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Recognizable sets of finite bilabelled transition
systems

A. Arnold
Laboratoire d’Informatique *
Université Bordeaux I

Abstract

In this note we propose a definition of a notion of automaton recognizing
finite bilabelled transition systems, i.e. finite directed graphs with labels
attached to both vertices and edges. The family of recognizable sets is a
boolean algebra. Moreover every recognizable set contains the images and
the inverse images of each of its element under surjective homomorphisms.

1 Introduction

~ Recognizable sets of finite words and of finite trees are defined by mean of
automata: a recognizable set consists in all the elements recognized by such an
 automaton. Since words are special kinds of trees, the notion of tree automaton
' is an extension of the notion of word automaton. But trees are special kinds of
directed acyclic graphs (dags, for short) and indeed a notion of dag automaton was
recently introduced [3], which is an extension of the notion of tree automaton.

Since dags are special kinds of graphs, one -can think of a notion of graph
automaton which is an extension of the notion of dag automaton. However there is
a major distinction between dags and graphs: when an automaton reads in a dag it
goes from vertices to vertices along the directed edges, and, because of acyclicity, it
never reads in twice the same vertex; therefore it is possible to assign a unique state
of the automaton to every newly read in vertex according to the states assigned
to previous vertices as specified by the transition function of the automaton. For
graphs, the situation is different, since a vertexcan be read in several times and then
the state assigned to a vertex can change during the computation of the automaton.

But it is possible to interpret the results of Biichi on infinite words [4], and of
Rabin on infinite trees (8], as an intuitive support to the thesis that there is a close
connection between the notion of recognizability and the notion of definability by
some monadic second order logic (see for instance [5]). Therefore one can investigate
for a characterization of the set of graphs which are models of a given monadic
second order formula in terms of automata.

*Unité de Recherche associée au Centre National de la Recherche Scientifique n® 1304
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334 A. Arnold

Since Branching Time Temporal Logics as well as the p-calculus [6] are specia)
cases of monadic second order logics which are used to express properties of pro.
cesses, and gince processes are usually repregented by finite transition systems, one
can expect to get a notion of automaton which recognizes those transition systems
satisfying some given temporal properties. Indeed, the p-calculus already gives s
precious hint on what a graph automaton could be: when computing the valye
of a formula over a graph, the boolean value of each subformula is computed a
every vertex of the graph; hence one can see every vector of boolean values of these
subformulas as a possible state of the automaton. This set of states is naturally
ordered by a partial order. This led us to consider as the set of states of a graph
automaton a finite partially ordered set. Provided this set has a minimal element
and the transition function is monotonic, one can define a computation of such an
automaton in the following way: initially the minimal state is assigned to every
vertex; due to the monotonicity of the transition function, when the state assigned
to a vertex has to change it can only increase; when the states assigned to the
vertices cannot be increased, the computation ends. In other words the assigment
reached at the end of the computation is the least fixed-point of some mapping
agsociated with the transition function. Let us remark that in the case of infinite
trees, a run is sometimes defined as an assigment of states to nodes which satisfies
some relations determined by the transition relation of the automaton.

In the first part we consider the simple case of complete deterministic bilabelled
transition systems. They are defined as a set of vertices with a label attached |
to each vertex and with a mapping from the set of vertices into itself associated
with each element of some alphabet. We define our notion of automaton in this
simple case. In the second part, we consider the more general case where, with
each element of the alphabet is associated a mapping from the set of vertices into
its powerset. In the third part we define the product of automata and in then
we define the acceptance criteria for these automata and give some properties of
recognizable sets: the family of recognizable sets is a boolean algebra and each
recognizable set is closed under surjective homomorphisms and inverse surjective
homomorphisms. Therefore, every recognizable set is a union of fibers, wherea
fiber is a set of inverse surjective homomorphic images of one bilabelled transition
system, and we show that a fiber is a recognizable set. The automata previously
defined are deterministic and the sets they recognized are called “deterministically
recognizable”; we define also “nondeterministically recognizable sets” as beeing the
projections of deterministically recognizable ones.

This note consists mainly in definitions although some elementary open ques-
tions remain to be answered. But the main question raised by this definition of
recognizable sets is the following: it is well known that, in the cases of words and
of trees, there exist special kinds of grammars (the regular grammars) which ge-
nerates exactly the recognizable sets; thus, among the large number of kinds of
graphs grammars already introduced in the litterature, do there exist some kinds

of them which can generate exactly the determistically or non deterministically
recognizable sets of bilabelled transition systems.

2 A simple case

2.1 Complete deterministic bilabelled transition systems

A complete.deterministic bilabelled transition system over an alphabet A and a set
L of labels is a tuple § =< V,«, A > where

- V is a finite set of vertices,
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- « is a mapping from A X V into V; v(a, v) is the unique vertex of V which is
reachable from v by an edge labelled by q,

- ) is a mapping from V into L.

2.2 Deterministic cdbts automata
A deterministic cdbts automaton is a tuple § =< A, L, Q, g0, § > where
- Ais an alphabet and L is a set of labels,

- Q@ is a finite partially ordered set of states, and g is its minimal element,

- 6, the transition function, is a monotonic mapping from L x Q4, ordered
componentwise, into Q.

Givena cdbts § =< V, v, > over A and L and a deterministic automaton 4 =
< A, L,Q,q0,8 >, the set A of assignments is the ordered set QV, the minimal
element of which is {go}V . The mapping § is extended into a monotonic mapping
§s from A into A defined as follows:

Let o be an element of A = QV; let v be an element of V; its environment
under a is the tuple envg(v) =< A(v), a(v(a1,v)), ...,a('y(an,v’)) >, where 4 =
{a1,...,an}, which is an element of L x Q4 and §(envg(v)) is an element of Q.
Then 85 () is the element of A defined by &5 () Slv) = §(envg(v)).

Obviously the mapping és is monotononic, and since A has a minimal element,
6s has a least fixed point in A which will be denoted by uds.

The following example mainly shows in which sense deterministic word anto-
mata are a special kind of cdbts automata. This construction can easily be extended
to bottom-up deterministic tree automata.

Example 1. Let us consider a usual deterministic word automaton A over an
alphabet L with Q as a set of states.

With a word u = Iy ...l, we associate the cdbts §, over a single-letter alphabet
and with LU {F} as set of labels defined as follows:

- the set of verticesis {0,1,...,n},
- there is an edge from ¢ to ¢ — 1 (with 0 — 1 = 0)
- 0 is labelled with , and ¢, for 1 < ¢ < n is labelled with I,

Then we define a cdbts automaton over a single-letter alphabet and the set of
labels LU {F} by

- the set of states is Q U {_L}, where L is less than any other element,
- the transition function is defined by

— &(F, q) is the initial state of Q, for every g in QU {.L},

- 6(l, L) =L for every l in L,

— §(1,q) is the state obtained by applying the transition function of the
deterministic word automaton to l € L and ¢ € Q.

L }t is easy to see that in the assignment which is the least fixed point of és,, tfhe
Initial state of A is assigned to the vertex O and the state reached by A reading
li...l; and starting in the initial state is assigned to the vertex . O
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2.3 Homomorphisms of cdbts

Let §; =< V1,71, A1 > and 83 =< V3,92, Az > be two cdbts. An homomorphism
from $ int(o f’z))is, a mapping h : Vi — V3 such that h(v1(a,v)) = 7a(a, h(v)) and
X1(v) = Az (h(v))-

1(12 A=< A, L,Q,qo,6 > is a cdbts automaton over A and L, let pfs, and péy,
be the least fixed points of &5, and bs,.

For every assignment £ in QV2, B o h, defined by
B o h(v) = B(h(v))
is an assignment in Q"*. In particular we have:

Lemma 2.1 If h is a homomorphism from 81 into Sz, and if B 13 an assignment
in QV3, then for any v in Vi,

env, (h(v)) = envi ™ (v)

Proof By definition of env we have

envd, (A(v)) =< Az (h(v)), B(v2(a1, A(0))); - - -, B2 (an, A(v))) >

and
envg;’h =< A1 (v), BlR(71 (a1, ), - - o) B(B(71(an, v))) >

Since h is an homomorphism, the two right-hand sides of these equations are equal,
hence the result.

It follows
Lemma 2.2 If h is an homomorphism from 8y into S, and if B is an assignment
in QV3, then
bs,(Boh)=1bs,(f) oh
Proof For any v in V; we have

85, (B o h)(v) = env§>™(v)

and
65, (8) © h(v) = b5, (8) (h(v)) = envf, (h(v))
and the result immediately follows from Lemma 2.1 a
Then we get

Theorem 2.1 If h is an homomorphism from §; into 3, then

ubs, = pbs; oh
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Proof Let us denote by L, for k = 1, 2 the least mapping in QV* which associates
the minimal element go 9f Q with every vertex v of Vg.
a, the least fixed point of 65, , is the limit of the increasing sequence {¢)i>0

defined by ag =Ly and a1 = 8, (), Similarly, §, the least fixed point of 6, is
the limit of the increasing sequence (f;)i>o defined by fo =12 and fi41 = 552(’ ).
We prove by induction that a; = ;o h.
Obviously
Booh=1lzgoh=L11=a

and, by Lemma 2.2,
Pit10h = bs,(B;) o h = 8s,(Bioh)
which is equal, by induction hypothesis, to

651 (af) = Q41

3 A more general case

We want to extend the previous definition of automata to the case of non determi-
nistic bilabelled transition systems (bts). In this case "1((1,13 is no longer a single
vertice, but a set (possibly empty) of vertices. Hence the following definition:

3.1 Non deterministic bilabelled transition systems

A non deterministic bilabelled transition system over an alphabet A and a set L of
labels is a tuple § =< V, v, A > where -

- V is a finite set of vertices,

- « is a mapping from A XV into p(V); '730, v} is the set of verticesof V which
are reachable from v by an edge labelled by a,

- ) is a mapping from V into L.

3.2 The powerset of states

If Q is a partially ordered set of states with a minimal element L, we can still define

the image of a set of vertices under an assignment in QV, but, for the mapping
§ being monotonic we need some partial order on p(Q). We choose to use the so
called Egli-Milner preorder (7] defined by

XCYiffvze X, JyeY:z < ¥y
andVyeY, IzeX:2 <
This preorder has the following properties:
Proposition 3.1
o The empty set is not comparable with any non empty set.

o The set {L} is less than any non empty set.

o If o and B are two assignments in QV, and if U is a set of vertices, then
o < B implies a(U) E B(U)
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3.3 Deterministic bts automata
A deterministic bts automaton is a tuple § =< A, L, Q, go,§ > where
- Ais an alphabet and L is a set of labels,

- Q is a finite partially ordered set of states, and go is its minimal element,
p(Q) being ordered by the Egli-Milner preorder,

- &, the transition function, is a monotonic mapping from L x p(Q)#, ordered
componentwise, into Q.

Given a bts § =< V,~,) > over A and L and a deterministic automaton 4 =
< A,L,Q,q0,6 >, the set A of assignments is the ordered set QV, the minimal
element of which is {go}". The mapping 6 is extended into a monotonic mapping
8¢ from A into A defined as in the previous case, where the notion of environment
is modified to take into account the fact that the bilabelled transition system § is
no longer deterministic:

Let o be an element of A = QY ; let v be an element of V; its environment under
a is the tuple env(v) =< A(v), a(¥(a1,v)), - - -, @(7(an, v)) >, which is an element
of L x p(Q)# and §(envg(v)) is an element of Q. Then 65(a) is the element of A
defined by 65 (a)(v) = 6(envg(v)).

Obviously the mapping 65 is monotononic, and since A has a minimal element,
65 has a least fixed point in A which will be denoted by ués.

3.4 Homomorphisms of bts

Let §; =< Vi,71,A1 > and S =< V5,72, A2 > be two bts. An homomorphism
from §; into S; is a mapping h : V; — V, such that the sets h(vy(a, v)g and
72(“"‘(”22 are equal and A1 (v) = A2 (h(v)).

This definition of an homomorphism is related to the notion of bisimulation
of transition systems {1]: two transition systems (all vertices of which having the
same label) are in the bisimulation relation if and only if they have a common
image under two surjectives homomorphisms.

It is clear from the definitions of homomorphisms and of environments that the
Lemma 2.1 remains true (its proof does not change) and also the Lemma 2.2 and
the Theorem 2.1.

Theorem 3.1 If h 1s an homomorphism from Sy into Sz, then

pbs, = pbs, oh

3.5 Other extensions

The value of the transition function § of an automaton at some vertex v of a
transition system § under an assignment o depends on the environment of v under
@, which consists in the label of v and the image under o of some sets of vertices
associated with v. One can imagine others transition functions which depend on
larger environments of a vertex. Here we present two such extensions. In the first
one § take into account the state assigned to the vertex and we show that this
extension is not more powerful. In the second one we put in the environment of v
under o the sets v~ (a, u&, equal to {v'|v € 4(a, v)}. If one considers bts automata
as bottom-up automata because states are propagated back along the edges (the






