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Abstract

Tomography is an imaging technique to reconstruct cross-sections of objects from
projection images in a non-destructive way. We have implemented two discrete
tomographic (DT) reconstruction methods. The first method is general in the sense
that the objects to be reconstructed are represented by pixels, and in this way
the method can be used for reconstructing any shape. The second one is able
to reconstruct objects consisting of cylinders and spheres made of homogeneous
materials only. Simulation and physical experiments connected with non-destructive
testing by X-rays were performed, and the results are presented.
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1 Introduction

Many industrial applications need a procedure to get some information about
the structure of the object to be investigated in a non-destructive manner.
X-ray tomography is such a technique, performing reconstructions of cross-
sections of the object from X-ray transmission projections. Nevertheless, the
acquisition of such projection images is an expensive and time consuming
procedure, so one of the main efforts is to minimize the number of projections
used for the reconstruction. A possible approach to achieve this aim is the
application of discrete tomographic (DT) methods. It means that a special
class of objects can be reconstructed, when the object comprises only a few
homogeneous materials that can be characterized by known absorption values.
Accordingly, the result of a DT reconstruction is a discrete image having values
only corresponding to the few known absorption coefficients. An overview of
theory, algorithms, and applications of DT can be found in [3].

Discrete tomography is an image reconstruction technique, where the goal
is to find an image function whose projections approximate the real, phys-
ically measured ones as closely as possible. A subtantial difference between
classic computed tomography (CT) and discrete tomography is that in DT the
range of the image function consists of finitely many known values. Moreover,
in many cases some a priori information is also available about the object
under investigation, such that its structure is similar to that of a template
object, or that the object is made of materials that are at least nearly homo-
geneous. An important application of discrete tomography is the industrial
non-destructive testing (NDT) when the internal configuration of a specimen
is to be determined without causing any damage.

This paper introduces an extension and experiments of two kinds of DT
techniques, which can be applied to reconstruct even multi-level discrete im-
ages (i.e., their range contains more than two values) from their projections.
Both algorithms consider the reconstruction problem as an optimization task
discussed in Section 2. The difference between the algorithms is in the repre-
sentation of the object under investigation. In both cases the reconstruction
is solved by an optimization based on simulated annealing. For more details
about the adaptation, see [5,6].

One of the reconstruction techniques is a pixel-based method that considers
the object as a digital image. The main advantage of the pixel-based method
is that it is general in the sense that it can be used for reconstructing any
shape. This method is described in Subsection 2.1.

The other algorithm reconstructs objects consisting of circles, cylinders
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and spheres made of homogeneous materials only. Such 2D and 3D geometric
objects can be represented by a few parameters like radii, positions, heights,
etc. In this case the reconstruction determines the parameters of the geometric
objects, in other words the optimization carries out a search in the space of
parameters. This parameter-based method is presented in Subsection 2.2.

In order to assess the efficiency of these techniques, several simulation
experiments were done. We were also interested in how certain reconstruction
parameters (e.g. the number of projections) or the amount of noise affect the
reconstructed image. These results and conclusions are shown in Section 3.
We had the opportunity to test both algorithms also for reconstructing real,
not necessarily binary objects. The results of these X-ray experiments are
given in Section 4.

The physically measured projections are not suitable for immediate re-
construction due to several properties and defects of the image acquisition
system (e.g., non-uniform sensitivity during acquisition time and on the de-
tector plate, bright specks, presence of statistical noise, etc.). Hence, some
pre-processing steps are necessary to reduce these effects. These correction
steps are summarized in Subsection 4.3.

The algorithms presented here have been incorporated into the system
called DIRECT [7], what is a framework, being developed for testing and
visualizing various DT methods.

2 The pixel- and parameter-based methods for multi-
level images

Non-destructive testing (NDT) is an industrial procedure, where several kinds
of objects are imaged using some transmission rays, like X-rays or neutron
rays. The rays transmitted through the object are then partially absorbed by
the materials comprising the object. The relation between the initial (unab-
sorbed) and transmitted intensities, Is and Ip respectively, can be expressed
as a function that depends on the absorption coefficient (1) of the object.
That is
D

(1) Ip(s,0) = Ig-e 1"

This equation is a basic relation in transmission tomography, where the cross-
sections of the object being studied are to be determined from such mea-
surements. Mathematically the transmission tomography is modelled by the
Radon transformation, giving the line integrals of a two-dimensional integrable
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function f, denoted by Rf. Formally,
&) RV 5.0) = [ fay)du.

where s and u denote the variables of the coordinate system rotated by .
The function R f for a fixed value of ¥ is also called the ¥-angle projection of
I

Let f denote the absorption coefficients of the 2D object being studied.
Then the ¥-angle projection of f can be computed from the transmission
measurements after a suitable logarithmic transformation. That is

Is

3 Rfl(s,d) =In—"—.
(3) R} (s 0) =l o

Now the reconstruction problem can be posed as to find a function f such
that its projections are equal to some given functions. In other words, we are
looking for the inverse of R, i.e., R™!g. The function f is sometimes called
the image function, or briefly the image.

Both methods to be presented consider the reconstruction as an optimiza-
tion task that is solved by the adaptation of simulated annealing (SA), and
that optimizes the following objective functional:

(4) O(f) =D [ [RAW) - Pol*
9

where Py denotes the acquired input projection of angle ¢, f is the two-
dimensional image function approximating the solution, and [R f] () denotes
the projection of the image f taken at angle 9. So, the aim is to find the
image function f, whose corresponding projections are the most suitable for
the input data.

2.1 The pixel-based method

The difference between the pixel- and the parameter-based techniques lies in
the representation of the image function f. The pizel-based method respre-
sents the image function as a digital image, and it can reconstruct discrete
functions in the following manner. Since SA is an iterative stochastic tech-
nique, at each iteration a new image function is produced in accordance with
a (modification) rule, namely, the modification of the approximating image
function created in the previous iteration step. In binary case (when the
range of the image function is {0, 1}) the rule is to change the intensity of a
randomly chosen pixel (from 1 to 0 or 0 to 1), where the position of that pixel
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was generated randomly from a uniform distribution. For details of SA, its
current adaptation, scheduling, binary studies, and experiments, see [2,4,5,6].

Since industrial objects are often made of more than 2 materials, it was
desirable to enable the technique to reconstruct not only binary but multi-
level images (cross-sections) as well. Since in this case the pixels can take
their intensity values from M = {a;,as,...,a,} (n is the number of possible
intensity values), the obvious extension is a uniformly distributed random
choice of an intensity level from M.

In order to improve the efficiency, we appended a regularization (penalty)
term to (4) that held the a priori information about the image function to
be reconstructed. So the new objective, which was used in the pixel-based
method, is

() O(f) =Y I RAW@) = Pol* +7-(f)

where ¢ (f) is called the regularization term that embodies the a priori infor-
mation, and v > 0 is the so-called regularization parameter, which determines
the weight between the two terms. A small v prefers a result that is more
suitable for the input projections, a large v yields such an outcome, which is
more appropriate for the a priori information. If the image to be reconstructed
contains a few larger regions made of homogeneous materials, this information
may be the smoothness, which can be, for example, the following functional:

O )= ) — oy —v)] e FE )

T,y U

where o1, 09 are suitable constants. In this study we set 1 = 09, their value
depends on the image to be reconstructed.

2.2 The parameter-based method

Our second reconstruction method takes the assumption that the object is
composed of a tube encompassing a solid cylinder called the interior (i.e. the
inner space of the tube), which contains a known number of disjoint solid
spheres or cylinders made of homogeneous materials. Furthermore, it is also
assumed that at most four different homogeneous materials constitute the
object, namely,

¢ the material of the tube,
¢ the material of the interior,

¢ the material of the spheres and cylinders, and
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¢ the background surrounding the object, what is usually air or a vacuum.

Since spheres as well as cylinders can be described by a few parameters like
center, height, and radius, each object can be represented as a vector of pa-
rameters called configuration. In order to perform a truly 3D reconstruction,
the optimization of the objective functional ®(f) is performed in the param-
eter space iteratively. Starting off from an initial configuration, the current
configuration is altered at every iteration step to produce a better approxi-
mation of the object to be reconstructed. The modified configuration may
be accepted only if it satisfies certain geometric restrictions. A more detailed
description of the algorithm can be found in [5,6].

3 Simulation studies

3.1 Reconstruction of pizel-based objects

We reconstructed several multi-level phantom objects. One of the phantoms
and one of its projections can be seen in Fig. 1(a) and (b). First, we performed
reconstructions using the ojective functional (4), but the technique did not
give a satisfactory result, as shown in Fig. 1(c). The reason of the low quality
might be the presence of the enhanced number of switching components (for
the definition, see [3]) in case of multi-level images.

Since, especially in case of industrial objects, it may often be assumed
that the image contains continuous regions of the same intensity, it was sus-
pected that we would obtain better results having this criterion. Thus for the
improvement we tried the reconstruction using (5), where the regularization
term was the smoothness shown in (6). One of the results, we obtained this
way by the usage of parallel beam arrangement, is shown in Fig. 1(d). It is
seen that the method gave improved result by the assumption of smoothness,
which gain could be exploited for the reconstruction of measured projections.

The pixel-based method is statistical, hence we calculated average im-
ages from results of 50 runs as well. Such average images are presented in
Fig. 2. These images were generated from fan-beam projections in noiseless
or noisy circumstances with or without smoothness. It can be observed that
the method could reconstruct the original phantom image with small errors
even is noisy case. However, some errors are seen especially along the edges
of black and white regions, where the method substituted the sharp edge by
a new region of a mediate intensity.
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() (d)

Fig. 1. (a) A 3-level phantom image used for simulation studies. (b) One of the
projections of the object in (a). Reconstruction results from 12 noiseless projec-
tions, 400 measurements/projection (c) using the objective functional (4), and (d)
using (5).

3.2 Reconstruction of parameter-based objects

The aim of the first simulation experiment was to examine the effects of geo-
metric complexity of the object, using only 2 noisy projections. The complex-
ity of the object was described by the number of spheres in the cylinder. As
Fig. 3 shows, generally it is hard to produce an acceptable result if there are 5
or more spheres. The objects are modeled using the Virtual Reality Modeling
Language (VRMLI7 [9]), and presented by the software system DIRECT [7].

It is also interesting how the amount of noise influences the result. This
was studied in the second software experiment, as presented in Fig. 4 when 2
projections were used.
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Fig. 2. Average of 50 reconstruction results (200 x 200) of the phantom in Fig. 1(a)
using 16 fan-beam projections, 800 measurements/projection. (a) Average result
from noiseless projections without using smoothness. (b) Average result from noise-
less projections using smoothness in penalty term. (c¢) Average result from noisy
(5% Gaussian) projections without using smoothness. (d) Average result from noisy
(5% Gaussian) projections using smoothness in penalty term.

4 Experimental results

4.1 Test object

We had the opportunity to test our techniques using X-ray projection data.
The phantom object was a so-called reference cylinder. 1t is a solid cylinder
made of Plexiglas, containing three bores of different diameter and depth in
an asymmetric arrangement (see Fig. 5(a)). The lower part of the deepest
hole was filled with aluminum screws, as shown in Fig. 5(b).

4.2  Data acquisition

In order to image an object, several kinds of radiations (gamma, neutron,
X, etc.) can be used. The principle of our apparatus of X-ray radiography
presented here is widely used nowadays (see Fig. 6).

The object to be investigated is placed on a rotating table. The table can
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Fig. 3. Reconstruction by parameter-based method using different number of
spheres (parameters: 10% noise, 2 2-dimensional projections, 100 x 100 measure-
ments/projection). First column: number of spheres. Second column: original
object. Third column: reconstructed object. Fourth column: difference between
the reconstructed and original object (only mismatching voxels are painted).

be rotated by a PC-controlled stepper motor, thus letting the beams transmit
through the object in different directions. The beams attenuated by the object
impact into a scintillator, which transforms the detected radiation into visible
light detected by a CCD camera. Since the camera can be damaged by direct
radiation, an optical mirror system conveys the light from the scintillator to
the CCD camera. The images taken by the camera are stored temporarily
by the camera controller, and finally a dedicated PC reads out the raw image
data from this storage. A more thorough description of the imaging apparatus
can be found in [1].
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Fig. 4. Reconstruction by parameter-based method from noise-free and noisy pro-
jections (parameters: 3 spheres, 2 2-dimensional projections and 100 x 100 mea-
surements/projection). First column: noise level. Second column: original object.
Third column: reconstructed object. Fourth column: difference between the recon-
structed and original object.

4.8 Pre-processing

Due to several distorting effects of the data acquisition system, the measured
projections were not suitable for immediate reconstruction. These distortions
were mostly caused by the physical properties of the imaging system. In
order to diminish them some corrections, so-called pre-processing steps were
performed on the projection data. In case of the reference cylinder these steps
were the following:

* Since the reconstructions can be carried out only from line integrals of the
absorption function, we transformed the original measured values into such
integrals by the application of the logarithmic transformation given in (3).

e The total intesity of the projections varied projection to projection, which
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Fig. 5. (a) Diagram of the physical phantom object used in the X-ray experiments.
(b) A projection image of (a).
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Fig. 6. Imaging apparatus for collecting projections.
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appeared as a flickering when playing the projection sequence as a movie.
In order to eliminate its effect, we performed intensity correction such that
the total intensities of each projection were almost the same constant. It
was done by multiplying each projection by a suitable constant.

» A further distorting effect was caused by the noise and white specks in the
projections. For the reduction of this effect we applied a thresholded median
filter.

Further details about the correction steps and their effects on the reconstruc-
tion can be found in [6].

4.4 Determination of intensity levels

The next problem was that the exact intensity levels of the image to be re-
constructed were unknown. Anyway, in real physical experiments only ap-
proximative absorption values can be given, since only average absorption
coefficients could be used for polychromatic X-rays. This fact violated one of
our basic assumptions, namely the absorption coefficients of the few materials
making up the object should have been known exactly. So we had to find a
technique to approximate the right absorption values.

In case of the parameter-based method the absorbtion values could be cal-
culated in virtue of the object geometry. In order to determine the intensity
values in the pixel-based case as well, our idea was, first, that we approached
the discrete image f of the right values with another image f’ having more val-
ues. An approximation of the intensity values can be obtained by determining
the local maxima in the histogram of f’.

Accordingly, first we did a pixel-based reconstruction using more intensity
levels than the number of materials in the object. The set of the enhanced
number of intensity levels were produced by the equidistant division of the
interval of the possible levels. For example, if the intesity levels are from the
interval [0, 1], and 41 intesity levels are picked from that, the enhanced set of
levels is {O, %, %7 cee 1}.

In case of the reference cylinder even the background was cut down (see
Fig. 7), because it was very noisy, and it degraded the result. Despite of this
step the image still remained a 3-level one. A reconstruction result, which
was done by using 41 intesity levels from 18 projections, can be seen in Fig. 9.
Since the projections were noisy (see Fig. 8 (a) and (b)), and even the method
is a statistical one, the intensity levels obtained can be considered only as an
approximation of the real ones. However, now we make do with these approx-
imated values. Their more accurate determination is for further researches.
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As a following step, it was considered that taking the histogram of this
reconstruction result, we can retrieve the approximating intensity levels that
can be used for the multi-level DT reconstruction. This retrieval can be per-
formed by the detection of the local maxima in the histogram. In Fig. 10 we
introduce the histogram of Fig. 9, where three accumulation points are visible
(see pointers in Fig. 10). These intensity levels were used in the multi-level
DT reconstruction.

4.5 Pizel-based reconstruction results

In view of the intensity values, which are already considered for the DT re-
construction, we performed the pixel-base technique. Its result may be seen
in Fig. 11(a). For the sake of comparison we performed ART reconstruction
(1000 iterations, relaxation parameter 0.001), which yielded the outcome vis-
ible in Fig. 11(b). We chose ART, because if there was a few number of noisy
projections, it would give better results than other methods. As seen, some
holes appeared in the pixel-based result, which may be due to the noise.

It can also be noticed that in the ART result the background is not black
(intensity values vary between 30 and 40), but it should be, since the noisy
background was cut down before reconstruction. So, in this case, the pixel-
based technique reflects the real absorption values better than ART.

Fig. 7. Sinogram of 18 projections of the cross-section denoted in Fig. 5(b).

PV

Fig. 8. Two projections from the sinogram visible in Fig. 7
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Fig. 9. A reconstruction result (155 x 155) of the pixel-based method from the
sinogram in Fig. 7 using 41 intesity levels.
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Fig. 10. Histogram of the reconstructed cross-section in Fig. 9. Horizontal axis:
Grey-level intensity value. Vertical axis: Frequency of occurence.

4.6 Parameter-based reconstruction results

In addition to the software experiments mentioned in Subsection 3.2, we had
the opportunity to try the parameter-based reconstruction method on phys-
ically measured data too. In the experiments we used the reference cylinder
introduced in Subsection 4.1. (One of its X-ray projections is shown in Fig.
12(a).) Because of the assumption that every cylindrical hole is filled with the
same material, the lower half of the projections had to be discarded (see Fig.
12(b)). The model reconstructed from 4 projections, and the difference of the
original and the reconstructed model is seen in Fig. 12(c)—(e) and Fig. 12(f),
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(a) (b)

Fig. 11. (a) A pixel-based reconstruction result of the cross-section denoted in
Fig. 5(b) using 3 intensity levels. (b) An ART reconstruction yielded by SNARK93
[8].

respectively.
For a more complete description of physical experiments, see [5,6].

5 Discussion and further researches

We implemented two methods. The pixel-based one seems to be promising for
the reconstruction of industrial objects (made of a few material) from a small
number of projections. It gave good results even in non-ideal, for example,
in noisy circumstances using a priori information. Since the absorption coef-
ficients were not known exaclty we implemented a technique to retrieve their
approximative values.

If the object to be reconstructed is known to be mathematically repre-
sentable by some parametric functions (e.g., simple geometric primitives like
spheres or cylinders), the usage of such a priori information may greatly im-
prove the quality of the reconstructed image, even when fewer projections are
available. This is demonstrated by the fact that the parameter-based recon-
struction method shows high robustness yet if the projections are degraded
by 40% of additive noise.

It is also clear that the parameter-based algorithm is inapplicable if the
object cannot be described in a simple geometric way, or when the materi-
als the specimen is made of are not homogeneous. On the other hand, the
pixel-based method is unaffected by these circumstances, so it can again be
employed successfully. Furthermore, the pixel-based algorithm may benefit
from using more intensity levels, whereas the parameter-based one is limited
to four absorption values only.
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Fig. 12. Projection and reconstruction results of the Plexiglas object given in Fig. 5.
(a) One of the original projection images. (b) One of the cropped projection images.
(c) 0° view of the reconstructed model. (d) 90° view of the reconstructed model. (e)
Top-down view of the reconstructed model. (f) Difference between the reconstructed
and original model.

Though the techniques presented here gave promising and acceptable re-
sults, we are planning to improve their effectiveness in the future. It would
be desirable, for both methods, to speed up the optimization procedure, and
to test them on more physically measured projections. The pixel-based tech-
nique should be made less sensitive to noise by incorporating a noise model.
Finally, some practical extensions of the parameter-based algorithm would be
to allow for more than four materials, and using more complex prior knowledge
(model) of the object.
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