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Abstract

Images taken from different views of a planar object are
related by planar homography. Recovering the parameters
of such transformations is a fundamental problem in com-
puter vision with various applications. This paper proposes
a novel method to estimate the parameters of a homography
that aligns two binary images. It is obtained by solving a
system of nonlinear equations generated by integrating lin-
early independent functions over the domains determined
by the shapes. The advantage of the proposed solution is
that it is easy to implement, less sensitive to the strength
of the deformation, works without established correspon-
dences and robust against segmentation errors. The method
has been tested on synthetic as well as on real images and
its efficiency has been demonstrated in the context of two
different applications: alignment of hip prosthesis X-ray im-
ages and matching of traffic signs.

1. Introduction

Perspective images of planar scenes are usual in percep-
tion of man made environments. In such cases, a planar
scene and its image are related by a plane to plane homog-
raphy, also known as a plane projective transformation. Es-
timating the parameters of the transformation between two
views of the same planar object is a fundamental problem
in computer vision with various applications (e.g. registra-
tion [16], shape matching [12], image mosaicing). It is well
known that the mapping between two such images is also a
planar homography.

Basically there are two classical approaches: One of
them is called landmark based, which consists in establish-
ing correspondences between feature points and then the
transformation parameters are obtained as a solution of a
system of homogeneous equations set up using the coor-
dinates of point pairs (see [16] for a good survey on clas-
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sical techniques). On the other hand, featureless methods
estimate the transformation parameters directly from im-
age intensity values over corresponding regions [10]. Both
approaches rely on the availability of rich radiometric in-
formation: Landmark based methods usually match local
brightness patterns around salient points while featureless
methods make use of intensity correlation between image
patches. In the case of differently exposed images, re-
searchers have proposed time consuming algorithms to cope
with brightness changes across image pairs. Recently, Fran-
cos et al. proposed an elegant solution for the estimation of
a homeomorphism [5] between graylevel images. Assum-
ing that corresponding regions have been identified and the
intensities within these region pairs differ only by a zero
mean Gaussian noise, they transform the matching problem
into the solution of a linear system of equations. In many
cases, however, radiometric information may not be avail-
able (e.g. binary shapes), or it is either very limited (e.g. im-
ages of traffic signs, letterings) or heavily distorted (e.g. X-
ray images). This makes classical brightness-based features
unreliable thus challenging current matching techniques.

While many techniques exists for matching graylevel
or color image pairs, the alignment of binary images (or
shapes) received less attention. This problem is challenged
by the lack of rich radiometric information on which clas-
sical approaches are based. On the other hand, most of the
current approaches to binary registration are restricted to
the affine group [1]. The extension of these methods to a
general plane projective transformation is far from trivial
because an affine transformation is linear in the plane while
a planar homography is usually not. For example, in [1]
Domokos et al. showed that it is possible to trace back the
affine matching problem to an exactly solvable polynomial
system of equations. Another approach is using only the
contour points of continuous regions. In [12], a novel simi-
larity metric, called shape context, is proposed which is then
used to establish correspondences between contour points.
The shape matching problem is then solved via the mini-
mization of an energy functional constructed from the point
matches.



In this paper, we propose a novel method to recover a
planar homography between binary shapes. The proposed
method does not need any feature extraction or established
correspondences, it works only with the coordinates of the
foreground pixels. The basic idea is to set up a system of
nonlinear equations by integrating a set of nonlinear func-
tions over the image domains and then solve it by classical
Levenberg-Marquardt algorithm. We show that the method
provides good results on a variety of real images where clas-
sical methods fail. Furthermore, we quantitatively analyze
the performance and robustness of the algorithm on a large
set of synthetic images.

2. Estimation of planar homographies

In a general setting, we are looking for a plane projec-
tive transformation which aligns a pair of binary images
(or shapes) such that one image (called the observation)
becomes similar to the second one (called the template).
Let us denote the homogeneous coordinates of the template
and observation points by x' =[x}, 24, 24]7 € P? and
y' = [y}, yh, y4]T € P2 respectively. The identity relation
for the aligning planar homography is then as follows

y =Hx & x'=H'y, (1)

where H = {h;;} is the unknown 3 x 3 transformation
matrix that we want to recover. Note that H has only 8 de-
gree of freedom thus one of its 9 elements can be fixed (we
set hgs = 1)!. As usual, the inhomogeneous coordinates
y = [y1,y2]T € R? of a homogeneous point y’ are given
by
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where ¢; : R? — R. Indeed, planar homography is a
linear transformation in the projective plane P2, but it be-
comes nonlinear within the Euclidean plane R2. The non-
linear transformation corresponding to H is denoted by
0 :R? = R? p(x) = [gol(x)7<p2(x)]T, and the identity
relation in Eq. (1) becomes

y=¢x) & x=¢ y), 3)

where o~ : R? — R? is the inverse transformation corre-
sponding to the inverse homography H™'. The main chal-
lenge here is that we can only observe the inhomogeneous
coordinates x and y. As a consequence, we cannot han-
dle the problem as a linear one, we must use the nonlinear
relation (.

1

lTheoretically hs33 could be 0 or small. However, we normalize the
coordinates of the input shapes into [—0.5, 0.5], center of mass being the
origin. Thus if A3z = 0 or small then H would map the origin into infinity
or a very distant point, which is quite unlikely to be observed in practice.

2.1. Direct solution

Classical landmark-based approaches would now iden-
tify at least 4 point pairs and solve the system of linear equa-
tions obtained from Eq. (3). However, we are interested in
a direct solution without solving the correspondence prob-
lem. For that purpose, let shapes be represented by their
characteristic function x : R? — {0, 1}, where 0 and 1 cor-
respond to the background and foreground respectively. If
we denote the template by x; and the observation by x,,
then Eq. (3) implies

Xo(¥) = Xo(p(%)) = x¢(x). @)

Since we do not have established point pairs, we cannot
directly use Eq. (3)—(4). However, we can multiply these
equations and then integrate out individual point correspon-
dences

/ Yxo(y)dy = / P (X)) dx,  (5)
RQ R2

where the integral transformation y = ¢(x), dy =
|J,(x)| dx has been applied. The Jacobian determinant
|J,| : R? — R is given by

9p1 O |H‘
o)l =| 2 o | - ©
# 9¥2 (h31(£1 + h32$2 —+ ].)

Since x; and ¥, take only values from {0, 1}, multiply-
ing Eq. (3) and Eq. (4) essentially restricts the integrals in
Eq. (5) to the foreground regions F; = {x € R?|x;(x) =
1} and F, = {y € R?|x,(y) = 1}. Thus we obtain a finite
integral equation

/f iy = /f ) ) )

This equation implies that the finite domains F; and F, are
also related by the unknown transformation ¢, i.e. we match
the shapes as a whole instead of point correspondences.
In fact, Eq. (7) is a nonlinear system of two equations for
Yi, pi(x) (i = 1, 2). Unfortunately, two equations alone are
not enough to solve for 8 unknowns.

In order to generate more equations, let us remark that
the identity relation in Eq. (3) remains valid when a function
w : R? — R is acting on both sides of the equation [5, 1].
Indeed, for a properly chosen w

wy) =wle®x) & wx) =we ') ®

Intuitively, w generates a consistent coloring of the binary
shapes as shown in Fig. 1. The basic idea of the proposed
approach is to generate enough linearly independent equa-
tions by making use of nonlinear w functions. Clearly, each
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Figure 1. The effect of the w; functions. Top: the generated color-
ing of a binary shape for various functions, where f(a,n,m) =
(z1cosa — zosina)™(z1sina + x2cosa)™ and g(n,m) =
sin(nmx1) cos(mmxz). Bottom: the corresponding volumes.

applied w generates one equation. Let w; : R? — R
(i = 1,...,¢) denote the set of adopted nonlinear func-
tions. We thus obtain the following set of integral equations
from Eq. (7) and Eq. (8)

/ wi(y)dy:/ wi(p(x)) | (x)|dx.  (11)
Fo Fi

In order to solve for all unknowns, we need at least 8 equa-
tions, hence ¢ > 8. Of course, since w; is also applied
to the unknowns, the resulting equations will be nonlinear.
Note however, that the generated equations contain no new
information, they simply impose new linearly independent
constraints. Indeed, from a geometric point of view, Eq. (7)
simply matches the center of mass of the femplate and ob-
servation while the new equations of Eq. (11) match the
volumes over the shapes constructed by the nonlinear func-
tions w; (see Fig. 1). The parameters of the aligning planar
homography are then simply obtained as the solution of the
nonlinear system of equations in Eq. (11).

2.2. Numerical implementation

We have constructed our equations in the continuum but
in practice we only have a limited precision digital im-
age. This means that the integrals in Eq. (11) can only be
approximated by a discrete sum over the foreground pix-
els introducing an inherent, although negligible error into
our computation. The continuous domains F; and F, are
represented as finite sets of foreground pixels denoted by

— (ha2hi1 — haihi2)yz + haghin — h21h12)3

{X”}n , and {Ym}m 1> where NV and M are the num-
bers of the foreground pixels of the femplate and observa-
tion respectively. Then Eq. (11) can be approximated by the

following equation fori =1,...,¢
M
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Depending on the w; functions, the summed values can be
highly varied causing numerical instability. One way to
avoid that is normalizing image coordinates to an appropri-
ate interval (e.g. [—0.5,0.5]), and choosing w; with a lim-
ited range (e.g. [—1, 1]). Note that normalization involves a
non-uniform scaling (s1, s2) and (1, t2) taken into account
in Eq. (12)—(13). Moreover, each equation can also be writ-
ten in three alternative forms by making use of the inverse
transformation ¢! (y) and the reverse integral transforma-

tion x = ¢ (y), dx = |J,-1(y)|dy:
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(13)
where ¢! and |.J,,-1| are defined in Eq. (10). Note that the
above equations are equivalent to Eq. (12), including them
into the system is redundant in the mathematical sense.
However, in practice they play an important role in ensur-
ing numerical stability of the final solution. Therefore in
our implementation, we use all four equations for each w;.

In our experiments, we have empirically tested a number
of potential {w;} sets and found the following set satisfac-
tory for all test cases:

w;(x) = (z1 cosa — xosin @)™ (z1 sina + x5 cosa)™ (14)
i = 1,...,12, using all combinations for a € {O7 s %}
and (n,m) € {(1,2), (2,1), (1,3), (3, 1)}.



It is clear that Eq. (12)—(13) are nonlinear. However
it can be solved efficiently by Levenberg-Marquardt algo-
rithm (an iterative least-squares minimization algorithm).
Initial parameters can be set to the identity transformation
(i.e. h11 = hos = hzz = 1, the others equals to 0). Since
in practice the template and the observation often have sig-
nificantly different sizes, the solution can be improved by
initializing scaling as h11 = haa = /M /N. The solution
of Eq. (12)—(13) gives the parameters of the transformation
and the registered image is obtained by applying it to the
template. See Algorithm 1.

Algorithm 1: Pseudo code of the proposed algorithm

Input : Binary images: femplate and observation
Output: Parameters of the aligning planar
homography

1 Choose asetofw; : RZ =R (i=1,...,¢>28)

2 Find a least-squares solution of the system of
equations Eq. (12)—(13) using Levenberg-Marquardt
algorithm. Initialize the solver by
hi1 = hes = \/M/N, h33 = 1, and 0 elsewhere

3 The solution gives the parameters of the
transformation

3. Experimental results

The proposed method has been tested on a database of
37 different shapes and their transformed versions, a total of
~ 1500 images of size 256 x 256. The applied plane projec-
tive transformations of the normalized template (i.e. within
[—0.5,0.5]) were randomly composed of 0.5, ..., 1.5 scal-
ings; —7,..., 7 rotations along the three axes; —1,...,1
translations along both x and y axis and 0.5, ..., 2.5 along
the z axis; and a random focal length chosen from the
[0.5,1.5] interval. Intuitively, these are projective transfor-
mations mapping a template shape from a plane placed in
the three dimensional space to the zy plane. Some typical
examples of these images can be seen in Fig. 2.

In order to quantitatively evaluate registration results, we
defined two kind of error measures. The first one (denoted
by €) measures the distance between the true ¢ and the es-
timated ¢ transformation. Intuitively, e shows the average
transformation error per pixel. Another measure is the abso-
lute difference (denoted by §) between the observation and
the registered image.

RA{Y™},0,

N
1
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€ N;Hw( )—e(XM), o ESTa

where A is the symmetric difference and R denotes the set
of pixels of the registered shape. A summary of these results

Figure 2. Example images from the synthetic data set and regis-
tration results. The third column shows the results obtained by
Shape Context [12] while the last column contains the results of
our method. The template and the registered observation were
overlayed, overlapping pixels are depicted in black whereas non-
overlapping ones are shown in gray.

Runtime (sec.) 6 (%) € (pixel)

SC[12] Prop. SC[12]  Prop. | SC[12] Prop.
m | 98.72 2638 | 2.69 0.11 - 0.10
wo| 102,78  37.41 4.41 0.76 - 3.67
o | 2826 49.01 479  3.72 - 21.91

Table 1. Test results and comparison of the proposed method to
Shape Context [12] (m denotes the median while x and o denotes
the mean and deviation of the values).

missing pixels (%) 5 15 20 25
6 (%) 1.36 4.00 538 6.72
€ (pixel) 1.08 329 442 540

size of occlusion (%) 1 2.5 5 10
6 (%) 146 336 5.62 9.86
€ (pixel) 1.98 457 797 13.90

Table 2. Median of error measures versus amount of randomly re-
moved pixels (top) and size of random occlusions (bottom).

is presented in Table 1. We have also compared the perfor-
mance of our method to that of Shape Context [12], a novel
shape matching algorithm developed for nonlinear registra-
tion of binary images. For testing, we used the program
provided by the authors, its parameters were set empirically
to their optimal value (beta_init = 30, n_iter = 30, an-
nealing rate r = 1).

In practice, segmentation never produces perfect shapes.
Therefore we have also evaluated the robustness of the
proposed approach on the same dataset against two types
of missing data. In the first test, we randomly removed



Figure 3. Registration results on traffic signs. The images used as femplates are shown in the first row, and below them the corresponding
observations with the overlayed contour of the registration results (the average § error was 12.47% on these images).

5%, ...,25% of the foreground pixels from the observa-
tion before registration, while in the second case we oc-
cluded continuous square shaped regions of size equal to
1%, ...,10% of the shape. Table 2 shows the quantitative
error measures versus the percentage of segmentation er-
rors. Our method provides good results up to as high as
20% missing pixels and 5% occlusions.

3.1. Real images

The performance of our method has also been evaluated
on real images in the context of two important application
areas.

Traffic sign matching. Traffic sign detection and recog-
nition is an important application area where one of the key
tasks is the matching of a projectively distorted sign with a
template. Herein, we have used classical thresholding and
some morphological operations for segmentation but auto-
matic detection/segmentation is also possible [11]. Each
template-observation image pair contains pictures of differ-
ent signboards. Fig. 3 shows some of our registration re-
sults. The main challenges were strong deformations, seg-
mentation errors and variations in the style of the depicted
objects. For example, the observations in Fig. 3(h)-3(j)
do not contain exactly the same shape as the object on the
image used as template. In particular, the STOP sign in
Fig. 3(i) uses different fonts. In spite of these difficulties,
our method was able to recover a quite accurate aligning
transformation.

Registration of medical X-ray images. Hip replacement
is a surgical procedure in which the hip joint is replaced by
a prosthetic implant. In current practice, clinicians assess
loosening of the implant by inspecting a number of post-
operative X-ray images taken over a period of time. Ob-
viously, such an analysis requires the registration of X-ray
images as shown in Fig. 4. Since one is looking for de-
formations of the bone surrounding the implant, alignment
must be based on the implant as it is the only imaged part
which is guaranteed to remain unchanged from one image
to the other. There are two main challenges here: One is

SC [12] Proposed

SIFT [9]

6=1.15%

0=2.71%

§=1.10%
Figure 4. Registration results on hip prosthesis X-ray images. The
overlayed contours show the aligned contours of the correspond-
ing images on the left. Images in the second column show the
registration results obtained by SIFT [9]+homest [8], in the third
column the results of Shape Context [12]+homest [8], while the
last column contains the results of the proposed method.

§=6.55%

the highly non-linear radiometric distortion which makes
any graylevel-based method unstable. Fortunately, the seg-
mentation of the prosthetic implant is quite straightforward,
herein we used active contours to segment the implant. The
second problem is that the true transformation is not a plane
projective one, it also depends on the position of the implant
in 3D space. Indeed, there is a rigid-body transformation in
3D space between the implants, which becomes a projective
mapping between the X-ray images. Fortunately, the pla-
nar homography assumption is a good approximation here
as the X-ray images are taken in a well defined standard
position of the patient’s leg. Some registration results are
presented in Fig. 4. To achieve ultimate performance, we
have ran additional tests to determine the optimal parame-
ters for the function set Eq. (14) and found « € { 0,% %}
and (n7 TTL) € {(17 2)a (27 1)7 (2v 3)7 (37 2)}



Figure 5. Registration results on traffic signs obtained
by SIFT [9]+homest [8] (first row) and Shape Con-
text [12]+homest [8] (second row). The contours of the
registered images are overlayed.

Comparisons. Since the grayscale versions of the images
were available, it was possible to compare our method to
a feature-correspondence based solution. For that purpose,
we have used homest [8], which implements a kind of “gold
standard” algorithm composed of [15, 6]. The point corre-
spondences has been extracted by the SIFT [9] method. As
input, we provided the masked signboard region for traffic
sign matching and the prosthesis region for medical regis-
tration. Furthermore, we have also extracted point corre-
spondences established by Shape Context [12]. Here, the
input was the binary mask itself used for SIFT as well as
for our method. Although the SIFT parameter called dist-
Ratio, controlling the number of the extracted correspon-
dences, has been manually fine-tuned, we could not get re-
liable results due to the lack of rich radiometric features.
Fig. 4 shows two results on X-ray images while on traffic
signs (see Fig. 5), SIFT could not find enough correspon-
dences in about half of the cases. As for Shape Context-
based correspondences, we got somewhat better alignments
(an average ¢ of 35.04% for the traffic sign images).

4. Discussion

Although our method is not moment-based, it is interest-
ing to analyze how Eq. (11) is related to moments. Image
moments and invariants were introduced by Hu [7] for 2D
pattern analysis. Since then, they became one of the most
popular region-based descriptors because any shape can be
reconstructed from its infinite set of moments [4]. Tradi-
tional two dimensional (p + ¢)th order moments of a func-
tion p : R* — R are defined as mpq = [5. 2i2dp(x)dx,
where p,q € Ny. When p is an image function then these
moments are also referred to as image moments. In the bi-
nary case, where objects are represented by their silhouette,
p is a characteristic function yielding my, = [, z{z3dx,
where F = {x € R? : p(x) = 1}. This is often called
a shape moment. Generally, orthogonal moments, such
as Legendre [4] or Zernike moments [13], are numerically
more stable than regular moments. We remark, however,

that orthogonal moments can always be expressed by a fi-
nite set of regular moments.

In this sense, we can recognize a Oth order function mo-
ment of w; in the left hand side of Eq. (11) (just like any
function integral can be regarded as the Oth order moment
of the function itself). Shape moments, on the other hand,
use only polynomials of the coordinates. Obviously, just
like Legendre, or Zernike moments, our function moments
could also be expressed in terms of such shape moments
whenever the adopted w; functions are polynomial. When
w; is not a polynome then it should be expressed in terms
of its Taylor series, which again results in an approximat-
ing polynome which in turn yields an infinite sum of shape
moments. The right hand side of Eq. (11) is more complex
as it includes the product of the unknown transformation
©(x) and its Jacobian determinant |.J,(x)| which are not
polynomes. Therefore, independently of the choice of w;,
it could be expressed in terms of shape moments only by
expanding it into a Taylor series.

It is thus clear that our system of equations outlined in
Eq. (11) cannot be rewritten in terms of a finite set of classi-
cal shape moments, and hence not even in terms of orthog-
onal moments. This result corresponds to similar findings
reported in [14, 3] in the context of projective invariants.
What we propose in this paper is another approach, which
—starting from the identity relation in Eq. (3)— builds up an
elegant method to generate an arbitrary set of linearly inde-
pendent equations.

Invariance vs. covariance. Moment invariants [7, 14] are
extensively studied as they provide a powerful tool for shape
matching. There is a well established theory on affine in-
variants [2] and recently important results on the existence
of projective moment invariants has also been reported [3].
Herein, we are not interested in constructing invariants (i.e.
a function that is immune to the action of the projective
group). All we need is sufficiently many linearly indepen-
dent equations containing the parameters of the planar ho-
mography o(x). For that purpose, we need covariant func-
tions (i.e. pairs of functions that vary with the actual trans-
formation). Nevertheless, our framework also offers a way
to define projective invariants. For that purpose, the Jaco-
bian |.J,(x)| and the parameters h;; of ¢(x) appearing in
the integrand of the right hand side of Eq. (11) has to be
eliminated. One way to achieve this is to follow the trian-
gle method proposed in [3] and set w;(x) to be the integral
of the appropriate power of the area of all triangles with one
common vertex X.

Choice of w functions. Theoretically any nonlinear
function (as long as it satisfies Eq. (8)) could be applied for
constructing the system in Eq. (11). In practice, however
the registration result depends on the set of w;, mainly



because in practice our equations are always corrupted
by errors arising from imperfect data (e.g. segmentation
and discretization errors). Since the solution is obtained
via least-squares minimization, our function set should be
unbiased with respect to error calculation. Overall error
of the system in Eq. (11) is obtained as a squared sum of
equations. Since both sides of these equations contain an
integral of the corresponding w; function over the shape’s
domain, the characteristics of ), w?(x) clearly influence
the overall error. In fact, for a particular x, this summation
gives the contribution of a point x to the integral and thus
the measured squared error. In order to ensure an equal
contribution from each pixel, >, w?(x) should be constant
for all x. Basically, this also guarantees that the algebraic
error, which is actually minimized, corresponds to the
geometric error (up to scaling). We found empirically,
that the squared sum of w; functions in Eq. (14) provides
a flat surface which approximates well the above require-
ments. The function sets w;(x) = zPzf" and w;(x) =
sin(nmay) cos(mmag) (with ¢ = 1,...,12 and (n,m) €
{(12), (2,1), (2.2), (13), (3.1), (2.3), (3.2), (3.3), (1.4),
(4,1),(2,4), (4,2)}) have also been considered (see Fig. 1).
However, looking at the characteristics of the surface of
the square-summed functions, it turns out that they do
not satisfy our flatness criterion. As a result, they yield
erroneous alignment. For example, experimental results on
the traffic sign images of Fig. 3 show that the mean ¢ error
were 14.08% for the first set and 19.28% for the second
one; as opposed to 12.47% for the set in Eq. (14).

5. Conclusions

We have proposed a novel approach for planar shape
alignment. The fundamental difference compared to clas-
sical image registration algorithms is that our model works
without any landmark, feature detection, or correspon-
dences by adopting a novel idea where the transformation
is obtained as a solution of a set of nonlinear equations. Ex-
perimental results show that the proposed method provides
good alignment on both real and synthetic images. Fur-
thermore, its robustness has been demonstrated on a large
synthetic dataset as well as on real images. Although our
method clearly dominates state of the art correspondence-
based methods, it has to be noted that, being calculated
from the whole object, our equations are sensitive to par-
tial occlusions. On the other hand, a common limitation
of classical approaches is that they assume a deformation
close to identity in order to establish reliable correspon-
dences. Therefore we see our contribution as a complemen-
tary method rather than a replacement for all previous reg-
istration algorithms. Its superiority can be fully exploited in
applications where occlusion can be kept at a minimum (e. g.
medical imaging or industrial inspection), while feature-
based methods can be more efficient when occlusions are
common (e.g. surveillance). A rigorous theoretical analysis
on how to select an optimal {w; } set is an important issue,

which will be the subject of future research.
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