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The alternation number and a dot hierarchy of regular sets

STEPHEN L. BLooM

In this note we introduce a property of languages we call the alternation number.
This property is used to deduce several facts about regular languages in particular.
One of these facts is related to what might be called the “generalized dot height”
of a regular language. The complexity of regular expressions is usually determined
by their “star height” [E], although other complexity measures have also been consi-
dered [EK]. In all of the papers we know of, a nontrivial argument is needed to
establish that the complexity of ‘regular expressions’ must grow in order to name all
regular sets. (Our definition of ‘regular expression’ allows an atomic name for each
finite set, see below.) In the present note, we give a simple proof that the “dot height”
(or depth of concatenation signs) of a regular expression also must grow. (The
“dot-depth” considered in [BK] is unrelated to our dot height.) The dot height is
related to the alternation number. We will show that if the alternation number of a
regular language L is n, then any regular expression which denotes L contains
(roughly) at least log #n dots.

Define a function f from the set of nonnegative integers N to collections of
regular subsets of Z* (for some fixed alphabet 2) as follows:

£(0) = all finite languages;
_f(l1+ 1) = f(ll)U {L: L = L1 'l"Lg, L = Ll . Lg, Ler, LiEf(n)}.

Thus a language is regular iff it belongs to (1) for some n. We will show first that for
each n, there is a language in f(n+1)—f(n). The truth of this fact follows easily
from the well-known star-height hierarchy theorem (see [DS] for one proof). The argu-
ment given here shows that the hieararchy of regular languages depends also on the
operation of concatenation. As a corollary we will obtain the dot height hierarchy.
Lastly, we mention an automaton characterization of the alternation number.

First we assume that 2 has at least two letters, say 4 and b. A language L admits
alternations of size n if: for each k=0 (or, equivalently, for infinitely many k=0)
there is a word w in L of the form

w(k) = tgXg... XUy Xy Xy Up oo Up X oo X Un

1 Acta Cybernetica V1I/4
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where

1. g, ty, ..., U4, are arbitrary words in X*;

2. x; are letters in %, and for each 7<n, x; and x;,, are distinct;

3. there are k consecutive occurences of the letters x;, /=0, 1, ..., n. (We will
say that a word of the form w(k) has “n alternations of length at least k”.) We say
a language admits alternations of size O if it admits no alternations. For example,
finite languages admit no alternations. {a}*, {b}* admits alternations of size 1, as
does L. {a}*-L’-{b}* L", for any nonempty languages L, L’ and L”. Note that if L
admits alternations of length n-1, then L also admits alternations of length n.

Definition. The alternation number of L, a(L), is n if L admits alternations of
size n but not of size n+1. Let a(L)=e if for each n, L admits alternations of size .

Proposition 1. Assume a(L)=x, and a(K)=p, where x, yeNU{eo}. Then
a(L+K) = max (x, y); x+y = a(L-K); if a(L*) =0, (1.1)

then a(L*) =,
a(L-K) = x+y+1; (1.2)

(Of course, n<e and n+too=co, for all n€N.)

Proof. We prove only the last part of 1.1. If a(L*)=0, for each k, there is a
word w in L* which has 1 alternation of length at least k. But then ww has at least 3
alternations of length at least k, and www has at least 5 alternations of length at least
k, etc. Thus a(L¥)=-co.

The proof of 1.2 is longer. Assume that L - K admits alternations of size s. We
will show s=a(K)-+a(L)+1. For each k>0 there is a word in L - K of the form

W(k) = tyXg... XgUy Xy eos Xq Up eor UgXyg oo Xg Uy

as described above. We may factor each word w(k) as I(k)-v(k), with I(k)eL
and »(k)cK. Suppose that i(k) is the greatest integer 7, —1=/=s, such that

o xE... 1;xF

is an initial segment of /(k) (i(k)=—1 if there is no such initial segment). Thus at
least one of the integers between —1 and s is the value of /(k) for infinitely many k;
let n be the maximum of these integers, so that for infinitely many values of k, i(k)=n.
(If n=—1 or n=s, then we may easily show that s—1=a(K) and s=a(l),
respectively, so that from now on, we assume 0§n<s.)

For infinitely many values of k (say k€I) we may write

1(k) = uyxk... u,xk1 (k),
(k) = 1"(K)thy s 0 X5 0. Xty s,

Where l,(k)l”(k):: Zln+1x,,:+1.
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Case 1. For infinitely many values of k, say k in I, I'(k) is an initial segment
Then, for k in I’, we may write

v(k) = ' (k) X1 U2 X e X5 Usi1s
so that s—(n+1D=a(K); also, n=a(L), so that s—i=a(K)+a(L), as claimed.

of uys1-

Case 2. Otherwise. Then, for infinitely many k, 4,4, is an initial segment of
I’ (k). Hence, for these values of k there is a number A(k) for which

1(k) = uoxk... X Uy XETHE)
(k) = X2} g .- UgXE Uy
We now have two further subcases.
Case 2a. The numbers h(k) are unbounded. Then, we may write
o(k) = x8 o XhE  ug X Pt
for infinitely many k, which shows that s—(n+1)=a(X); clearly, n=a(L), so that
again, s—1=a(l) +a(k).

Case 2b. Otherwise. In this case,
for infinitely many k,
1(k) = g xk™ Py .. =0 1 X5,

the numbers k—h(k) are unbounded, so that

Since the numbers k—h(k) are unbounded, n+1=a(l); clearly, s—(n+2)=a(X),
so that s—1=a(L)+a(XK), completing the proof.

Lemma 2. For each n€N define
g(n) = max {a(L): Lef(n) and a(L)=<-eo}.
Then g(0)=g(1)=0; g(2)=1 and for n=0, gm=20"Y-1

Proof. All languages in #(0) are finite, so that 2(0)=0; the sum and product of
finite languages are finite, and a(L*) is either O or =, 80 that g(1)=0 also. Clearly
g(2) is at least 1 and by Proposition 1, g(2) is at most 1. Assume g(r)=2""'—1.
It Lef(n+1) and a(l)<=, then using the proposition, the largest a(L) can be 1s
2g(n)+1= 2[r-1—1]+1=2"—1. But it is easy to see that g(#+ 1) is not less than

2g(n)+1 also, completing the induction.
Theorem 3. For each positive n€N,

Proof. Let L be a language in f(n) with a(L)= g(n). Then, if n>
f(n—1), since g(n—1)=< g(n). The statement is trivial for n=1. o
What about the case that Z is a singleton, say {a}, so that =* may be 1dent1ﬁf:d
with N? In this case, if L is an ifinite regular set, there is a finite set Fand a fixed in-

teger n and numbers K1, ..., kt such that
L — FU {akl} . {au}* U {ak2} . {an}* U . U {akt} R {an}*

Hence all regular subsets of N are in f(3).

there is a language in fay—fn—1).
1, Lisnotin

— FU{d", .., ) {a")

1*
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In order.to avoid the trivial cases, we assume that the regular expressions (over
¥) are built from the atomic letters (i.e. a symbol for each finite subset of Z*) and the
function symbols +, -, and # in the usual way. (Thus, a finite set of words may be
denoted by a regular expression with none of the function signs +, -, #.) Let |¢|
be the language denoted by the regular expression «. If o is a regular expression,
let the ‘dot height of «, dh («), be 0, when « is an atomic letter; dh(a+p)=
=max (dh (), dh (8)); dh (=*)=dh (¢), and lastly,

dh (¢-p) = 1+max (dh (), dh (B)).
Let R(n) denote the family of regular expressions a with dh (¢)<n.

Proposition 4. Suppose that n>0, that L is a language denoted by o, a€R(n)
and that a(l)<e. Then
a(L) = g(n).

Proof. By induction on #. If n=1 and L is denoted by a regular expression «
having no dot symbols, then either « is an atomic symbol or has the form

B+a, or f*

for some other regular expressions f, ¢ with dot height 0. By induction on the structure
of o, one sees that either a(L)=< or a(L)=0=g(l).

Now assume that the proposition holds for n and that L is a language denoted
by a regular expression in R(n+1)—R(n) and a(L)<e. If ais of the form f+o
or %, it is casily seen by induction on the structure of o that a(L)=g(n+1). If «
is of the form fB-¢ then dh(B), dh (o)<n. Thus, by the induction hypothesis,
a(|B) and a(|o]) are at most g(n), and by proposition 1, a(L) is at most 2g(n)+1=
=g(n+1), completing the proof.

Corollary 5. (The *dot height’ hierarchy). For each n=0, there is an infinite
regular language L not denoted by a regular expression in R(xn).

Proof. Any regular langnage L with g(n)<a(L)<e will do, by Proposition' 2.

The alternation number of a regular language may be described by certain pro-
perties of a finite automaton which accepts it. Let M=(Q, /, F) be a finite Z-auto-
maton (with state set Q, initial state i and final states F; we denote the action of a word
win 5* on the state g by ¢ - u). A state ¢ in Q is “accessible” if g=i-u, for some word
win Z*. If x is a letter in X, we call a state g x-stable if q-u=gq, where 1 is some posi-
tive power of x (i.e. u=x or xx or xxx, etc.); ¢ is stable if g is x-stable for some letter
x. The “behavior of q”, |q|, is the set {u€ Z*: q-u€ F}.

We now define by induction the notion of an “n-state”, for 0=n.

Definition. a) The state ¢ will be called “a 0-state via the letter x™ if
1. |g| is nonempty;
2. ¢ is x-stable.
b) g is an “n+1 state via x” if
. ¢ is x-stable;
2. there is some word » such that ¢ -v is an n-state via y, for some letter y#Xx;
A state is an “n-state” if it is an n-state via x, for some letter x.
The easy proof of the next fact is omitted..
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Lemma 6. Let M=.(Q, i, F) l?e an automaton which accepts the language L.
Then, for 1=n, L admits alternations of size n iff there is some accessible n-state

m Q.
Corollary 7. Let M=(Q, #, F) be an automaton which accepts the language L.

Then, for n=0, a(L)=n iff Q contains an accessible n-state but no accessibie
k-state with k=n. If Q has m states, then a(L)=eo iff there is an accessible m-state
in Q.

Proof. We need only prove that if the cardinality of Q is m, and Q has an acces-
sible m-state, say ¢, then a(L)=e-. But, there is a sequence of words ug, 1y, ..., Uy
such that if ¢;41=¢;-wu;, for i=0,1, ..., m, then g is an m—i state via x;, with
x;7#X;41; since the states ¢; cannot all be distinct, let sand ¢, =0, be least such that
g, =G4+ It is easy to see that ¢, is also an n—s-+kt state, for all k=0; hence

a(L)=ee.

Corollary 8. There is an algorithm to determine, given a regular language L,
what the alternation number of L is.

Proof. Suppose one is given an accessible finite automaton with n states which
accepts L. First one finds all the O-states, by considering only paths of length =n,
then 1-states, etc. until one knows all the n-states. Then one applies the previous

Corollary.

Questions: Is there an algorithm to determine, given a regular language L, the
least n2 such that LEf(n)? Is there an algorithm to determine the dot height of a regu-

lar language?
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Minimal keys and antikeys

By V. D. Ta1

§ 1. Introduction

The relational model, defined by E. F. Codd [3] is one of the most investigated
data base models of the last years. Many papers have appeared concerning combina-
torial characterization of functional dependencies, systems of minimal keys and anti-
keys. A set of minimal keys and a set of antikeys form Sperner-systems. Sperner-sys-
tems and sets of minimal keys are equivalent in the sense that for an arbitrary Sperner-
system S a family of functional dependencies F can be constructed so that the mini-
mal keys of F are exactly the elements of S (cf. [41).

In the present paper we propose some combinational algorithms to determine
antikeys and minimal keys. In the second part of the paper, we are going to study
connections between minimal keys and antikeys for special Sperner-systems.

We start with some necessary definitions.

Definition 1.1. Let € be a finite set, and denote P(Q) its power set. The mapping
F: P(Q)—~P(Q) iscalleda closure operation over & if, for every 4,BSQ,

(1) ASF(4) (extensivity), '

(2) ASB implies F(AES F(B) (monotonity),

(3) F(4)=F(F(4)) (idempotency).

In few cases Q is represented by the set {1, ..., n} or by the set of columns of an
mXn matrix M. If we use the second representation, a special closure operation Fy
can be defined over the set of the columns of M:

The i-th column of M belongs to Fy(A) if and only if for any two rows of M
which are identical on A4 they are equal on the /-th column, too. -

It is easy to see, that Fy(4)is a closure operation. It is known (see [1]) that any
closure operation F over a finite set Q can be represented by an appropriate matrix
M, that is we can choose M and represent Q by the set of the columns of M so that F

coincides with Fu.
Definition 1.2. Let F be a closure operation over Q, and AS Q. We say that

— Ais a key of F, if F(A)=2Q.
—_ Ais a minimal key of F, if 4 is a key of Fand for any BS 4, F(B)=Q

implies B=4, i.e. no proper subset of 4 is a key of F. ,
Let us denote by K the set of all minimal keys of F. It is clear that K forms a

Sperner-system.
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If K is a Sperner-system over £, let us define S(K)as S(K)=min {m: K=K, :
M is an mXn matrix representation of Q}. For a Sperner-system K, we can define
the set of antikeys, denoted by K%, as follows:

K={dcQ: (BEK)=(BE4) and (4cC)=(3BEK)(BE O)}.

Tt is easy to see that K ~*is the set of subsets of &, which does not contain the elements
of K and which is maximal for this property. They are the maximal non-keys. Clearly,
K~ is also a Sperner-system.

In this paper we assume that Sperner-systems playing the role of the set of mini-
mal keys (antikeys) are not empty (do not contain the full set Q).

§ 2. Connection between minimal keys and antikeys

The following important result was proved in [1], [5]:

Remark 2.1. If K is an arbitrary Sperner-system, then there exists a_closure
operation F, for which K=K and a closure operation F’, for which K=Kg!.

Let us given an arbitrary Sperner-system K= {B,, ..., B,} over Q. We are
now going to construct the set of antikeys K -1, Let us follow the algorithm deseribed
below:

Let K,={@\{a): a€B,}. It is easy to see that Ky={By} 7",
 Let us suppose that we have constructed K,={Bi, ..., B)}™t for g=m. We
assume that X3, ..., X, are the elements of K, containing B, ;. So K;= F,U{X, ...
s X}, where Fy={A¢K,: B, & A4} For all i (i=1, ...,p), we construct the
antikeys of {B;.,} on X;in the analogous way as K, which are the maximal subsets
of X; not containing B,,,. We denote them by Ai, . AL (=1, .., p).

Let

K

= F U ACF,= Al ¢ 4, 1=i=p Ist=1)

We have to prove, that K,.;={Bi, ..., By+1}~* For this using the inductive

hypothesis K,={By, ..., B;}~* we show that
a) if A€K,,, then A is the subset of Q not containing B, (t=1, ..., q+1)
and being maximal for this property, i.e. 4€{By, ..., By4s}™h

b) every A4S Q not containing the elements B, (r=1, ..., ¢+ 1) and being maxi-
mal for this property is an element of K. First we prove the validity of (a). Let
A€K,1. If A€F, then A does not contain the elements B, (t=1, ...,q) and 4 is
maximal for this property and at the same time B, E4. Consequently, 4 is a
maximal subset of © not containing B, (1=1, ...,g+1).

Let A€K, \F,. Itis clear that there is an Al (1=i=p and 1=¢=1) such
that A=4}. Our construction shows that B,E 4! forall I (I=1,..., g-+1). Because
Al is an antikey of {B,4,} for X; we obtain Ai=X\{b} for some HEB 1. It is
obvious that B, S AIU{B}. If acQ\X, then, by the inductive hypothesis, for
A4iU{a, b}=X;U{a} there exists B, (s=1,...,q) such that B, CA!U{a, b} X
does not contain B, .., B, by XK. Hence a€B,. If BN\{a}S4} then
B.C AU {a). For every B, (1=s=q) with B,SX;U{a} and B, L 4} we have
bcB,. Hence BN [{a, b}C 4!, Consequently, there exists an A€F, such that






