §(4, X), let & be a mapping
of A\ §(A,X) into Y. For all a € A, consider the sets ¥, € Y such that

Mbz) €Y, <= dbz)=a (beAzeX).

We define the sets M, (a € A) as follows. If a € §(A,X), let My = {(a,y);¥ €
Y.}, and if @ ¢ 8(4,X), let M, = {(a,x(a))}. Let M = UseaM,. Then M =



Equivalence of Mealy and Moore Automata ' 545

(M, X,Y,0y,uy) € M(A). Let M'(A) be the set of all such automata M. If
4 =6(A,X), then [M'(A)| = 1. We show that if A # §(A4, X), then all automata
in M'(A) are isomorphic. Assume that x; (i = 1,2) are arbitrary mappings of
A\ 6(A,X) into Y and the automaton M; € M‘(A) is defined by the mapping &;.
It can be easily verified that the mapping ¢ : My — M,, defined by

o(a,y) = { (ay)  ify#r(a)

(a,k2(a)) if y = ki(a),

is an isomorphism of M; onto Ms. :
Now we show that for every B € M(A), there is an M € M'(A) such that M
is a homomorphic image of B. We define the following partition of the state set
B: ’
B = {(a,¥); (a,y) € B} (a € A).

Take an automaton M € M'(A) such that M, C B, (a € A). By the definition of
M'( A), one can see that there exists such an automaton M. Let ¢ be an arbitrary
mapping of B onto M for which

{(b);b€ By} =M, and Vbe My:y(b)="0.
It is clear that %) is a homomorphism of B onto M.

Lemma 3 ([7]) Let A be a Mealy automaton and M E(A) be the set of all Mealy
automata equivalent to A. Then (up to isomorphism) there exists a unique simple

Mealy automaton in M E(A) which is a homomorphic image of every automaton
in ME(A).

We have a similar statement for Moore automata which are equivalent to a
Mealy automaton. :

Theorem 3 Let A be a Mealy automaton and MO(A) be the set of all Moore
automata which are equivalent to A. Then (up to isomorphism) there exists a
unique simple Moore automaton in MO(A) which is a homomorphic image of each
automaton in MO(A).

Proof. Let Ay denote a simple Mealy automaton in M E(A) which is homo-
morphic image of any automaton in ME(A). By Lemma 3, such an automaton
exists. Moreover, by Theorem 2, (up to isomorphism) there is a unique Moore au-
tomaton My € M (Ag) which is homomorphic image of any automaton in M (Ao).
Using the last fact, it can be seen that My is a simple Moore automaton.

Now, let B be an arbitrary Moore automaton equivalent to A. We prove that
M, is a homomorphic image of B. Since B is equivalent A, By € ME(A), and
hence, Ag is a homomorphic image of B. This implies, by Theorem 1, that there
is an M € M(Ao) such that M is a homomorphic image of B, and therefore, Mo
is a homomorphic image of B as well.
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3 Uniform automata

Let A = (A, X,Y, 6, \]) be a Mealy [Moore] automaton over X. Denote by |p| the
length of the word p € X™*. Let Xk ={pe X*|p| =k} and X(k) = {p € X*|p| <
k}. For every nonnegative integer k, we define the equivalence relation 7, on A ag
follows:

@b em <= Ma,p)=A0b,p) [1(6(a,p)) = p(d(b,p))]

for all p € X (k). We note that if A is a Mealy automaton, the relation 7o is the
universal relation on A and 7; is the output-equivalence of A ([2]). If A is a Moore
automaton, o is the sign-equivalence of A ([3]).

Lemma 4 If a and b are arbitrary states of a Mealy [Moore] automaton A =
(A, X,Y,6,Ap]), then

(@b)em <<= Ma,p)=2A0bp) [ula)=pbd), Ma,p)=A0;p)]
for all p € X*.

Proof. If (a,b) € nk, the statement follows from the definition of 7.

Conversely, assume that if A is a Mealy automaton, A(a,p) = A(b,p), and if A
is a Moore automaton, then u(a) = u(b), Aa,p) = A(b,p) holds for every p € X*.
Take arbitrary words ¢, € X* such that |g| < k and |r| = k — |g|. Then '

Ma, q)M(ag,r) = Ma, gr) = Ab, qr) = A(b, 9)A(bg, 7).

Thus, A(a,q) = A(b,¢), which implies our statement.

The Mealy [Moore] automaton A is called k-uniform if ny = pp[ma]. The
k-uniform Mealy [Moore| automata are (k + 1)-uniform. Every subautomaton of a
k-uniform Mealy [Moore] automaton is k-uniform, too. An arbitrary homomorphic
image of a Mealy [Moore] automaton is k-uniform if and only if it is k-uniform. The
Mealy [Moore] automaton is said to be uniform if there exists a positive integer k
such that it is k-uniform. Every finite Mealy [Moore| automaton is k-uniform for
some positive integer k. Let a, and a; be automaton mappings induced by states
a and b of a k-uniform finite Mealy [Moore] automaton A = (4,X,Y,d, Alu]),
respectively. If a,(p) = ap(p) for every p € X*, then o, = ay. Thus, it can be

decided in |X|* steps whether two automaton mappings of this kind are equal or
not.

Theorem 4 If the Moore'automaton A =(A,X,Y,6,u) is k-uniform, the Mealy
automaton Ay is (k+1)-uniform.

Proof. We note that A, is (k+1)-uniform if and only if pg, = Cr+1, where
(a,b) € k1 (a,b € A) if and only if Ma,p)) = A(b,p)) for all p € X (k +1).
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Let the Moore automaton A = (4, X,Y,4, 1) be k-uniform, that is, 7 = 74 .
Assume that (a,b) € (x41. Then,

p(8(a,2)) = Ma,z) = Ab, z) = n(8(b, z)),

p(8(8(a,z),q)) = A(6(a, z),q) = Md(b, ), q) = p(6(8(b, z),9))

for every z € X, ¢ € X*. Thus, by Lemma 4, (§(a,z),d(b,z)) € m =.7rA. -This
yields that

/\(5(61,, :U),’I‘) = /*"(6(5(0‘) .’IJ),T)) = ﬂ(a(é(b1m)ar)) = A(é(ba m):r)

for all » € X+. Therefore, (6(a,z),5(b, z)) € (41, that is, (g1 is a congruence on
Ay. Thus, (k41 = pp . From this we get that Ay is (k+1)-uniform.

Theorem 5 The Mealy [Moore] automaton A = (A, X,Y,6,A[pn]) is k-uniform if
and only if Mk = Ne+1-

Proof. Assume that the Mealy [Moore| automaton A is k-uniform, that is,
ne = pA .- Since Ng+1 C nx and NFLoMk = pa [wA ], therefore ne = Mt

Conversely, assume that 7y = 7g4+1. If A is a Mealy automaton, 7y is the
universal relation on A. If no = 73, the relation #; is a congruence on A. It yields
that no = m = pp. Furthermore let us assume that A is a Mealy automaton
and 1 < k. Let (a,b) € ng. Since n = Nk, then (a,b) € k41, By Lemra 4,
Ma, zp) = A(b, zp) for every = € X and p € X*. From this it follows that  *

Md(a,z),p) = A(6(b, z), D).
Moreover, if A is a Moore automaton,
#’(6(0‘)37)) = A(CL, IE) = Ab,z) = u(é(b, ﬂ])),

that is, (6(a,z),8(b,z)) € . This results in that n; is a congruence on A, and so
nr = pA [Tl Hence, A is k-uniform.

Lemma 5 If a and b are arbitrary states of a Mealy [Moore] automaton A =
(A, X,Y,6,Alu]), then

(@,b) €mept =  (a,b) €ne and (6(a,z),0(b,3)) € M, for all z € X.

Proof. Assume that (a,b) € mgt1. Since Mg41 € 7, then (a,bd) € k. By
Lemma 4, A(a,zp) = A(b, zp) for every z € X and p € X*. But

\@2)A(6(a,2),5) = Ma,op) = Ab,2p) = A, 2)N(6(b, 3), ),

and so
A((S(a,il:),p) = A(d(b,z),p)
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Moreover, if A is a Moore automaton,
1(6(a,z)) = Ma,z) = A(b,z) = p((b, z)).

By Lemma 4, this yields that (§(a,z),8(b,z)) € M.

Conversely, assume that (a,d) € n; and (6(a,z),8(b,z)) € ny for every z € X.
Ifz € X and g € X*, then Aa,z) = A(b,z) and A\(d(a, z),q) = A(6(b,2),q). From
this it follows that ‘

Aa, 2g) = Aa,2)A(8(a,z)q) = A(b,2)A(6(b,z), ¢) = A(b, zq).
Moreover, if A is a Moore automaton, x(a) = u(b). By Lemma 4, (a,b) € nj41.

Theorem 6 For every Mealy automaton A = (A, X,Y,5,)), Ay is k-uniform
[simple] if and only if A is k-uniform [simple].

Proof. fa€ 4, y € Y and p € X, then py (0y ((a,%),p)) = Aa,p).
We note that Ay is k-uniform if 7 A, = (r, where (j is an equivalence relation
on A x Y for which

(ay), (0,12)) € G <= py(Ov((a,11),0)) = py Sy ((b,32), D))

for all p € X (k).
Assume that the Mealy automaton A is k-uniform. Consider two arbitrary
elements (a,y1) and (b,y2) of A X Y with ((a,v1), (b,92)) € (x- Then

y1 = py(a,y1) = py (b, y2) = Y2,

’\(a"p) = lLY(éY((a":‘h)’p)) = #3’(5Y((b7y2))p)) = ’\(bap)

for all p € X*. By Lemma 4, this implies (a,b) € ny = pp. By Theorem 5,
(a,b) € Ng+1, that is,

py 6y ((a,11),p)) = Ma,p) = A(b,p) = py (6 ((b,42),p))

for all p € X*+! which results in (a,b) € (g41. Thus, (s = (x+1. By Theorem 5,
Ay is k-uniform.

Conversely, assume that Ay is k-uniform. Let (a,b) € m;. If y € Y, then
((a‘a y)> (b)y>) € = TA,: By Theorem 5, ((CL, '.lj), (b)y) € Cht+1s and thus (a:b) €
Tg+1. Therefore, ;. = Mg+, that is, A is k-uniform.

We can prove, in a similar way, that Ay is simple if and only if A is simple (see
Lemma 2 in [1]).

By Theorem 6 and Lemma, 2, every k-uniform Mealy automaton is equivalent to
a k-uniform Moore automaton. By Theorem 3, among these Moore automata (up
to isomorphism) there exists a unique simple k-uniform Moore automaton which is
a homomorphic image of these Moore automata, that is, the cardinality of its state
set is the least among these Moore automata.
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4 Simple uniform automata

In this part of the paper, we describe the structure of the simple uniform Mealy
[Moore] automata using the results of paper [1].

Lemma 6 (Lemma 3 in [1]) Every subautomaton of a simple Mealy [Moore] au-
tomaton A over X is simple and the subautomata of A are isomorphic if and only
if they are equal.

Denote the set of mappings ald . Xt 5 Y by A® for every integer i > 0.
Consider the set A = []52; A, Let

a= (W a® . a@ . ) (e AD),
ag)(ml,mg,...,mi):a(i“)(m,ml,mz,...,mi) (z,21,32,...,2; € X),
am=(a(zl),agz),...,ag),...).

Assume that o, = o and let Qpg = (Qp)e for every p € X* and z € X. Define the
Mealy automaton A = (A, X,Y,4, ) with transition and output functions:

§(a,z) = ag, Ma,z) = o(z) (a €A, zeX).

Theorem 7 (Theorem 4 in [1]) The Mealy automaton A is simple. A Mealy
automaton A = (4, X,Y’,4,\) over X is simple if and only if it is isomorphic to a
subautomaton of A, where Y’ C Y. :

Theorem 8 (Theorem 5 in [1]) The Moore automaton Ay is simple and A4 is a
homomorpic image of Ay. A Moore automaton A = (4, X, Y, 4, ) (Y' CY) over
X is simple if and only if it is isomorphic to a subautomaton of Ay

Consider the set Ay = [[*_; A and a mapping g : Ay — AF+). Let
ap = (a(l),a('z), . -,o:(k)) (a(i) c A(i)),

Ck,g,2 = (a:(vl) ) a:(n2): (R ’ag:k))1

where a(*t1) = g(ay).
We define the Mealy automaton A , = (Ax, X, Y, 4, A) with the following tran-
sition and output functions:

8ok, ) = Crgar Mok, ) =aP(2) (o € Ak, 3 € X).
Consider a nonempty set Hy C Ag. It is evident that
Hj = {Qkgu;on € Hi-1,z € X} C A (7 =1,2,...).

IfHY = HHUH, U ... U Hj for every nonnegative integer j, then HY is a
subautomaton of A, , if and only if H G+1) ¢ H). We note that if X and V" are
finite sets, then there exists a nonnegative integer j such that HUTH C H @,
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Theorem 9 A Mealy automaton A over X is simple k-uniform if and only if there
exists a mapping g : Ay — AKFY sueh that A is isomorphic to some subautomaton

Of -Ak,g'

Proof. As in the proof of Theorem 7, we can show that the Mealy automaton
Ay g 18 simple. By Lemma 6, every subautomaton of Ay 4 is simple. On the other
hand, it is easy to verify that the subautomata of Ay, , are k-uniform.

Therefore, by Theorem 7, it is sufficient to show that every k-uniform subau-
tomaton of A is isomorphic to an automaton HY, Let A' = (A, X,Y",64,) )
be a k-uniform subautomaton of A. Let

oy = (a(l),a(2), N .,a(’“))

for every @ = (@D,a®, ..., a® ) e A Define a mapping g : Ay — A(k+1)
such that g(ax) = of#tD for every a € A'. Let Ho = {ap;a € A'}. Since A4’ is a
subautomaton of A, then H; C Hp. Thus, H®O i5 a subautomaton of Ak, g The
mapping ¢ : A’ = Ho, for which p(a) = o (@ € A'), is an isomorphism of A’ onto
HO, ' '

Every finite Mealy [Moore] automaton is k-uniform for some nonnegative integer
k. Thus, we get easily the following theorem from Theorem 9.

Theorem 10 A finite Mealy automaton A over X is simple if and only if there
erist o nonnegative integer k and o mapping g @ Ax — ALY for which A is
isomorphic to some subautomaton of Ay 4.

By Theorems 6, 9 and 10, the following two theorems are true.

Theorem 11 A Moore automaton A over X is simple k-uniform if and only if it
is isomorphic to some subautomaton of (Axg)y -

Theorem 12 A finite Moore automaton A over X is simple if and only if there
exists a nonnegative integer k for which it is isomorphic to some subautomaton of

(Ak,g)y .

Let C = (C,X,Y’,0¢,Ac) be a subautomaton of the automaton A. Consider
a family of nonempty sets U, (a € C) such that Uy NUp = 0 if o # B. Let
Uc = UsecUs. Forallz € X and o € C, let pq, be a mapping of Uy into
U,,. Define the functions 6y, (a,%) = @ag(a) and Ayg(a,z) = all(z) for all

a € Us, @ €Candz € X. It can be easily verified that Ug = (Ug, X, Y, 8ug, Mo)
is a Mealy automaton ([2]).

Lemma 7 Every Mealy automaton A = (4,X,Y",68,\) (Y' CY) equals an av-
tomaton Ug.
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Proof. By Theorem 7, there exists an isomorphism ¢ of A/pa onto a sub-
automaton C of A. Assume that ¢(ppla]) = as, Ua, = ppla] (6 € A), @, =
§(a,z) and Ug = UgeaUa, . Since

Ma,2) = Aaspp (0 Alalie) = Ae(en,2) = oM (z) = Mye(a,2),
therefore A = Ug.

Theorem 13 The automaton Ug is k-uniform if and only if C is simple k-uniform.

Proof. It is evident that if the automaton Ug is k-uniform, then C is simple
k-uniform.

Conversely, assume that the automaton C is simple k-uniform. Assume’that
(a,b) € ny, for some a € U, and b € Ug. Then, by Lemma 4, for every p € Xk

Ac(a,p) = Ave (a'1p) = AUg¢ (b,p) = Ac(B,p).

But C is simple k-uniform, thus a = $, that is, a,b € U,. It means that ap,bp €
Ug,- Then, for all z € X,

Mve (@, pz) = Aug (6, ) Ave (ap, &) = Aug (0, 9)Aue (bp, 7) = Aug (b, p2),

that is (a,b) € Mk4+1. By Theorem 5, U is a k-uniform automaton.

By Theorems 6 and 13, we get the following theorem:

Theorem 14 The automaton (Ug)y is k-uniform if and only if Cy is simple k-
uniform.

By Theorems 10 and 12, we give a construction for finite simple Mealy and
Moore automata. Thus, by using Theorems 13 and 14, we can give all finite Mealy
and Moore automata.
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