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ABSTRACT
Skeletons are region based shape descriptors that play im-
portant role in shape representation. This paper introduces
a novel sequential thinning approach forn-dimensional bi-
nary objects (n = 1, 2, 3, . . .). Its main strength lies in its
order–independency, i.e., it can produce the same skeletons
for any visiting orders of border points. Furthermore, this
is the first scheme in this field that is also applicable for
higher dimensions.

KEY WORDS
image representation, skeleton, sequential thinning, order–
independency, digital topology

1 Introduction

Shape representation is fundamental in numerous applica-
tions in image processing and pattern recognition. Skele-
ton is an often applied shape feature, which summarizes
the general form of objects [18]. Thinning serves as a
traditional strategy for skeletonization that is based on an
iterative peeling of objects [19]. Several parallel and se-
quential alternatives have been proposed for this method.
Parallel thinning processes are composed of parallel reduc-
tion operations that delete all points satisfying their condi-
tions simultaneously. Sequential thinning algorithms delete
just one object point at a time. In both strategies the con-
cept of simple points plays a key role. An object point is
said to be asimple point, if its deletion (i.e., changing it
to background point) preserves the topology [11]. In 2D,
it means that no object is split nor completely deleted, no
cavity is merged with the background nor another cavity,
and no cavity is created [9]. There is an additional concept
called hole in 3D binary pictures. Topology preservation
implies that eliminating or creating any hole is not allowed.
Using this notion, we consider Algorithm 1 as the general
two-phase scheme for sequential thinning.

The basic criterion for a “deletable” point is usually
that it must be a simple point but not a so-calledendpoint
(since preserving endpoints provides important geometri-
cal information relative to the shape of the objects). The
most important advantage of sequential thinning methods
over parallel ones is that topology preservation can be eas-
ily ensured by removing only one simple point at a time

Algorithm 1 :

repeat
// Phase 1: contour tracking
mark all simple points
// Phase 2: reduction
foreachmarked pointp do

if p is “deletable” in the actual imagethen
deletep

until no points are deleted

[12, 14]. However, sequential algorithms usually suffer
from the problem that they may extract various skeletons
for different visiting orders of border points. One may say
that any parallel thinning algorithm may be implemented as
an order-independent sequential one. It holds, but that thin-
ning scheme is quite different than Algorithm 1. In paral-
lel thinning algorithms that are implemented on sequential
computers, there is no re-checking of marked points before
their deletion. That thinning scheme basically corresponds
to Algorithm 2.

Algorithm 2 :

repeat
// Phase 1: contour tracking
mark all "deletable" points
// Phase 2: reduction
foreachmarked pointp do

deletep

until no points are deleted

The first order–independent sequential thinning strat-
egy (i.e., algorithms that produce the same skeletons for
any visiting orders) for (8,4) images has been proposed by
Ranwez and Soille [17]. Later, Iwanowski and Soille [7]
gave solutions for two additional connectivities considering
2D images. The main disadvantage of these attempts lies
in the fact that they do not retain endpoints which are im-
portant in the view of shape-preservation. This means that,
as a pre-processing step, endpoints must be previously de-
tected as anchors (i.e., those detected points are not deleted
during the entire object reduction process). The latest so-
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lution for order–independency has been developed by Kar-
dos, Németh, and Palágyi [8]. Their method is based on
a classification of simple points. For this purpose, simple
points are partitioned into four classes in the first phase of
an iteration, which means that this solution lies far from the
sequential thinning scheme according to Algorithm 1.

In this paper we propose an order–independent thin-
ning method which does not need any pre-processing step
to determine endpoints, as an endpoint-criterion is built-in
to it. It does not even need to distinguish different kinds of
simple points, hence it is much closer to Algorithm 1 than
the approach reported in [8]. A further major novelty of our
new algorithm is that, unlike the earlier attempts, this can
be applied in arbitrary dimensions. It is also important to
emphasize that our method is not template-based.

2 Basic Notions and Results

The elements of a binary digital image can be considered
as a set of points in then-dimensional digital space denoted
by Z

n (n = 1, 2, 3, . . .). Two pointsp = (p1, . . . , pn) and
q = (q1, . . . , qn) in Z

n are said to bem-adjacent(m =
1, . . . , n) if both of the following conditions are satisfied:

• |pi − qi| ≤ 1 (i ∈ {1, 2, . . . , n}),

•
n∑

i=1

|pi − qi| ≤ m .

Note that these relations are reflexive and symmet-
ric. In the 2D case, 1– and 2–adjacency are often referred
to as 4– and 8–adjacency, and on the 3D cubic grid, 1–,
2–, and 3–adjacency corresponds to the 6–, 18–, and 26–
adjacency relations, respectively [11]. LetNm(p) = {q | q

is m-adjacent top} andN∗

m(p) = Nm(p) \ {p}.
The sequence〈s0, s1, . . . , sk〉 of distinct points is aj-

pathfrom points0 to pointsk in a non-empty set of points
S if each point of the sequence is inS and for alli (1 ≤
i ≤ k) si is j–adjacent tosi−1 (j ∈ {1, 2, . . . , n}). If
there is aj-path inS between two points, then we say that
those points arej-connectedin S. A set of pointsS is j-
connected in the set of pointsS′ ⊇ S if any two points are
j-connected inS′.

An n-dimensional(n, 1) binary digital picture is a
quadruple(Zn, n, 1, B) [11], whereB ⊆ Z

n is the set of
black points, which are represented by “1”-s; its comple-
ment,Zn\B is the set of white points which have the value
“0”. A black componentis a maximaln–connected set of
black points, while awhite componentis defined as a max-
imal 1–connected set of white points [11].

A black pointp in the picture(Zn, n, 1, B) is called
as aborder point, if N1(p) \ B 6= ∅. A black point which
is not a border point is said to be aninterior point. It is
obvious that any simple point is a border point, and any
interior point is non-simple. The simplicity of a point in an
(n, 1) picture depends only on itsn-neighborhood, hence it
is a local property [4, 10, 13].

For shape preservation, thinning algorithms must not
remove the endpoints of an object. Hall introduced three
possible criteria to determine such points of 2D objects
[6]. In 3D thinning, there have been several endpoint-
characterizations proposed for extracting both medial sur-
faces and medial lines [2, 5]. In this paper, we use the
following approach:

Definition 1 A black pointp ∈ B in picture(Zn, n, 1, B)
is anendpointif there is no interior point inN1(p).

Here we note that this endpoint characterization has been
applied in some existing 2D and 3D thinning algorithms
[1, 3, 13, 16]. In 3D, thinning algorithms are capable
of extracting two kinds of skeleton-like shape descriptors.
Surface-thinning algorithms are to extract medial surfaces
by preserving surface-endpoints, and curve-thinning algo-
rithms produce centerlines by preserving curve-endpoints
[15]. Note that using endpoint characterization according
to Definition 1 yields surface-thinning algorithms in 3D.

3 The Proposed Algorithm

Now we are ready to introduce our new order–independent
sequential thinning algorithm denoted by KP-OIST-nD
(n = 1, 2, · · ·). Its pseudo-code is shown in Algorithm
3. The two-phase scheme of the algorithm works as fol-
lows. In Phase 1, interior points are collected into the setI,
while simple points are put into the setS. In Phase 2, the
algorithm scans the collected simple points, and examines
whether the actual point satisfies the deletion conditions.
Note that it is not determined in what order those points
should be visited. For the examinations, the setD is con-
structed, which contains the “deletable” black points in the
actualn-neighborhood ofp (i.e., the black points that were
simple and non-endpoints in Phase 1 of the given iteration).
By examining all subsets ofD, we check all possible situ-
ations which could occur, if the algorithm would visit the
points inNn(p) in any order. In other words, we examine
whetherp would be still simple if we would change some of
its “deletable” black neighbors to white points. If in any of
these possible situationsp would not be simple any more,
then the removal ofp could result in order-dependency, but
if p remains simple in all examined cases, then it may be
deleted. The algorithm stops if stability is reached.

The effect of the proposed algorithm in 1D, 2D, and
3D is illustrated for three small binary images on Figs. 1-3.

Figure 1. A 1D binary image (top) and its skeleton pro-
duced by Algorithm 3 (bottom).
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Algorithm 3 :

Input: picture(Zn, n, 1, X)
Output: picture(Zn, n, 1, Y )
Y = X

repeat
// Phase 1: contour tracking
I = ∅
S = ∅
foreachp in Y do

if p is an interior pointthen I = I ∪ {p}
if p is a simple pointthen S = S ∪ {p}

// Phase 2: reduction
changed = false
foreachp ∈ S do

deletable = true
if N1(p) ∩ I = ∅ then continue
D = { q | q ∈ N∗

n(p) ∩ Y ∩ S and
N1(q) ∩ I 6= ∅ }

foreach∆ ⊆ D do
if p is not simple in(Zn, n, 1, Y \ ∆)
then

deletable = false
break

if deletable = truethen
Y = Y \ {p}
changed = true

until changed = false

Figure 2. A 2D binary image (left) and its skeleton pro-
duced by algorithm KP-OIST-2D (right).

4 Verification

As algorithm KP-OIST-nD removes only one simple point
at a time, it is obvious that the proposed method is
topology–preserving. However, a more detailed expla-
nation is needed to show that the algorithm is order–
independent, as well. For the proof of this property, we
will make use of the following proposition.

Proposition 1 Let q ∈ Y in the beginning of any iteration
of algorithm KP-OIST-nD. Then,N1(q)∩ I is not changed
during the actual iteration.

Proof. Each pointr ∈ N1(q)∩ I is an interior point, hence
r is not simple. Since only simple points are taken into
consideration as deletable points,r cannot be deleted. 2

Theorem 1 Algorithm KP-OIST-nD is order–
independent.

Figure 3. A 3D binary image (left) and its skeleton pro-
duced by algorithm KP-OIST-3D (right).

Proof. The proof will be carried out indirectly. Let us sup-
pose that algorithm KP-OIST-nD is not order–independent.
Then, there exists at least one pointp ∈ X such thatp
would be deletable in the beginning of an iteration (i.e.,p

would be the starting point of the contour tracking), butp

is no more deletable, when it is visited later. This can only
happen if there is a pointq ∈ Nn(p) ∩ Y such thatp is
deletable in picture(Zn, n, 1, Y ), butp is not deletable in
(Zn, n, 1, Y \{q}). By Proposition 1,I remains unchanged
during the given iteration, henceN1(p) ∩ I 6= ∅ will hold
until the end of that iteration. Therefore, ifp is not deletable
in (Zn, n, 1, Y \{q}), then there must be a set∆ ⊆ D\{q}
such thatp is not simple in picture(Zn, n, 1, (Y \{q})\∆).
However, as∆ ∪ {q} ⊆ D andp is deletable in picture
(Zn, n, 1, Y ), p must be simple in(Zn, n, 1, Y \(∆∪{q})).
It is obvious that(Y \ {q}) \ ∆ = Y \ (∆ ∪ {q}), thus the
latter two pictures are the same, and asp can not be simple
and non-simple at the same time, we came to a contradic-
tion. 2

5 Discussion and Results

In experiments our method was tested on various 2D and
3D images. In the 2D case, we have also compared the re-
sults of our algorithm to the ones produced by the algorithm
introduced by Ranwez and Soille [17]. That 2–dimensional
thinning algorithm is denoted by RS-OIST-2D. Below, we
present some illustrative examples. In Figs. 4-7, “skele-
tons” generated by the two algorithms under comparison
are superimposed on the original objects. Figs. 8-11 show
some 3D test images and their medial surfaces produced by
our algorithm. Numbers in parentheses mean the count of
object points.

If one examines the results for the 2D images, it is safe
to state that algorithm KP-OIST-nD does not produce such
skeletons with numerous unwanted side branches like algo-
rithm RS-OIST-2D proposed by Ranwez and Soille [17]..
As our deletion rule does not refer to any directions around
the visited object point, it is obvious that it is invariant un-
der thek × 90◦ rotations and reflections(k = 0, 1, 2, 3).
Due to the considered endpoint-characterization, algorithm
KP-OIST-nD preserves 2–point thick segments, therefore
it cannot produce 1-point thin skeletons as it is usual in nu-
merous existing thinning algorithms [1, 3, 13, 16].
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6 Conclusion

This paper has introduced the very first order–independent
thinning method for higher dimensions. As a future work
we are planning to extend this scheme in a way that it
would be also applicable for some additional endpoint-
characterizations. This could, for example, make possible
to extract centerlines from 3D tubular objects.
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RS-OIST-2D (3 571) KP-OIST-2D (2 830)

Figure 4. A612 × 467 image with179 293 object points of an elephant and its “skeletons”.

RS-OIST-2D (6 081) KP-OIST-2D (4 297)

Figure 5. A1437 × 1014 image with487 620 object points of a plane and its “skeletons”.

RS-OIST-2D (3 401) KP-OIST-2D (3 072)

Figure 6. A552 × 607 image with108 615 object points of a salamander and its “skeletons”.

RS-OIST-2D (6 168) KP-OIST-2D (4 935)

Figure 7. A745 × 773 image with152 611 object points of a leaf and its “skeletons”.
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(3 833 504) (216 312)

Figure 8. A336× 133× 381 3D image of a binocular (left) and its medial surface produced by algorithm KP-OIST-3D (right).

(495 254) (42 641)

Figure 9. A258× 474× 101 3D image of a dinosaur (left) and its medial surface produced by algorithm KP-OIST-3D (right).

(596 360) (44 016)

Figure 10. A45 × 191 × 191 3D image of a gear (left) and its medial surface produced by algorithm KP-OIST-3D (right).

(1 339 058) (99 940)

Figure 11. A122 × 93 × 284 3D image of a Porsche (left) and its medial surface produced by algorithm KP-OIST-3D (right).
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