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I Assign items with sizes ≤ 1 into minimum amount of unit-capacity bins

I Examples

– Assigning VM to servers [Gupta, Radovanovic]
– Bandwidth allocation [Kleinberg, Rabani & Tardos]
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Our approach

I Our packing model that takes into account:
– Uncertainty of items’ sizes via independent r.v.’s X1, . . . , Xn

– Items packed online in a fixed order 1, . . . , n
– Sizes learned after the decision maker has packed it
– Overflowing bin incurs a fixed penalty C and bin becomes unusable

I Server overload, reduced quality of service, repacking, etc.
– Goal: Minimize number of used bins + overall penalty︸ ︷︷ ︸

cost
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Extensible models

I Generalized extensible bin packing problem [Levin ’19]

I Stochastic extensible bin packing [Sagnol, Schmidt & Tesch ’18]

I Online bin packing with overload cost [Luo ’21]
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Adaptive models

I Adaptive knapsack [Derman, Lieberman & Ross ’78][Dean, Goemans &
Vondrák ’08]

I GAP [Alaei et al ’13]

I Bipartite matching [Mehta et al ’14][Goyal & Udwani ’19]

I Probing submodularity [Gupta, Nagarajan & Singla][Adamczyk &
Sviridenko]
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Some of our results

Result 1 (ONline)

There is an algorithm ALG such that cost(ALG) ≤ (3 + 2
√

2)cost(OPT )
when X1, . . . , Xn are i.i.d.

OPT is best sequential policy that packs X1, . . . , Xn sequentially

Result 2 (OFFline)

For any X1, . . . , Xn, there is a PTAS that computes a policy for bins with
capacity 1 + ε and cost ≤ (1 + ε)cost(OPT ).

Result 3 (OFFline)

Computing cost(OPT ) is #P-hard.
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Some of our results

Result 1 (ONline)

There is an algorithm ALG such that cost(ALG) ≤ 8 · cost(OPT ) when
X1, . . . , Xn are i.i.d.

OPT is best sequential policy that packs X1, . . . , Xn sequentially

Result 2 (OFFline)

For any X1, . . . , Xn, there is a PTAS that computes a policy for bins with
capacity 1 + ε and cost ≤ (1 + ε)cost(OPT ).

Result 3 (OFFline)

Computing cost(OPT ) is #P-hard.
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Why OPT is a sequential policy?

I Cannot compare against optimal offline that knows all outcomes:

Xi =

{
1/n w.p. 1− 1/C

1 w.p. 1/C

– Optimal offline cost is ≤ n/C + 1

– Any sequential policy incurs in cost ≥ n.

at time t

+1

new bin

C P(Xt + s > 1) ≥ 1

old bin
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For the rest of the talk

Result 1 (ONline)

There is an algorithm ALG such that cost(ALG) ≤ 8 · cost(OPT ) when
X1, . . . , Xn are i.i.d.

Idea:

I cost(P) = E[NP ] + C ·E[OP ]

I Phase 1:
– Notion of risk of bin → E[OP ] = sum of risks of bins
– cost(ALG) ≤ 2E[NALG]

I Phase 2:
– Only bounded-risk policies are interesting: cost(Pnew) ≤ 4 · cost(Pold)

I Phase 3:
– E[NALG] = min

P bounded
risk

E[NP ]
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Greedy policies
behave poorly

I Cost of opening a new bin (+1) vs expected cost using an available bin
I Consider the i.i.d. sequence

Xi =

{
0 w.p. 1− 1/C

1 w.p. 1/C

– Optimal policy incurs in a cost ≤ n/C + 1

Bins 1st item 2nd item 3rd item 4th item
B1 0 0 0 1
B2 0 0 1
...

...
...

...
...

Bm 0 0

– Cost of greedy ≥ n/2

Bin breaks:
0 0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

Bin breaks:
0 0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

Bin breaks:
0 0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

0 0 · · · 0 1︸ ︷︷ ︸
≈Geom( 1

C
)

=⇒ ≈ 2C items per bin

cost ≥ C
(

n
2C

)
= n/2
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The risk

I Control number of times bins is pushed to limit

risk(B) = P(Xi1 overflows B) + P(Xi2 overflows B) + · · ·

– Greedy tries ≈ 1 times to break bin

I E[OP ] =
∑

j E[risk(Bj)]

– cost(P) = E[NP ] + C E[OP ]
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The Budgeted Greedy Algorithm
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The Budgeted Greedy Algorithm

I Put a “risk” budget of 1/C for each bin
I Initialize risk at 0 for each bin

– Item i to bin j pack if risk(Bj) +P(Xi overflow j) ≤ 1/C
– risk(Bj)← risk(Bj) +P(Xi overflow j)

Proposition

For bins in Budgeted Greedy, risk(Bj) ≤ 1
C
. Therefore,

cost(ALG) = E[NALG] + C ·E[OALG]

= E[NALG] + C ·
∑
j

E[risk(Bj)]

≤ 2E[NALG].
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Where we are ...

I cost(P) = E[NP ] + C ·E[OP ]

I Phase 1: X
– Notion of risk of bin → E[OP ] = sum of risks of bins
– cost(ALG) ≤ 2E[NALG]

I Phase 2:
– Only bounded-risk policies are interesting: cost(Pnew) ≤ 4 · cost(Pold)

I Phase 3:
– E[NALG] = min

P bounded
risk

E[NP ]
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Only bounded risk policies are interesting

Theorem
For any policy P for packing X1, . . . , Xn, there is a policy P ′ with risk ≤ 1/C
such that cost(P ′) ≤ 4 cost(P).
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+1

0

+1

+C

2 + C
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Where we are ...

I cost(P) = E[NP ] + C ·E[OP ]

I Phase 1: X
– Notion of risk of bin → E[OP ] = sum of risks of bins
– cost(ALG) ≤ 2E[NALG]

I Phase 2: X
– Only bounded-risk policies are interesting: cost(Pnew) ≤ 4 · cost(Pold)

I Phase 3:
– E[NALG] = min

P bounded
risk

E[NP ]

17



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Number of Bins of Budgeted Greedy

Theorem
E[NALG] = minP bounded

risk
E[NP ] if X1, . . . , Xn are i.i.d.

TP r

0 0

0 0

0 0

u1

u2

uk

i1 → j

i2 → j

ik → j

+1

0

0

#bins

TNALG

I i to bin j pack if
risk(Bj) + P(Xi overflow j) ≤ 1/C

I risk(Bj)← risk(Bj) + P(Xi overflow j)

r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

0

+1

0

#bins

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 1

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 1

i + 1→ j i + 1→ j

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 2

TP r

0 0

u i→ j
0

u

x y

i→ j

Case 2

i + 1→ 1 i + 1→ 1

TP r

0 0

u i→ j
0

u

x y

i→ 1

Case 2

i + 1→ j i + 1→ j

TP′ r

0 0

u i→ 1
0

TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → j

ik → `

+1TP′ r

0 0

0 0

0 0

u1

u2

uk

1→ 1

i1 → 1

i2 → 2

ik → 2

+1

18



Then ...

I cost(P) = E[NP ] + C ·E[OP ]

I Phase 1: X
– Notion of risk of bin → E[OP ] = sum of risks of bins
– cost(ALG) ≤ 2E[NALG]

I Phase 2: X
– Only bounded-risk policies are interesting: cost(Pnew) ≤ 4 · cost(Pold)

I Phase 3: X
– E[NALG] = min

P bounded
risk

E[NP ]

cost(ALG) ≤ 2E[NALG] ≤ 2E[NPnew ] ≤ 2 cost(Pnew) ≤ 8 cost(Pold)
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Some comments

I Careful analysis gives us the factor 3 + 2
√

2 ≈ 5.828

I Budgeted Greedy also exhibits O(logC) factor against arbitrary
exponential distributions

I There are non-identical distributions in which Budgeted Greedy fails:
– cost(ALG) = n/2 but cost(OPT) ≤ n/C

I Still open for arbitrary distributions
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Summary

I New packing model for items with random sizes
– Outcomes are observed right after packing item
– Overflowing bins incur in penalty

Model Positive results(?) Hardness(?)

Online 3 + 2
√

2 factor for i.i.d. input

O(logC) factor for exponential Ω(
√

logC) factor for exp.

O(1) factor for exponential distribu-
tions if rates are larger than 2 logC

Offline PTAS with extra capacity #P-hard
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I Preprint: https://arxiv.org/abs/2007.11532v2

I My site: https://sites.google.com/view/sebastianps
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