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Thinning on binary images is an iterative layer by layer erosion until only the
“skeletons” of the objects are left. This paper presents an efficient parallel thinning
algorithm which produces either curve skeletons or surface skeletons from 3D binary
objects. Itisimportant that a curve skeleton is extracted directly (i.e., without creating
asurface skeleton). The strategy which is used is called directional: each iteration step
is composed of a number of subiterations each of which can be executed in parallel.
One iteration step of the proposed algorithm contains 12 subiterations instead of the
usual six. The algorithm makes easy implementation possible, since deletable points
are given by 3x 3 x 3 matching templates. The topological correctness for (26, 6)
binary pictures is proved. © 1999 Academic Press

1. INTRODUCTION

Skeletonization provides shape features that are extracted from binary image data.
common preprocessing operation in raster—to—vector conversion or in pattern recogn
Inthe 3D Euclidean space, the skeleton consists of the locus of the centers of all the ma
inscribed spheres [5]. A very illustrative definition of the skeleton is given using the prail
fire analogy: the object boundary is set on fire and the skeleton is formed by the loci w
the fire fronts meet and quench each other [3]. In discrete spaces, the thinning pr
is a frequently used method for producing an approximation toEtheidean skeleton
(that corresponds to the definition) in a topology—preserving way [9]. It based on dic
simulation of the fire front propagation: border points of a binary object that satisfy cer
topological and geometric constraints are deleted in iteration steps. The entire proc
repeated until only the “skeleton” is left.

A 3D binary picture[9, 8] is a mapping that assigns the value of 0 or 1 to each point w
integer coordinates in the 3D digital space denoted hyPoints having the value of 1 are
called black points, while Q's are called white ones. Black points form objects of the pict
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White points form the background and the cavities of the picture. Both the input and
output of a picture operation are pictures. An operation is a reduction if it can delete s
black points (i.e., changes them to white) but white points remain the same. A thinr
algorithm (as a reduction operation) doest preserve topology [8] if

e any object in the input picture is split (into two or more ones) or completely delete
e any cavity in the input picture is merged with the background or another cavity, or
e a cavity is created where there was none in the input picture.

There is an additional concept called a hole in 3D pictures. A hole (that doughnuts h:
is formed by 0’s, but it is not a cavity [9]. Topology preservation implies that eliminatir
or creating any hole is not allowed.

A simplepoint is an object point whose deletion does not alter the topology of the pict
[15]. Thinning algorithms delete simple points [15] which are not end-points, since pres:
ing end—points provides important information relative to the shape of the objhatse
thinningpreserves line end-points whierface thinningloes not delete surface end-points

Note that the Euclidean skeleton represents some kinldealf object symmetriel®5].
The skeleton of a 3D object can contain some surface patches (representing mirror symi
and/or rotational symmetry) and some line segments (representing axial symmetry).
results of the surface thinning algorithms are closer to the 3D Euclidean skeleton thar
“skeletons” produced by curve thinning algorithms. Axial symmetry is emphasized by cu
thinning and other kinds of symmetries are suppressed.

Most of the existing thinning algorithms are parallel, since the fire front propagation is
nature parallel. Those algorithms delete a set of simple points simultaneously that can
the topology. A possible approach to overcome this problem is taliusetional strategy
each iteration step is composed of a number of parallel subiterations where only bc
points of a certain kind can be deleted in each subiteration. There are six kinukgjaf
directionsin 3D images on a cubic grid (see Fig. 1a); therefore, 6-subiteration para
thinning algorithms were generally proposed [2, 7, 10, 16, 17, 26].

This paper presents a new 3D directional approach that uses 12 subiterations, accc
to the selected 18eletion directiongsee Fig. 1b). It demonstrates a possible way fc
constructing nonconventional directional thinning algorithms. Some experiments are n
on synthetic and natural objects and the topology preservation for (26, 6) binary pict
[8, 9] is proved.

UN
U UW UE
Us
W NE
W E
S ‘ SW ES
ND
D WD ED
SD
(a) (b)

FIG.1. The six major directions (a) and the proposed 12 deletion directions (b). The 12 directions corresj
to the 12-neighbors of a point on a face-centered cubic grid [9].
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FIG. 2. Frequently used adjacenciesan. The setNs(p) contains the central poirt and points marked,
N, E, S, W, andD. The set of pointd;g( p) contains the séls( p) and points markeds:” The set of pointsN\,s(p)
contains the sell;g(p) and points marked<.”

2. THINNING METHODOLOGIES

Atfirst some concepts are to be presented.fe¢ a point in the 3D digital spae. Let
us denoteN;(p) (for j =6, 18, 26) the set of pointg-adjacentto a pointp (see Fig. 2). A
black pointp is said to be dorder pointif the setNg(p) contains at least one white point.
A border pointp is called aU-border pointif the point marked byJ in Fig. 2 is white. We
can defineN-, E-, S-, W-, andD-border points in the same way.

The six points inNg(p)\{ p} determine the sixnajor directiors (see Fig. 1a). There are
three kinds ofbpposite(unordered) pair of points ilNg(p)\{p} denoted byJD, NS, and
EW. The 12 possibl@onoppositdunordered) pair of points itNg(p)\{p} are denoted by
UN, UE, US, UW, NE, NW, ND, ES, ED, SW, SD, andWD. The 12 kinds of honopposite
pairs of points determine the Balditional directiors. These can be associated with the 1
edges of a cube; see Fig. 1a. Note that the six major directions correspond to the six
of a cube.

Each parallel thinning algorithm can be sketched by the program:

repeat
changing “deletable” border points to white
until no points are deleted

Existing 3D thinning algorithms differ from each other in two regards:

e how to organize an iteration step (i.e., the kernel ofrépeat cycle)?,
e which types of border points are regarded as “deletable™?

To answer the first question, three kinds of parallel thinning methodologies have |
proposed:

e Algorithms belonging to the first type do not divide an iteration step into subit
ations [12, 13]. In order to preserve topology, the existing fulty parallel algorithms
investigate some points that are in thex5 x 5 neighborhood but not in the>33 x 3
neighborhood.

These algorithms can be sketched by the program:

repeat
simultaneous deletion of the border points that satisfy the global condition
until no points are deleted
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e The second type of algorithms examines the 3x 3 neighborhood of each border
point. Iteration steps are divided into a number of successive subiterations, where only b
points of a certain kind can be deleted in each subiteration. Consequently, each subitel
uses a different deletion rule. These algorithms are cdiietttional or border sequential
ones. Each subiteration is executed in parallel (i.e., all border points satisfying the dele
condition of the actual subiteration are simultaneously deleted). Most of existing par:
thinning algorithms are border sequential. Since there are six kinds of major direct
in 3D images, six-subiteration directional thinning algorithms were generally propo:
[2,7,10, 16, 17, 26]. Sriha#dt al. [24] have reported an early sequential 3D thinning algc
rithm that uses the 12 additional directions. The algorithm proposed in this paper uses
12 directions, too. The major six and the additional 12 directions are illustrated in Fig.

A directional algorithm consisting d&f subiterations can be sketched by the program:

repeat
fori =1tokdo
simultaneous deletion of the border points that satisfy
the condition assigned to theth direction
until no points are deleted

¢ The third approach is theubfield sequentiahethod. The set of poin®&® is divided
into more disjoint subsets which are alternatively activated. At a given iteration step, ¢
border points of the active subfield are designated to be deleted.

A subfield based algorithm consistinglosubfields can be sketched by the program:

repeat
fori=1to kdo
simultaneous deletion of the border points in tké isubfield
that satisfy the global condition (assigned to each subfield)
until no points are deleted

Two subfield sequential 3D thinning algorithms working in cubic grid have been propo
so far [1, 22]. Both algorithms use eight subfields. It is not by accident, since using th
eight subfields ensures the topology preservation. Note thagiAadhd Kuba proposed a
hybrid thinning algorithm [18]. It uses both subfield sequential and directional approacl

The second important question is: Which types of black points are designated tc
deleted? Some algorithms (in each phase) delete all simple points of a given type w
are not end points [1, 2, 10], others give the prescribed neighborhood of deletable p
[7,12, 13, 16, 17, 18, 22, 26]. Curve thinning (or medial line thinning) preserves line e
points while surface thinning (or medial surface thinning) do not delete surface end-pc
[10, 26]. Note that different surface end-point characterizations have been propose
various authors [1, 2, 7, 10, 12, 19, 26].

3. THE NEW THINNING ALGORITHM

In this section, a new algorithm is presented for thinning 3D binary images. We |
directional strategy in which each iteration step contains 12 successive parallel redu
operations according to the 12 directions illustrated in Fig. 1b.

The ordered list of the deletion directions is proposed:

(US,NE, WD, ES UW,ND, SW,UN,ED, NW,UE,SD).
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Note that choosing another order of the deletion directions yields another algorithr
does not alter the topological correctness, since a correct directional thinning algoritf
composed of topology-preserving reductions.

The proposed order shows a kind of symmetry: the ordered list can be subdivided
four groups of three items, each group contains all six major directions. Therefore,
thinned objects are in their geometrically correct positions (i.e., in the “middle” of t
original objects).

Now, the successive parallel reduction operations are to be given. We propose a ¢
thinning algorithm and a surface-thinning algorithm. The deletable points are border p«
of certain types and not end points (i.e. which are not extremities of curves/surfaces).

The proposed algorithm uses the following characterizations of the curve end-point:
the surface end-points.

DEFINITION 4.1. A black pointp is acurve end-poinin a picture if the selN,s(p)\{ p}
contains exactly one black point.

DEFINITION 4.2. A black pointp is a surface end-poinin a picture if the setNg(p)
contains at least one opposite pair of white points. (Note that each curve end-poi
surface end-point.)

Deletable points in a subiteration are given by a set ®f3x 3 matching templates. A
black point is deletable if at least one template in the set of templates matches it. Temy
are usually described by three kinds of elemeni$(black), “o” (white), and “” (“don’t
care”), where “don’t care” matches either black or white point in a given picture. In or
to reduce the number of masks we use additional notations.

The first subiteration assigned to the deletion directitth can delete certaitJ- or
S-border points; the second subiteration associated with the deletion dirdiEiattempt
to deleteN- or E-border points, and so on.

The set of template§ys (containing 14 templates) is presented in Fig. 3. It belon
to the first subiteration of the curve-thinning algorithm. The deletable points of the of
subiterations can be obtained by proper rotations and/or reflections of the templatesin F
Note that template positions marked ‘are used for preserving curve end-points.

The set of template®’ys (containing only six templates) assigned to the first subiterati
of our surface-thinning algorithm is given by Fig. 4. Note that template positions mar
“x"and “y” are used for preserving surface end-points. It is easy to se& thats derived
from 7ys. Templates that delete surface end-points are omitted or modified. Note tha
redundant ones are also left out. For examp8g 77 ys, since ifT3 matches a surface end-
pointthen that point can be deletedby e 7'ysorT8 € 7"'ys, too. Therefore, templaleS is
regarded as redundant in surface thinning. The deletable points of the other 11 subiter:
of the surface-thinning algorithm can be obtained by proper rotations and/or reflectior
the templates in Fig. 4.

4. DISCUSSION

4.1. Template Building

There are some thinning algorithms that give their deletable points by sets of temp
(or formulae) [7, 12, 13, 16-18, 22, 26]. A number of configurations around a point
classified as deletable, but they form only a proper subset of simple points of certain k
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FIG. 3. The set of templateg;s assigned to the first subiteration of the proposed curve thinning algorithi
Notations: every position marke@™matches a black point; every position marked fmatches a white point;
every “” (“don’t care”) matches either a black or a white point; at least one position maskeddtches a black
point; at least one position marked“matches a white point; at least one position marked thatches a white
point; two positions markedz® match different points (one of them matches a black point and the other ol
matches a white one).

Generally, it is not explained how the templates are designed. One may think that the:
pulled out of a hat. Therefore, we try to show our motivation.
Thinning algorithms have to take care of the following four aspects:

1. forcing the “skeleton” to retain the topology of the original object (i.e., topology is
be preserved);
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FIG. 4. The set of templateg;5 derived from7ys. It is assigned to the first subiteration of the propose
surface thinning algorithm. Notations: every position marke€tiatches a black point; every position marked

77777

marked %" matches a black point; at least one position markgtdmiatches a black point; at least one positior
marked " matches a white point; two positions markez! tnatch different points (one of them matches a blacl
point and the other one matches a white one). Note that the missing templates delete surface end-points
are covered by other templates.

2. providing “shape preservation” (i.e., significant features of the original object ar
be produced);

3. forcing the “skeleton” to be in its geometrically correct position (i.e., in the “middl
of the object);

4. producing “maximal” thinning (i.e., the desired “width” of the “skeleton” is one point

The first requirement (about the topological correctness) is proved in Section 5. Itisb
on the properties of the templatesips (see Observations 5.4-5.7).

Shape preservation is a fairly important requirement, too. For example, an object
“b” cannot be thinned into an object like “0.” The aim of the thinning is not to produ
the topological kernel [1] of an object; thinning differs from shrinking. That is the reas
why end-point criteria are used in thinning. We propose the end-point characterizat
given by Definitions 4.1-4.2. According to this requirement, the end points are not
moved.

Geometrical correctness of the extracted skeleton is mostly achieved by the multid
tional thinning approach. An object is to be shrunk uniformly in each direction. Ment
was made that the chosen order of deletion directions is not by accident in the prop
algorithm. In addition, suppose that a black pqgiris deletable by the set of templat&ss.
Letq be a black point so that the configuration arogrwbrresponds to the reflected versiol
of the neighborhood op. Planar reflections are to be considered, where the two symmie
planes are illustrated in Fig. 5. Then poinis also deletable. Therefore, template¥iiz
show a kind of symmetry for providing medialness.

Maximal thinning and skeletonization without creating spurious branches are contre
tory goals. It is rather difficult to prove that the requirement about maximal thinning
satisfied. It is worth testing an algorithm for lots of (natural) objects containing varic
segments. For example, Gerg al. [6] demonstrated that the curve-thinning algorithn
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FIG. 5. The two symmetry planes for the set of templafgs. Points belonging to the vertical (a) and the
slant (b) planes are marked.”

proposed by Tsao and Fu [26] does not provide a maximally thinned “skeleton.” Howe
template§11-T14in 7ys can match relatively few configurations; they are fairly importar
in thinning some kinds of segments.

Thinning-based skeletonization concentrates on the topological correctness. Unf
nately, the distance induced by the investigated local neighborhood cannot be regard
a good approximation to the Euclidean distance. Therefore, thinning algorithms are
invariant under rotation. The proposed algorithm is sensitive to object orientation, toc
addition, thinning algorithms which use subfield approach are not invariant under trar
tion; they are sensitive to object position. It can be stated that there is no thinning algori
capable of preserving the sharpness of any corners (if a local neighborhood of border p
is investigated). Skeletonization methodology based on Euclidean distance mapping [4
provide a geometrically correct result, but the topological correctness is not guaranteed
two approaches (i.e., thinning and skeleton extraction from distance maps) can be coml
to ensure both topologically and geometrically correct “skeleton.” Saito and Toriwaki [
and Pudney [19] proposed 3D algorithms using both approaches.

Generally, there are two ways to define deletable points. One is to delete all simple p«
of a given type which are not end points. The second way is to select a subset of sii
points, for example, by a set of templates. Deleting all simple points may create spur
skeleton branches. Onthe other hand, template matching may not provide maximal thin
Template matching can be regarded as a trade-off between general and controlled del
Leeetal.[10] discussed different methods of characterization of 3D simple points in (26.
pictures; pointp is simple in 25,985,144 cases of th& 2 67,108,864 possible 83 x 3
configurations. One might think that the algorithm deleting all the simple points of 1
considered type would be the best. However, the number of simple points recognize
deletable points does not mean the goodness of a border sequential thinning algorithn
example, the surface thinning algorithm proposed by Gong and Bertrand [7] cla&ify
kinds of simple points as deletable points (see [10]). Despite of this fact, that algorithm
produce fairly nice “skeletons.”

It is easy to see thalys can delete approximately’2kinds of simple points. It can
bee seen that adding the template illustrated in Fig. 6 to the set of templatdses not
alter the topological correctness of the proposed algorithm, but it yields some unwa
curve/surface segments. Note that the same template is included in more sets of temy
for instance, templat&l in 7ys is in the sets of templates assigned to deletion directiol
UN, UE, andUW, too. On the other hand, the same configuration can be matched by n
than one template ifiys. For instance, the configuration illustrated in Fig. 7 is matched t
8 of the 14 templates.
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FIG. 6. Template that can delete some extremities of curves/surfaces. If the set of terfipiateatains it,
then unwanted curve/surface segments may be created.

4.2. Complexity and Boolean Implementation

The proposed algorithm goes around the object to be thinned according to the 12 de
directions. One can say that the new 12-subiteration algorithm seems to be slower
a 6-subiteration solution. It is not necessarily true. Suppose that our sample object
cube of size 16« 16 x 16. An iteration step of any 6-subiteration algorithm can gener:
a 14x 14 x 14 cube from the original one. A cube of sizx8 x 8 is created by the 12-
subiteration algorithms. According to our experiments, less iteration steps are require
the proposed algorithm. Note that it is rather difficult to give any kind of estimation of 1
complexity, since the number of the required iteration steps is “data-dependent.”

The proposed curve-thinning algorithm directly extracts curve “skeleton.” Some
thors (for example, Tsao and Fu [26]) proposed a 2-phase curve-thinning process.
the first phase, the surface “skeleton” is extracted from the original object. After the .
ond phase that intermediate result is converted to a curve “skeleton.” In our opinion
direct extraction of the curve “skeleton” is better than the 2-phase method. This is
cause there are more kinds of surface end-points than curve end-points, according t
end-point characterization. If the “noisy” boundary of an object contains some surface
points that are not curve end-points, the surface “skeleton” extraction (the first pha:
the 2-phase method) results in some parasitic surface segments that cannot be com
eliminated by the second phase. Note that the curve-thinning algorithm proposed by
et al. [22] does not use this 2-phase process. After a “primary thinning” step some t
point thick slanted surface segments may occur. A “primary skeleton” is not a “surf
skeleton”; it can be regarded as an “almost curved skeleton.” A single iteration pro
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N
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FIG. 7. Sample configuration that is matched by the following eight templat@gsiniT 1-T4, T11-T14.
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FIG. 8. The set of indiced1, 2, ..., 27} is assigned to the 8 3 x 3 neighborhood of a point (a) and the
templateT5 contained inZys (b). (Note that at least one position marked matches a white point and the
two positions markedz’ match different points.) The sample template can be describegi(ay, .. ., Xa7) =
Xz A Xz A Xe AXaz A Xg A Xaz A Xaz A (Xs A Xa1) A [(X7 A Xiz) V (X7 A Xa3)]-

called the “final thinning” is applied that produces the “proper skeleton” from the “prima
skeleton.”

The proposed algorithm makes easy implementation possible, since deletable poin
given by 3x 3 x 3 templates. This dependence for the first subiteration can be given k
Boolean function of 27-variables : {0, 1}2” — {0, 1}. We refer to the individual variables
by assigning indices to them as illustrated in Fig. 8a. Boolean funétioan be expressed
in the form

14
X = F (X X, .0 Xo7) = X0 A \/ G (Xe, Xa. - - Xa7),

i=1
where Boolean functions of 26-variablgs(i =1, ..., 14) correspond to the templates in
Tus. For example, the conjunctive formulagf assigned to the templal® is presented in
Fig. 8. Since the templates belonging to other subiterations can be derived from rotat
and/or reflections of templates ifys, Boolean functions assigned the derived template
can be given by the functiog; (IT(Xz, . . ., X27)), WhereIl is the proper permutation of
26-variables.

It is easy to see that evaluation of the new value of a point takes approximately
elementary Boolean operations including logical or’(f; logical and (“A"), and logical
not (“~"). Optimization of the Boolean function evaluation could be achieved, for instan
with binary decision diagrams [20].

4.3. Results

Different shapes of objects have been tested by the proposed curve-thinning algot
and the surface thinning algorithm. We have implemented some existing 3D thinning
gorithms, too. Figures 9 and 10 are to compare the proposed method with others. Th
objects are a “noise-free” solid torus of sizex4@0 x 20 and its noisy version, where noise
is added to the boundary. It means that some border points are deleted from the ori
noise-free object and some white points 26-adjacent to a border point are changed to |
Note that we consider a model of noise which consists of deleting and adding sin
points.

The following algorithms have been investigated:

1. D12-PK-C—the proposed directional 12-subiteration curve thinning algorithm.
2. D12-PK-S—the proposed directional 12-subiteration surface thinning algorithm.
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original torus D12-PK-C D12-PK-S

D12-PK-SC D6-GB-S S8-BA-C

DT-ST-C FP-M-S FP-MS-C

S8-SCM-C D6-PK-C H-PK-C

FIG. 9. Thinning of a solid torus: the original object and the “skeletons” produced by the 11 conside
algorithms. (Each small cube represents a black point.)

3. D12-PK-SG—the 2-phase directional 12-subiteration curve thinning algorithm, wh
after the first phase, the surface “skeleton” is extracted by the algofit#¥PK-Sand after
the second phase that intermediate result is converted to a curve “skeleton” by algol
D12-PK-C.

4. D6-GB-S—directional six-subiteration surface thinning algorithm that was propos
by Gong and Bertrand [7].
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noisy torus D12-PK-C D12-PK-S

D12-PK-SC D6-GB-S S8-BA-C

DT-ST-C FP-M-S FP-MS-C

S8-SCM-C D6-PK-C H-PK-C

FIG. 10. Thinning of a noisy torus: the original object and the “skeletons” produced by the 11 conside
algorithms.

5. S8-BA-C—subfield-sequential curve-thinning algorithm proposed by Bertrand a
Aktouf [1].

6. DT-ST-C—sequential curve-thinning algorithm using a Euclidean distance transfo
proposed by Saito and Toriwaki [23]. (Note that it is the only sequential algorithm inve:
gated here.)
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7. FP-M-S—fully parallel surface-thinning algorithm proposed by Ma [12].

8. FP-MS-C—fully parallel curve-thinning algorithm proposed by Ma and Sonka [12

9. S8-SCM-C—the parallel version (using eight subfields) of the curve-thinning alg
rithm proposed by Saha, Chaudhuri, and Dutta Majumder [22]. (Note that it is prob:
that the sequential version of this method can produce nicer “skeletons”.)

10. D6-PK-C—directional six-subiteration curve-thinning algorithm proposed
Pakgyi and Kuba [17].

11. H-PK-C—hybrid curve-thinning algorithm proposed by &gyi and Kuba [18].

We can state that surface-thinning algorithid42-PK-S D6-GB-S, andFP-M-S) are
more sensitive to boundary noise than the curve-thinning ones. It can be seen that algc
D12-PK-C (direct extraction of the curve “skeleton”) produces nicer results than algorit
D12-PK-SC(the 2-phase method). The proposed curve-thinning algorithm does not cr
parasitic line segments.

Algorithms D12-PK-C and D12-PK-S were also tested for natural objects, too. Al
example for thinning a ventricle is shown in Fig. 11.

FIG. 11. Thinning of a ventricle extracted from a (greyscale) 3D MR brain study (top); the result of |
proposed curve thinning algorithBil2-PK-C (bottom left); the result of the proposed surface thinning algorithr
D12-PK-S(bottom right). These pictures are displayed by using the 3DVIEWNIX software system [27].
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5. VERIFICATION

In this section, we show that both the curve-thinning algorithm and the surface-thinr
algorithm are topology preserving. At first, some concepts of the digital topology and
applied results are presented.

The sequence of distinct poinig, X, . .., Xy} is aj-path (for j =6, 18, 26) of lengthn
from pointxg to pointx, in a nonempty set of pointX if each point of the sequence is in
X andy; is j-adjacent tag_; for each 1<i <n (see Fig. 2). Note that a single point is a
j-path of length 0. Two points ajeconnectedn the setX if there is aj-path inX between
them. A set of point is j-connectedn the set of point¥ 2 X if any two points inX are
j-connected irY.

The3D binary(m, n) digital pictureP is a quadruplé® = (23, m, n, B) [9]. Each element
of 2% is called apoint of . Each point inB € Z° is called ablack pointand value 1 is
assigned to it. Each point i®\B is called awhite pointand value 0 is assigned to it.
Adjacencym belongs to the black points and adjacemcygelongs to the white points. A
black componenis a maximalm-connected set of points iB. A white componenis a
maximaln-connected set of points i\ B.

We are dealing with (26, 6) pictures. It is assumed that any picture contains finitely m
black points.

A black point is called asimple pointif its deletion does not alter the topology of the
picture. We make use the following result for (26, 6) pictures.

CRITERION5.1 [2, 14, 21]. Black poinp is simple in pictureZ?, 26, 6, B) if and only
if all three conditions hold:

1. The setB\{p}) N Nag(p) contains exactly one 26-component.
2. The setZ3\B) N Ng(p) is not empty, and
3. itis six-connected in the seZ{\ B) N Nig(p).

Parallel reduction operations delete a set of black points and not only a single sir
point. We need to consider what is meant by topology preservation when a number of k
points are deleted simultaneously. Ma [11] gave sufficient conditions for parallel reduc
operations of 3D (26, 6) pictures. Those require some additional concepts to be definec
‘P be a picture. The sé& ={d, ..., dg} of black points is called aimple sebf P if D can
be arranged in a sequen(@ , . .., d;,) in which eachd;, is simple aftedd;,, ..., d,_,} is
deleted fronfP for j =1, ..., k. (By definition, let the empty set be simple.)uhit lattice
squareis a set of four corners of a unit square embeddefira unit lattice cubeds a set
of eight corners of a unit cube embeddedih

THEOREM5.2[11]. A 3D parallel reduction operation is topology preserving {86, 6)
pictures if all of the following conditions haold

1. Only simple points are deleted.

2. If two black cornersp and g of a unit lattice square are deletethen the setp, q}
is simple.

3. If three black cornersp, g, and r, of a unit lattice square are deletethen the set
{p,q,r}is simple.

4. If four black cornersp, q, r, and s of a unit lattice square are deletethen the set
{p,q,r, s}is simple.

5. No black component contained in a unit lattice cube can be deleted completely.
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Instead of proving the conditions of Theorem 5.2, we use the more general theoren
providesnew sufficient conditiorfer 3D parallel reduction operations to preserve topolog

THEOREMb5.3. Let7 be a parallel reduction operation. Let p be any black point in ar
picture P = (Z3, 26, 6, B) so that p is deleted by Let QC (N1g(p)\{p}) N B be any set
of black points in picturéP so that each point in Q is deleted Byand g €N;g(qy) for
any g € Q and g € Q. Operation7 is topology preserving fof26, 6) pictures if all of the
conditions hold

1. pis simple in the picturéz®, 26, 6, B\ Q).
2. No black component contained in a unit lattice cube can be deleted completel
operation7 .

Proof. Condition 2 of Theorem 5.3 corresponds to condition 5 of Theorem 5.2. "
show that condition 1 of Theorem 5.3 implies conditions 1-4 of Theorem 5.2.

It is obvious that the se¥l;g(p) contains any unit lattice squares in whiphis a corner.
Suppose that the deletable pojnis simple in the pictureZ?, 26, 6, B\ Q) for any Q <
(N1s(p)\{p}) N B containing deletable points:

(a) Suppose thd = ¢J. Since condition 1 of Theorem 5.3 holgsis simple in the picture
(Z3, 26, 6, B). Therefore, condition 1 of Theorem 5.2 is satisfied.

(b) Leta andb be two distinct deletable points of a unit lattice squarep # b and
Q=0 thenb is simple by case (a). Suppose theta and Q = {b}. Since condition 1
of Theorem 5.3 holdsa is simple in the pictureZ®, 26, 6, B\ {b}). Consequently, the set
{a, b} is simple. Therefore, condition 2 of Theorem 5.2 is satisfied.

(c) Leta, b, andc be three distinct deletable points of a unit lattice square. In this bas
andc are two corners of a unit lattice square andbet} is simple by case (b). Suppose tha
p=a and Q= {b, c}. Since condition 1 of Theorem 5.3 holdsjs simple in the picture
(Z3, 26,6, B\{b, c}). Consequently, the s¢a, b, ¢} is simple. Therefore, condition 3 of
Theorem 5.2 is satisfied.

(d) Leta, b, ¢, andd be four distinct deletable points of a unit lattice square. In th
casep, ¢, andd are three corners of a unit lattice square andlset, d} is simple by case
(c). Suppose thap=a and Q = {b, ¢, d}. Since condition 1 of Theorem 5.3 holdsjs
simple in the pictureZ?, 26, 6, B\{b, c, d}). Consequently, the sé&, b, c, d} is simple.
Therefore, condition 4 of Theorem 5.2 is satisfied

In order to prove both conditions of Theorem 5.3, we classify the elements of templ
and state some properties of the set of templ@{gs(see Fig. 3). A noncentral template
element is calledlackif it is always black. A noncentral template element is callétteif
it is always white. Any other noncentral template element which is not white and not bl:
is calledpotentially black A black or a potentially black noncentral template element
callednonwhite A black pointp is deletableif it can be deleted by at least one template i
Tus; p is nondeletabletherwise.

Observation5.4. Let us examine the configuration ofx33 x 3 points illustrated in
Fig. 12. If black pointp is deletable, then all the conditions hold:

1. Pointq is white.
2. Atleast one point irr, s} is white.
3. Atleast one pointirt, u, v} is black.
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FIG. 12. Configuration assigned to Observations 5.4 and 5.6.

Observatiorb.5. Let us examine both configurations illustrated in Fig. 13. Let poin
p andq be black. If pointg is deletable, then all the conditions hold:

1. Pointr is black.
2. All points markeds are white.

Observation5.6. Let us examine the configuration ofx33 x 3 points illustrated in
Fig. 12. If pointq is black, then poinp is nondeletable.

Observation5.7. Let us examine both configurations illustrated in Fig. 14plis
deletable andj orr is black, then poins is white.

The following four lemmas are useful in proving that the parallel reduction operati
given by the set of templatéks is topology preserving.

LEMMA 5.8. Each template irfs deletes only simple points (16, 6) pictures.

Proof. The first point is to verify that there exists a 26-path between any two nonwt
positions (condition 1 of Criterion 5.1). It is sufficient to show that any potentially bla
position is 26-adjacent to a black position and any black position is 26-adjacent to anc
black position (if the template contains at least two black positions). It is obvious by car
examination of the fourteen templatesZins.

Let us examine conditions 2 and 3 of Criterion 5.1. To prove it, it is sufficient to sh
for each template iffys:

1. that there exists a white position six-adjacent to the central position,

2. that for any two white positions six-adjacent to the central posjiiane 6-connected
in the set of white positions 18-adjacentyip

3. and that for any potentially black position six-adjacent to the central pogtithrere
exists a six-adjacent white 18-neighbor which is six-adjacent to a white position six-adja
to p.

L 3/| A
s/ s'/ s"/ I 8/ 51 ?.7 ‘
./’ -7
Sl B Zn i gl
| A4 % i
o 2 7 P P Ve

FIG. 13. Configurations assigned to Observation 5.5.
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FIG. 14. Configurations assigned to Observation 5.7.

The three points are obvious by a careful examination of the templafggs.in m

LEMMA 5.9. Let us examine thg x 3 x 3 configurations illustrated in Figl5. Point p
is simple in each of them.

Proof. lItis to be shown that Criterion 5.1 is satisfied. It can be seen as we did it in
case of Lemma5.8.m

LEMMA 5.10. Let p be any black point in any pictufé = (Z3, 26, 6, B) so that p is
deletable. Let QC (N1g(p)\{p}) N B be any set of black points in pictufe so that each
pointin Q is deletable andige Nig(02), forany g € Q and ¢ € Q. Then p is simple in
the picture(Z3, 26, 6, B\ Q).

FIG. 15. Configurations of Lemma 5.9. Poiptis simple in each of them. Note that each point marked “
is black, each point markea™is white, and each point marked“may be either black or white.
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FIG. 16. Configurations if pointp can be deleted by templafd. (a) or templatel2 (b).

Proof. We know that each deletable poiptis simple by Lemma 5.8. It can be statec
that the value of any point coinciding with a potentially black template position does |
alter the simplicity ofp. Therefore, itis sufficient to deal with deletable points that coincic
with black template positions. For brevity, each template position markegsée Fig. 3)
is regarded as™ (don't care). It is easy to see that the modified templatds {2, andT3)
delete only simple points, too.

The following points are to be investigated:

1. Pointp can be deleted by templafd or T2. Let us examine both configurations of
3 x 3 x 3 points illustrated in Fig. 16. Poigtcoincides with the only black position of the
considered templates. ¢fe Q then each point markeslis white and point is black by
Observation 5.5. Then poiptcan be deleted by templal8. Therefore pis simple after the
deletion ofQ by Lemma 5.8. (Sinc® contains deletable pointsg Q by Observation 5.6.)
2. Pointp can be deleted by templai@. Letq be the black point so that coincides with
the only black position of 3. SinceQ contains deletable pointg,¢ Q by Observation 5.6.
3. Pointp can be deleted by templaid. Let us examine the configuration 033 x 3
points illustrated in Fig. 17. Since the template contains two black positions (coincid
with g; andqy), the following three cases are to be distinguished:
(a) g1 € Q, g2 € Q. Each point marked is white by Observation 5.5. Then poipt
can be deleted by templatd. Therefore p is simple after the deletion @ by Lemma5.8.
(b) a1 ¢ Q, 02 € Q. Each point markedl is white by Observation 5.5. Then poipt
can be deleted by templaf@. Therefore p is simple after the deletion @ by Lemma5.8.
(c) 01 € Q, gz € Q. All points markeds are white, all points marketdare white, and
pointr is black by Observation 5.5. Then pointan be deleted by templai@. Therefore,
pis simple after the deletion @ by Lemma 5.8. (Sinc® contains deletable points,g Q
by Observation 5.6.)

\
\
\

\
AN
N

N

NN
N\
\

1‘&
t

FIG. 17. Configuration if pointp can be deleted by templaid.
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FIG. 18. Configurations if pointp can be deleted by templai® (a) or templatel6 (b).

4. Pointp can be deleted by templalé or T6. Let us examine the configurations o
3 x 3 x 3 points illustrated in Fig. 18. These templates contain two black positions (
inciding with g; andgy) and a third one that is not 18-adjacentgoThe following three
cases are to be distinguished:

() 1€ Q,q2 ¢ Q. Points{s,, ..., ss} are white by Observation 5.5. Poigtis black,
since points markedz” are different in these templates. Then pojnis simple after the
deletion ofQ by Lemma 5.9 (see configurations (a) and (c) in Fig. 15).

(b) 1 € Q, 02 € Q. Pointsfty, .. ., ts} are white by Observation 5.5. Pogatis black,
since points markedz’ are different in these templates. Then pomis simple after the
deletion ofQ by Lemma 5.9 (see configurations (b) and (d) in Fig. 15).

(c) a1 € Q, g2 € Q. Both pointss; andts are white by Observation 5.5. It is a contra
diction, since points marked™ are different in these templates.

5. Pointp can be deleted by templal& or T8. Let us examine the configurations of
3 x 3 x 3 points illustrated in Fig. 19. Since these templates contain three black posit
(coinciding withqs, g2, andqs), the following six cases are to be distinguished:

@) 01€Q, 12¢€Q, 3¢ Q. Points{sy, ..., s5} are white by Observation 5.5. Then
point p is simple after the deletion d@ by Lemma 5.9 (see configurations (e) and (f) i
Fig. 15).

(b) 1€ Q, 92€ Q, g3 &€ Q. Points{ty, ..., ts} are white by Observation 5.5. Then
point p is simple after the deletion d by Lemma 5.9 (see configurations (g) and (h) i
Fig. 15).

() 1€ Q,0:¢ Q, gz € Q. Pointu is white and at least one point {ss, ts} is white
by Observation 5.4. Then poimt can be deleted by templafel. Therefore,p is simple
after the deletion of) by Lemma 5.8.

(d) 1€Q, 2€Q, 93¢ Q. Points{sy, ..., S5, 11, ..., t5} are white and point is
black by Observation 5.5. Then poipis simple after the deletion @ by Lemma 5.9 (see
configurations (i) and (j) in Fig. 15).

@ AT (b) S
G/S1 n/;‘) ) u/Ssj7(‘ ) T
/~ | D qll 93/‘ g% | P qll /|
t 1 ts;{/ t/ tlT .
f B i [ B iy
LA Vel Vg LA el Vg

FIG. 19. Configurations if poinp can be deleted by templai& (a) or templatel8 (b).
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FIG. 20. Configurations if pointp can be deleted by templai® (a) or templater 10 (b).

() 1€ Q,02¢ Q,qz € Q. Points{sy, . .., S5} are white by Observation 5.5. Points
white is white by Observation 5.4. Then pojmtan be deleted by templafd.. Therefore,
p is simple after the deletion @& by Lemma 5.8.

) g Q,02€ Q,q3 € Q. Pointsfty, . .., t;} are white by Observation 5.5. Points
white is white by Observation 5.4. Then poptan be deleted by templai®. Therefore,
p is simple after the deletion & by Lemma 5.8.

6. Pointp can be deleted by templal® or T10. Let us examine the configurations
of 3 x 3 x 3 points illustrated in Fig. 20. These templates contain three black positic
(coinciding withqy, g2, andgs) and a fourth one that is not 18-adjacenptdrl he following
six cases are to be distinguished:

(@ a1 € Q,0: ¢ Q,03 € Q. Points{s,, ..., ss} are white by Observation 5.5. Point
t; is black, since points marke@™are different in these templates. Then pginis simple
after the deletion o€ by Lemma 5.9 (see configurations (k) and (I) in Fig. 15).

(b) g1 ¢ Q, 02 € Q, gs ¢ Q. Paints{ty, ..., ts} are white by Observation 5.5. Point
s, is black, since points marked™are different in these templates. Then poris simple
after the deletion of by Lemma 5.9 (see configurations (m) and (n) in Fig. 15).

(c) a1 € Q,02 ¢ Q, g3 € Q. Pointu is white and at least one point {ss, ts} is white
by Observation 5.4. Then poimt can be deleted by templaié& or T6. Therefore,p is
simple after the deletion d® by Lemma 5.8.

(d) g1 € Q,02 € Q, g3 ¢ Q. Both pointss; andt; are white by Observation 5.5. It is
a contradiction, since points markez! ‘are different in these templates.

() e Q,02 ¢ Q, 03 € Q. Points{s,, ..., s5} are white by Observation 5.5. Point
u is white is white by Observation 5.4. Poittis black, since points marked™are dif-
ferent in these templates. Then pojnis simple after the deletion @ by Lemma 5.9 (see
configurations (a) and (c) in Fig. 15).

(f) g € Q,q2 € Q, gz € Q. Points{ty, ..., ts} are white by Observation 5.5. Point
u is white is white by Observation 5.4. Poisitis black, since points marked™are dif-
ferent in these templates. Then popis simple after the deletion @ by Lemma 5.9 (see
configurations (b) and (d) in Fig. 15).

7. Pointp can be deleted by templatéd 1, T12, T13, or T14. Let us examine the config-
urations of 3x 3x 3 points illustrated in Fig. 21. There are two poirgg#éndq,) coinciding
with black positions. We can state thiatg Q by Observation 5.6 (since each poitis
deletable). Ifg, € Q, then points is white by condition 1 of Observation 5.4 and paint
is white by Observation 5.7. Then poiptcan be deleted by templale, therefore,p is
simple after the deletion d@ by Lemma5.8. m

LEMMA 5.11. Let C be an object in pictur® = (Z3, 26, 6, B). If object C is contained
in a unit lattice cubethen C cannot be deleted completely by the set of templates
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FIG. 21. Configurations if pointp can be deleted by11 (a), T12 (b), T13 (c), orT14 (d).

Proof. Letusexamine the unitlattice cube asitisillustrated in Fig. 22. The eight corr
are subdivided into two disjoint sets of poif{s= {X1, Xz, X3, X4} andY = {1, Vo, V3, Ya}.
Two cases are to be distinguished:

(& XNC #£4;
(b) XNC=4a.

Let us examine case (a). If point; € C (i.e., X4 is black), then it is nondeletable
since condition 2 of Observation 5.4 is not satisfied. If paifg C (i.e., X4 is white), then
{X1, X2, X3} NC #£ . If point x3 € C (andxy4 is white), then it is nondeletable, since conditiol
2 of Observation 5.4 is not satisfied. If poigte C (andx, is white), then itis nondeletable,
since condition 2 of Observation 5.4 is not satisfied, too. Finaliyifxs, X4} NC =¥ (i.e.,
they are white), then poing; € C (sinceX N C # ). In this casex; is nondeletable since
condition 2 of Observation 5.4 is not satisfied. It has been showrCtltaintains at least
one nondeletable point. Therefof@ cannot be deleted completely in case (a).

As far as (b) is concernedt,N C # ¢, since objecC contains at least one black point. I
can be carried out by analogy to the case (a.

We are ready to prove the main theorem.

z 143:'2—%/
/JW

Lq—Ys3

Y2

FIG. 22. Unit lattice cube containing the sets of poitts= {xi, X2, X3, X4} andY = {yi, Y, ¥, Ya}.
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THEOREM5.12. Both the curve thinning algorithm and the surface thinning algorithr
are topology preserving.

Proof. The parallel reduction operation given by the set of templagedulfills both
conditions of Theorem 5.3 by Lemma 5.10 and Lemma 5.11. Consequently, the first s
eration of the curve thinning algorithm is topology preserving. It can be proved for 1
other 11 subiterations in a similar way. The entire curve thinning algorithm is topolc
preserving, since it is composed of topology preserving operations.

It is easy to see that the parallel reduction operation given by the set of tenplates
deletes less kinds of simple points than the operation given by the set of tenifilates
Consequently, the first subiteration of the surface-thinning algorithm is topology preserv
It can be seen for the other 11 subiterations of the surface-thinning algorithm; therefor
is topology preserving. m
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