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Abstract. We study how the quality of an image reconstructed by a
binary tomographic algorithm depends on the direction of the observed
object in the scanner, if only a few projections are available. To do so
we conduct experiments on a set of software phantoms by reconstructing
them form different projection sets using an algorithm based on D.C.
programming (a method for minimizing the difference of convex func-
tions), and compare the accuracy of the corresponding reconstructions
by two suitable approaches. Based on the experiments, we discuss conse-
quences on applications arising from the field of non-destructive testing,
as well.

Keywords: discrete tomography, reconstruction, non-destructive
testing, D.C. programming; GPU-accelerated computing.

1 Introduction

The goal of tomography is to reconstruct an image from its projections. In the
general case this problem can be solved, e.g., by the filtered backprojection
method that can reconstruct the image when a sufficiently great number of
projections - usually a few hundreds - are available [9]. However, in certain ap-
plications of tomography it is not possible to make so many projections of the
observed objects. Discrete tomography deals with the case when the objects to
be reconstructed consist of just a few different materials, with known attenu-
ation coefficients [7I8]. With this prior information, algorithms were developed
capable of reconstructing the original image (or a similar one) from just a few
— usually 2-10 — projections. Several works have been done to investigate how
small perturbations in the projection data can affect the result of discrete tomo-
graphic reconstruction, and how the original and the reconstructed image can
differ from each other in such cases (see, e.g., [1/4]). However, having so few pro-
jections, defined by very differing angles brings up additional questions. Does
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the result of the reconstruction depend on how we choose these angles? How
should we choose the angles of the projections to obtain the best result possible
for a given number of projections?

Such studies are motivated by practical applications. For example, in non-
destructive testing (NDT) of objects made of homogeneous materials, the acqui-
sition of the projections may be very expensive, so it is important to keep the
number of projections as small as possible. In NDT often a blueprint image is
available, and the task is to determine how much the object of interest differs
from the given blueprint. Usually, the object studied might be placed with some
rotation into the scanner, which may affect the accuracy of the reconstruction,
and make the comparison to the blueprint impossible. Even if the effect of rota-
tion is somehow eliminated, projections of a given object from certain directions
can be more informative than other ones, which makes sense to use the blueprint
image to determine how to put the objects into the scanner to get better results
without making additional projections.

The aim of this paper is to determine — at least empirically — how dependent a
discrete tomographic reconstruction can be, on the angles chosen for the projec-
tions. We do this by performing experimental tests on a set of software phantoms,
trying to reconstruct them from different projection sets. Such results have been
briefly mentioned before in [I0], but to our knowledge no detailed research in
this topic has been done so far.

The paper is structured as follows. We start out by stating the reconstruction
problem in Section Bl Then, in Section [B] we go into more details to specify the
test framework. Section [ describes the experiments we conducted, while we give
our experimental results in Section Bl In Section B we discuss how our results
are related to applications of non-destructive testing. Finally, Section [7is for the
conclusion.

2 The Reconstruction Problem

We study the reconstruction of binary images of size n xn from their projections.
The projection data is measured by line integrals taken from a set of directions
defined by different angles, using parallel beam geometry. In this case, the binary
reconstruction problem can be represented as a system of equations

Ax=b, A= (ai)pxm R x€{0,1}", beR™, (1)

where m is the total number of projection rays used, a; ; gives the length of the
line segment of the i-th ray through the j-th pixel, and b; gives the projection
of the image along the i-th projection ray as illustrated in Figure [1l

Although this gives an exact formulation of the reconstruction problem, solv-
ing the related equation system is usually not the best approach. As mentioned
before, in discrete tomography just a handful of projections are available, there-
fore the corresponding system of equations is usually underdetermined, and due
to errors in the measured projection data, it can be inconsistent as well. There
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Fig. 1. Representation of the parallel beam geometry used

are two main approaches to overcome these problems. First, one can apply it-
erative algorithms for finding an approximate solution. These methods are the
different versions of the so-called algebraic reconstruction technique [2J69]. The
other main approach is based on defining a function

f(x) = [Ax = bll3 + A g(x) , (2)

where A, b, and x are the same as defined in ({]) and g(x) is a function repre-
senting prior information about the image to be reconstructed, with a given A
weight. After this reformulation, the reconstruction problem can be redefined as
finding the minimum of the function f(x) by some optimization strategies, like
genetic algorithms, simulated annealing, or other numerical methods. Examples
for this kind of algorithms can be found in [BIT3JT4].

For our experiments we were using the numerical method specified in [13] (in
the following referred to as DC algorithm where the abbreviation DC stands
for the difference of convex functions), which performs the reconstruction by
minimizing the function

Yy " 1 n2
Ju(x) = ||Axfb||§+§Z Z j=x)?—pg(xe—x), xe 01", (3)
J=11eN4(

where 7 is a given constant controlling the weight of the smoothness term on the
image, N4(j) is the set of pixels 4-connected to the j-th pixel, and e denotes the
vector with all n? coordinates equal to 1. In the beginning of the optimization
process u = 0, so the best continuous solution is found. In the sequel, p is
iteratively increased by pa, to force binary results. This algorithm is suitable to
our task for several reasons:

— luck must not have an influence on the results, so a deterministic algorithm
is needed,

— DC is proved to be an accurate algorithm that can work with a small number
of projections, and

— its parallel implementation for a GPU makes the algorithm capable of per-
forming a large number of tests required, in a relatively short time.
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3 Technical Specification of the Reconstructions

The parameters of the DC reconstruction algorithm were mostly set as specified
n [I4], for example we used v = 0.25. Though, instead of calculating pa from
the first continuous reconstruction and the projection matrix A, we explicitly
set ua = 0.1, to avoid performing a large number of computation, and keep the
running time of the algorithm as low as possible.

Reconstruction of the test objects were done from projection sets with differ-
ent numbers of angles. Each time the angles were uniformly placed on the half
circle as follows

180°

S(O[,p):{900+05+l |Z:077p71}7 (4)

where p (the number of angles) and « (the starting offset) are given values.
Figure[2 gives an example using 4 projection angles. For each image the number
of projections p ranged form 2 to 16, and for each such projection sets the

starting angle o ranged from 0° to (P%—‘ — 1) with a step of 1° as illustrated

in Figure Bl That makes a total of 2322[@] = 431 different reconstruction
tasks for each image. For each projection the rays were placed at equal distances,

Fig. 3. The projection sets used for testing the DC algorithm with 2 (top row) and 3
(bottom row) projections. Dashed red lines represent the direction of the projections.
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and covered the whole image. The distance between the detector elements was
set to 1/2 pixels to ensure that we have information of all the pixels in every
projection.

4 Test Data and Experiments

We conducted several experiments using software phantoms from three different
sources: three phantoms used for testing the algorithm in [I4], two phantoms used
in [2], and — in addition — 10 newly generated software phantoms, each containing
five randomly positioned disks of random sizes. Where it was possible (in the
case of the 10 new software phantoms and one taken from [14]) two altered
versions of the phantoms were also generated: one with a ring, and one with
a rectangular stripe around the original objects. All the 37 phantoms had the
same size of 256 by 256 pixels. Some of the phantoms used in our tests can be
seen in Figure [l

The algorithm was implemented with GPU acceleration on the NVIDIA CUDA
programming toolkit (detailed description of CUDA can be found in [I1]). For
the computation we used a 2.5 GHz Core 2 Quad CPU, and an NVIDIA GeForce
8800 GT GPU. The time required to perform the total 431 reconstruction tasks
for each phantom was about 1-2 hours, depending on the phantom processed.

During the experiments we used two approaches to evaluate the results. The
first one was to measure the accuracy of the reconstruction by counting the

a) b) °)
d) e)
Q) h)

Fig. 4. Some of the software phantoms used for testing

i)
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number of pixels differing in the original phantoms and the result images for
each given set S(«, p) of projections by

E(X*,S(O[,p)) = ||X* - XS(@,p)H%? (5)

where x* is the original software phantom and Xg(, ) denotes the result recon-
structed from the set of directions S(«, p) defined in (@).

The other kind of evaluation was performed by computing the direction-
dependency for each software phantom and for every number of projections with
the formula

Ewnin(x*, ) 4
(Bmaz(X*,p) = Emin(x*,p)) [ (ﬂ7n2 . ) +1

Dt(X*,p) = n2 2 ) (6)
where

Enin(x*,p) = a:OO,.,.,I?[iIl%-‘ Ly E(x*,S(a,p)), (7)

Emaz(x*,p) = max E (x*,S (a,p)), (8)

a=00,...([ 120 -1)°

and ¢ is determined as the root of the equation

(COS(ﬂ;)-l—l)q:l_t’ )

with a given ¢ € (0, 1) value.

The function (6]) simply gets the ratio of the missed pixels in the result and
multiplies it with a correction function. The task of the correction function is
to guarantee that the value of D;(x*,p) will not be too large, if the ratio of the
missed pixels on the best result is much greater than ¢, therefore we can set an
approximate threshold of accuracy we are interested in, with the parameter t. It
is obvious, that the larger value means that the quality of the reconstruction is
more dependent on the choice of the directions.

5 Experimental Results

We used the function defined in (@) to find the ”software phantom-projection
number” pairs which are the most sensitive to rotation, and to compare the best
and worst reconstruction results. Of course, in a real application only accurate
results would be acceptable, so we were interested in the cases when the results
had only small errors, therefore we set the parameter ¢ = 0.001. Figure B shows
the values of our direction-dependency measurement D;(x*,p) for Figures [4d-f.

First, we examined the simple phantoms, where there was no ring or rectan-
gular stripe around the objects. In this case, for most of the phantoms we found
that the direction-dependency is the largest when about 3-5 projections are avail-
able for the reconstruction. More precisely, for most of the phantoms, there is a
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Fig. 5. Direction-dependency of the software phantoms of Figures @d-f (the higher the
values are the more dependent the phantom is to the choice of directions)
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Fig. 6. Minimal and maximal number of missed pixels as it depends on the number of
projections, for software phantoms of Figure @k (left) and Figure @h (right)

certain minimal number of projections where the algorithm can reconstruct the
original objects almost perfectly, if there is a proper set of projections available,
but we might need more projections when we take the wrong angles. For exam-
ple, on the left of Figure [dl we can see that with the right angles we can get the
original phantom from 4 projections, but if we have the worst possible angles we
need 7 projections for the same results. Figures Bh-c give another example of a
greatly direction-dependent software phantom, with the original phantom, and
the best and worst reconstructions from 3 projections, respectively.

Although all the software phantoms showed this kind of sensitivity to the
rotation of the projection sets, such great differences did not always occur. For
example, on the right-hand side of Figure[G we can see that there is no significant
difference between the minimal and maximal error independently on the number
of projections, so we can not get a much better result by finding the best angles.
The results of this phantom reconstructed from 10 projections can be seen on
Figures Bd-f, representing the original phantom, the best, and the worst results,
respectively.

It is also useful to have a look at the exact errors for some of the phantoms,
and projection numbers, according to the starting angles. Figure [0 shows the
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number of missed pixels for the software phantoms shown in Figure [g-i recon-
structed from 3 and 4 projections. It immediately becomes visible that there is
a big difference between the minimal and maximal values on each curve, which
coincides with the previous statements, and proves that the choice of the projec-
tion angles can significantly influence the quality of the reconstruction. We can
also observe that the curves depicted in Figure [ are relatively smooth which
suggests that it is not necessary to find the optimal angles for the projections
to obtain a good reconstruction. Any angles close to the optimal ones can give
acceptable results.

Comparing the curves of Figure [ belonging to the different versions of the
phantoms we can see that the original objects give the smallest errors. If we add
a ring around the original objects then the curve looks similar but with greater
error values. The explanation of this could be that the ring brings more instability
into the equation-system of the reconstruction problem, but this symptom is
still a subject to our further studies. We can also realize that the ring makes
the relative difference between the best and worst results smaller compared to
the total number of misreconstructed pixels, therefore the phantom becomes less
dependent on the choice of the angles of the projections. Figures Be-i give an
example for this case, with the original software phantom, and the best and worst
reconstructions from 6 projections. The situation is quite different when we add
a rectangular stripe to the objects. An example is given in Figures 8j-1, with the
original phantom, the best and, the worst results from 4 projections. In this case
we can see that the error functions shown in Figure [Tl can take extremely large
values related to their global minima. The rectangle stripe added to the objects
can be entirely reconstructed if two projection angles are aligned to its sides,
and in this case the stripe does not effect the reconstruction, and the result is
the same (or at least very close to that) as if there were no rectangular stripe.
Furthermore, the farther the projection angles are from the proper alignment,
the less accurate the reconstruction is (similarly as in the case of adding a ring to
the objects). This means that adding such objects to the phantom can greatly
increase the direction dependency of the reconstruction. We used equiangular

25000 25000

With rectangular stripe With rectangular stripe
20000 @ 20000

15000

15000

10000

10000

Number of missed pixels
Number of missed pixels

‘With ring

Simple phantom

5000 5000

Simple phantom

0 10 20 30 40 50 60 0 10 20 30 40
Starting angle Starting angle

Fig. 7. Example for the number of missed pixels, for the software phantoms of Fig-
ures [g-i, reconstructed from 3 (left) and 4 (right) projections
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projection geometries, so we have two minima on the curves in the case when we
had an odd number of projections, because only one projection can be aligned to
the side of the rectangular stripe at once. In case of the ring we can not observe
such minimal values because the ring is invariant to the rotation.

As a summation Table [Il shows the minimal number of projections required
for a reconstruction with a ratio of missed pixels less than ¢t = 0.001, for the best
and worst projection sets of the phantoms. Again we can see that it is important
to find the right angles, if we want to reduce the number of projections required
for an acceptable reconstruction.

Finally, we had the assumption that the accuracy of the reconstruction is the
best if the projections are taken from the direction defined by the first or second
principal components of the objects. Although reconstructions using the projec-
tions from the directions including the principal components usually give good
results, our tests revealed that - at least empirically - there is no straightforward
connection between the best projection directions and the principal components.

Table 1. Minimal number of projections required for a reconstruction with a ratio of
missed pixels less than ¢ = 0.001, for the best and worst projection sets of the images,
each column representing the results of a software phantom (s.p. - simple phantom;
w.r. - phantom with ring; r.s. - phantom with rectangular stripe)

[1.]2.]3.]4.]5.]6.]7.[8.]9.]10.[11.[12.]13.[14. [ 15.

sp.-best |45 |12|5 |4 |44 (4|4 4|4 |4 ]|4]|4]|4
sp.-worst |56 [14(6 |7 |5|5|5|5| 5|5 |5 |5]|6]|5
wr.-best |[-|-|-|-|6[|6|7|6|6|6 |7 |6 |7|7]|7
wr.-worst| - |- |- |- |7|7|7|7|7|6 |7 |7T|7|7|7
rs.-best |[-|-|-|-|6|6|6|6|4] 6|6 |6]|4]|6]|6
rs.-worst [ - |- |- |-191919(1919]19]19([9]19]9]|9

6 Direction-Dependency in Non-Destructive Testing

In industry, there is often a need to get information about the interior of objects
(industrial parts) in a non-destructive way, i.e. without damaging the object
itself. This process is called non-destructive testing. In these applications the
information about the object is usually collected by transmission tomography
using X-rays or neutron rays to form the projections of the object. Since the
acquisition of such projections can be very expensive and time-consuming, it is
important to keep the number of projections as small as possible. If the object
is made of homogeneous material then an approach to achieve this is to apply
binary tomography for the reconstruction [3].

A frequent task in NDT is to determine how similar the object studied to the
given blueprint image is. The way to do it is the following. One places the object
into the scanner, forms its projections from a few directions, and applies some
(binary) reconstruction method to obtain an image from the object. Finally, the
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Fig. 8. Examples for the best and worst reconstructions of software phantoms, with
given projection numbers. The original phantoms (first column), and the best and worst
results (second and third column, respectively) for the same number of projections but
different starting angles (b, c: 3 projections with starting angles 5° and 36°; e, f: 10
projections with 0° and 5°; h, i: 6 projections with 6° and 25°; k, 1: 4 projections with
0° and 27°).

difference of the blueprint and the reconstructed images is measured according to
an arbitrary similarity metric. Since the blueprint image is available in advance,
we can simulate its projections in arbitrary directions, and perform all the tests
of Section [ in order to characterize the blueprint image from the viewpoint
of direction-dependency. This information turns out to be especially useful in
several scenarios of NDT.
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If there is a reference mark on both the benchmark and the studied objects
then it is possible to place this latter one with a rotation of arbitrary known
degree into the scanner. From the dependency function of the blueprint image,
similar to that of Figure[7, we know when the best reconstruction quality can be
achieved — we simply have to seek the global minimum of the function. This de-
termines how (i.e., in which direction) to place the test object into the scanner to
have the most accurate reconstruction from the available number of projections.
Since the dependency function is smooth, it is sufficient to place the object with
only approximately the same rotation as the dependency function suggests.

On the other hand, if there is no mark on the studied object, then it might be
placed with an unknown rotation into the scanner. Again, from the dependency
function of the blueprint image we can predict how sensitive our test will be
to this rotation. In addition, from the graph of the blueprint image similar to
that of Figure [0l we can deduce how many projections are needed to keep the
maximal error acceptably low, i.e., to be sure that the effect of rotation will
be eliminated. If it is impossible to acquire so many projections, then from the
minimal error we can estimate the best reconstruction possible from the given
number of projections. This knowledge is also useful, since it tells us whether
DC algorithm is appropriate for the given industrial test. If the error of the best
reconstruction is still high, then we might classify perfect objects as damaged
ones and vice versa.

7 Conclusion and Further Work

The aim of this paper was to study how the accuracy of the DC binary tomogra-
phy algorithm depends on the direction of the projections available for the recon-
struction. We introduced two approaches to evaluate the direction-dependency
of the DC algorithm, and conducted experiments on software phantoms. We
found that certain objects behave considerably sensitively from the viewpoint of
direction-dependency. On the other hand, there are objects for which the result
of reconstruction is less dependent on the direction of the projections, but even
in those cases choosing the proper directions can reduce the number of projec-
tions needed for an accurate reconstruction. Our investigations can be essentially
useful in the non-destructive testing of industrial objects made of homogeneous
materials.

The presented results can be extended in many different ways. In our future
work we intend to perform similar studies on other reconstruction algorithms,
and — in the same time — investigate the effect of noise added to the projections.
We also want to examine whether the observations of this paper still hold if
the projections are non-equiangularly acquisited or if the investigated objects
consist of more than one materials.

Finally, we are planing to extend the investigation on adaptive projection
acquisition (like in [12]), i.e., to determine the the best angles half way through
the data acquisition, by using information gathered from projections alreadly
made, when a blueprint image is not available.
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