ANOTHER PROOF OF THE MARKOV—POST THEOREM *

By
LASZLO KALMAR (Szeged), corresponding member of the Academy

The word problem for associative systems (i. e. semigroups without
postulating the cancellation law) has been proved to be unsolvable by any
(finite, general recursive) algorithm independently and simultaneously by
Post! and MARKOV.2 MARKOV’s probf is simpler than that of PosTt’s ;3
moreover, MARKOV obtained by means of his method some further results
about the non-existence of some algorithms in the theory of associative
systems.*

In the present paper, I shall give another proof for the non-existence
of an algorithm to the effect of solving the word problem for associative
systems. My proof seems to show some advantages over both Post’s and

* Inaugural address, delivered 30 January 1950.

L E. L. Post, Recursive unsolvability of a problem of Thue, The Journal of Symbolic
Logic, 12 (1947), pp. 1—11.

2A. Maprxos, HeBoamoskuocts HEKOTOPBIX aArOPH(h)MOB B TEOPHH ACCOLMATHBHBIX
cucrem, loknaael Akanemuun Hayxk CCCP, 55 (1947), pp. 587—590.

3 Indeed, Posr relies besides (1) on a theorem of Church’s stating the non-existence
of a decision algorithm for A-convertability (see A. CHurcH, An unsolvable problem of
elementary number theory, American Journal of Math., 58 (1936), pp. 345—363), (2) on
Rosser’s combinatorial equivalent of the calculus of A-conversion (see J. B. Rosser, A
mathematical logic without variables, Annals of Math., (2) 36 (1935), pp. 127—150 and
Duke Math. Journal, 1 ( 1935), pp. 328-355), (3) on Post’s transformation method of
logical systems in canonical form to those in normal form (see E. L. Posr, Formal reduc-
tions of the general combinatorial decision problem, American Journal of Math., 65 (1943),
pp. 197—215), which have been used also by Markov, (4) on Post’s (very easy) transfor-
mation method of logical systems in normal form to those in normal form and containing
but two primitive letters (see E. L. Posr, Recursively enumerable sets of positive integers
and their decision problems, Bulletin of the American Math. Society, 50 (1944), pp. 284 —
316, especially footnote 8), and (5) on Turing’s theory of computing machines (see A. M. TuriNg,
On computable numbers, with an application to the Entscheidungsproblem, Proceedings
of the London Math. Society, (2) 42 (1937), pp. 230—265 and 43 (1937), pp. 544—546).

4 See, besides loc. cit. 2, A. Mapxos, Hesoamosuocts HEKOTOPBIX aIrOpumos B
Teopmi accounaTuBHbIX cucrem I, Toxknapgwel Axagemun Ha yrx CCCP, 58 (1947),
pp. 353—3536, as well as A. Mapkos, HeBo3mOKHOCTS HEKOTOPBIX AITOPUTMOB B TEOPHIt
accoupaTuBHeIX cucreM, lokaane Akagemnn Hayx CCC P, 77 (1951), pp. 19—20.
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2 L. KALMAR

MARKOV’s proofs especially for readers who are not acquainted with CHURCH’s
theory of A-convertability ® nor with PosT’s reduction theory of logical systems.

1. An associative system is a set in which an associative binary operation,
called multiplication, has been defined. We denote the result of this opera-
tion, applied to the elements a and b, by ab; we call it the product of a
and b. On account of the associative law (ab)c=a(bc), a product a,a;. .. a
of several factors has an obvious sense (a, for [=1). We confine ourselves
to associative systems containing a unit, i.e. an element e for which we
have ae — ea—a for every element a of the system. For [=0, we define
the “empty product” @\a,... @ to denote e.

An equation of the form

1) aia, ... a,=aa,. .. a,
is called a relation; moreover, a relation i@y, g be s auaific eachisof
i],i-_),...,i;-,jl,jg,...,js ]S one Of 1,2,...,1. If 4ai‘, aiz,0--7a17,,;ajl,a,'__,,...,ajﬂ

denote some elements of an associative system 9, we say, the relation (1)
holds in 9, or ¥ is satisfying (1), if @i, ... @, is the same element of A
as a;a;, . dj,.

As an instance of an associative system, form the finite sequences or
“words”, each element or “letter” of which is a member of a given finite set
or “alphabet’. Two words are identical, by definition, if and only if they
contain the same letters with the same multiplicity and in the same order.
The product of two words is defined as the word formed of them by jux-
taposition. In this associative system, called the free associative system on the
given alphabet, the relation (1) holds if and only if it is “trivial”, i. e. if
aiai,...a, and @@, ...aq; are identical words. However, there are associative
systems in which some non-trivial relations hold; e. g. the associative
systems As defined below.

Given a finite system S of relations in @i, @, ..., &, a further relation
in a,a,,...,q is called a consequence of S if and only if it holds in every

associative system containing a,, @, - - & and satisfying each of the relations

5 See, A. Cuurch, loc. cit. 3; A set of postulates for the foundation of logic, Annals
of Math., (2) 33 (1932), pp. 346—366 and 34 (1933), pp. 839—864; A proof of freedom
of contradiction, Proceedings of the National Academy of Sciences (Washington), 21 (1935),
pp. 275—281; Mathematical logic (Princeton, N. J., 1936) ; The calculi of lambda-conversion
(Princeton, N. J., 1941); A. Cuurct and J. B. ROSSER, Some properties of conversion, Trans-
actions of the American Math. Society, 39 (1936), pp. 472—482; S. C. KLEENE, Proof by
cases in formal logic, Annals of Math., (2) 35 (1934), pp. 529—544; A theory of positive
integers in formal logic, American Journal of Math., 57 (1935), pp. 153—173 and 219—
244 ; A-definiability and recursiveness, Duke Math. Journal, 2 (1936), pp. 340—353; ]. B.

Rossker, loc. cit. 3.
6 See E. L. Posr, loc. cit.3; A variant of a recursively unsolvable problem, Bulletin

of the American Math. Society, 52 (1946), pp. 264—268; and loc. cit. .
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Of &S, I‘l.1e word problem for associative systems, relative to a given sysiem S

of relations, consists in asking for an algorithm by means 0? whiclfl i

any relatign in a,a, ...,a, we could decide if it is a consequence (’)fgéven
Obviously, a relation in a,,a,,..., @ is certainly a consequence o‘f a

- system S of relations in a,, a,,...,a if it can be obtained from the relation

2l and from the relations of S by means of a finite number of multipli-
cat!ons by one of a;,a,,...,a on the left or on the right as well as a pli-
cations of the transitivity law; i. e. if it is a theorem of the followin foegwal
system @s. Symbols of ds are a,,q,,...,a;, = . Terms of 'dis are thg(; words
formeq of the letters ay, as, ..., a;. Formulae of ®; are the relations between
such words, i. e. t==u, where t and u are terms of ®s. Axioms of ®: are
e==¢ (e denoting the empty word) as well as the relations of S Theosrems
of @&s are (i) the axioms of @s; (i) a,t=a,u, a.t —=a,u, .. 'at~~0 u
‘ta] =uaq, ta,=ua,,...,taq,=—uq, if t=u is a theorem o-f :1)5"’(ii;) u; ’
if t==u and t=—=v are theorems of ®s; (iv) nothing else.” Con;/ersely each
consequence of the system S is a theorem of the formal system @ lr’ldeed
the .predlcates “t=u is a theorem of @s” between the terms S(.of D) is’
obviously an equivalence predicate, and, as easily seen, the equivalence zlas-
ses of t'he free associative system on the alphabet {a,,a,,..., ) form an
associative system?® s such that a relation in al,a.),...:’a, h’oldjs in As if
gnd only if it is a theorem of ®s. Hence, the relation-s of the system S th)ld
in As and a relation which is not a theorem of @s, not holding in s, is no
consequence of S. Thus, the word problem relative to a system S c;f rela-
thl}s can be formulated alternatively as asking for an algorithm by means of
which, given two terms t and u of @s, we could decide if t — u is a theorem

p I

" L. e. the set of theorems of @s is the sm e i
_ S i allest set (the intersection of al i
:l:le :’ij(loms of &g, further, together with t=u, the formulae a;t=a,u, a,t—=a,u : setg)t}li‘z];t:xg
u—l_—_vu;;“ ltag-:uaz,...,ta,:ua,, finally, together with t=1u and tz-v,, t'h’c lformllxlz;
. axi: emefnts. .Hence, we can prove a property of the theorems of &g by proving it
oo holdsnf]cs)roa stbs, t;e‘il,sutpposmg that tt:- u has the property in question, proving that the
_ it=a,u, ast =asu,...,ait =aq,u, ta,—=uaqy, ta,— =
i O a 1 tas=ua,,...,ta;=uaq, to
to7 ,usu‘p;‘)lostmg that t._.u and t=v have !he property in question, proving that thelsame ilolé)s’
Systen; (vizOOQ.”gAISl?llar rinark applies for the set of the theorems of other formal
» < FE, Py, Poy ..., Pp) A
N ?lfg, o1} andl e ) as well as for the set of the terms of some of them
We use the expression “predicate” inst i '
: 3 ead of “rel s i i
his pa})pgr el ation” for the latter is used in
As is called the associative syste g
5 ] : { Ve sy m‘gene/ated by the system S of relations.
a:sgtcl?rqctenzed (irrespective of isomorphisms) by the following propferties.l(i)sQ[ItisC::
WhiChait;vgn:ysftem eaclll element of which can be written as a product each fagtor of
) : of some elements ay, a,, ..., a; of As; (ii) a relation i
in Ag 1i0aRd 1:mlyfif it is a consequence of the syste(m) S. Lo 1OICS
third formulation of the word problem relativ ‘
ot t ; e to a system S of relati i
1 Qay .., ay, perhaps the most interesting one for the algebraist, is to ask foflaatilogfggi

1%



4 I. KALMAR

2. My proof for the Markov—Post theorem is based on a theorem. due
to KLEENE !! according to which a general recursive function R(x, y) of two
variables can be given for which there is no algorithm by means of which,
given any non-negative integer k, we could decide if the equation R(k, y) =0
in y has a non-negative integer solution. Here a general recursive function?
is an arithmetical function (i.e., a function with non-negative integers as
arguments and values) for which, together with the successor function
F(x)=x-+1 and some additional arithmetical functions (called, together with
F and R, the functions “needed to the definition of R”) a system E of equa-
tions (called a “defining system of equations for R”) can be given with the
following properties. Each equation of E has to be a formula in the formal
system @; defined below. For each function G needed to the definition of
R, and for every sequence ki, Ky, ..., Ks of non-negative integers the number
s of which coincides with the number of arguments of G, the equation
G(F"(0), F**(0), ..., F*(0)) = F"(0) has to be a theorem of the formal sys-
tem ®. for one and only one non-negative integer k which we denote by
k— Gk, ks, ..., k). Here F(0) is an abbreviation for F(F(...F(0)...))
with & symbols F and the formal system %% is defined as follows. Symbols
of @; are 0; an enumerable infinite set of “variables” x,y,...; a finite set
of symbols F, ..., R, called “functors”, for the functions needed to the defi~
nition of R to each of which a positive integer (for F, the integer 1) is
attached as the “number of its arguments”;™ parentheses ( and ) ;
comma , ; equality symbol = . Terms of @ are (i) O and the variables;
(i) for any functor G, the sequence of symbols G(ti. t,, ..., t,) where s is
the number of arguments of the functor G and t,,t,, ..., t; are terms of ¥;
(iii) nothing else. Formulae of ¥ are the sequences of symbols of the form
t—u where t and u are terms of @. Axioms of W are the equations of E.

rithm by means of which, given any relation in ay,as,...,a;, we could decide if it holds
in the associative system s generated by S.

11 S. C. Kieeng, General recursive functions of natural numbers, Math. Annalen,
112 (1936), pp. 727—742, especially theorem XV, p. 741. We do not make use of the
fact that R(x,y) is actually a primitive recursive function. The same result follows,
with a 2-recursive function R, from an unpublished proof of R. PEter for Curcn’s theorem
on the existence of decision problems which are not solvable by any algorithm, by
means of Gope’s theorem on the existence of truth problems unsolvable in a given
postulate system, and, with an elementary function R, from an unpublished proof of mine
for Churci’s above theorem as a particular case of GODEL'S above theorem (see also
L. KaLmér, On unsolvable mathematical problems, Proceedings of the tenth International
Congress of Philosophy (Amsterdam, August 11—18, 1948), pp. 756—1758).

12 See Kieeng, loc. cit. 11, Definition 20, p. 731.

13 We suppose that we never use the same functor for functions with a different

number of variables (as F(x) and F(x, ), e. g.).
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Theorems of W are (i) the axioms of #; (ii) the result of substitution of 0 or
of F(x) for a variable ' x throughout a theorem T of #; (iii) the result of
replacement of a particular occurrence of t in T by u, where T and t=—u
are theorems of ¥&; (iv) nothing else.'?

Instances for general recursive functions are given by Q(x) — x! for which 6

S(x, 0) =ix,
S, F(3)) = F(S(x, 9)),
P(x,0)—0,
P(x, F(3))=S8(x, P(x,»)),
Q(0) = F(0),

Q(F(x)) = P(Q(x), F(x)),
further, by the Ackermann function !’ A(x, y, 2) for which

A(X, Y, O) :S(x’ y);
A(x, 0, F(0)) =0,

A(x, 0, F*(2) ) =x,
: A(xr F(y)r F(Z) T A(X, A(X, Y, F(Z) )’ Z)
1S a defining system of equations. (Here, of course, F*(z) stands for

F(F(F2))).)

b 3. In ’the sequel, let E denote the particular defining system of equations
or KLEENE’s general recursive function R(x,y) referred to; @, denote the

o an;‘(}‘;g:: a gal;zlable x” (and .no't “for the variable x”’) means that x can be replaced
R vat:li't e.too. In a similar sense we use the clause “for a functor G”. —
T };v:uczr: L;tligxsxﬁi):t:(;:cz((f;rfx k txme;lin succession and then, by substitution
X, or x. — Also remark that by substituti
foonrea gfrxable throughout a term or a formula of ¥¢ or more genefally, ?)t;tu:;:ra:;mzx::rg}
oo more occurrences of some terms %g by other terms of ¥t in a term or a formula
T ch)'rn:N? get a term or a formula, respectively, of ¥t again. A similar remark holds for
1 a syste_ms &, and b; (and, trivially, for @, and @;) too.
oy ?lfo iI:s eahsxly shown (by means of t.he proo.f method stated in footnote 7), a formula
i (E)f qfa t el?rem of ng if and only if ther.e is a finite sequence Ty, Ty, ..., T; of for-
A 2 1Et sufc that. Tl' is T, and, for each i=1,2,...,, T; is either an axiom of ¥,
T sult of substitution of 0 or of F(x) for a variable x in one of Ty, T,,..., T;_1,
: wher:stu—~ of .replacement of a particular occurrence of tin one of Ty, T,,..., Ti-; by
of, e th:fgnlnsalon: ;é,;l’r?}zf”() ’If‘,»_.l . Such a sequence Ty, T,,..., T:—; is called a proof
o e Y. E. course, the same holds for the formal systems
notatiol;: .Oen reasons vtfhich will become clear later on, we insist on consequent functional
Al ,Se.eg\.);/ w: write F(x), S(x, y), P(x,y), Q(x) rather than x 41, x -} y, x, x!.
% (1928) 1.18 CK]ESR3MANN, Zum P.lnlbert'schen Aufbau der reellen Zahlen, Math. Annalen,
e » Pp. —133. A(x,y,2) is an 1pstance for a general recursive function which
primitive recursive, whereas Q(x) is a primitive recursive function.
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corresponding formal system @g. 1 shall transform the question ‘“has the
equation R(k,y)=0 in y a non-negative integer soluton?” into the question
“is the relation r, a consequence of the system S of relations?”, 1,1, ...
being a particular sequence of relations in the letters of some alphabet and
S a particular system of relations in the same letters. Then, the word problem
for associative systems, relative to the system S of relations, cannot be sol-
vable by any algorithm, for in the opposite case, there would be an algorithm
by means of which, given any non-negative integer £, we could decide if vy
is a consequence of S, i. e. if the equation R(k, y)=—0 has a non-negative
integer solution y, in contradiction to KLEENE’s theorem referred to.

Our first step towards this transformation is to transform the above
question to an equation depending on k. To this effect, let us introduce the
arithmetical function '®

( 0, if there is an integer m =y for which R(x, m)=0,
Gy Loy 1 otherwise.
Then, the equation R(k, y)=0 has a non-negative integer solution if and
only if we have U(k, 0)=0. :

Now U is no general recursive function.’ However, with the aid of the
auxiliary (general recursive) function

0 if y=0,
(3) V(x, y) = | x if y==0
it can be partially 20 defined by the system E’ of equations arising from E by
subjoining the equations !

A U(x, y)=V(U(x, F(3)), R(x,)),
®) V(U(x, F(3)), 0)=0,
(6) V(U(x, F(9)), F(2)) = U(x, F(3)).

18 We suppose, U (and V) is a functor different from those for the functions
F,..., R needed to the definition of R.

19 Indeed, in the opposite case, the computation algorithm of U(k,0) by means of
a defining system of equations for U would furnish an algorithm for deciding if we have
U(k,0) =0, i. e. ifthere is a non-negative integer solution of the equation R(k, y) =0 in y.

20 In a sense similar to the notion of a partial recursive function; see S. C. KLEene,
On notation for ordinal numbers, The jJournal of Symbolic Logic, 3 (1938), pp. 150—155,
especially pp. 151—152. However, the function U(x, y) as defined by (2), is not partial
recursive (for it is defined for all values of its arguments and it is not general recursive);
£’ is rather a defining system of equations for the partial recursive function

U 0 if there is an integer m =y for which R(x, m) =0,
) = undefined otherwise.

21 The idea of introducing these equations is due,in another form, to Kreene; see

S. C. KiLeenE, A theory of positive integers in formal logic, loc. cit. 5, pp. 230—231.
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We define a formal system @,, analogous to @, (except a slight modi-
fication) but based on the system of equations E’ instead of E as follows.
Symbols of @, are 0, the variables x, y,..., the functors F,..., R as well as
U and V; parentheses ( and ) ; comma , ; equality symbol = . Terms
of @, are (i) O and the variables; (ii) for any functor G, the sequence of
symbols G(t,,t,,...,t;) where s is the number of arguments of G and
t,t,...,t, are terms of @,; (iii) nothing else. Formulae of @, are the
sequences of symbols of the form t==u where t and u are terms of @,.
Axioms of @, are (i) the equations of E"; (ii) the formulae of the form t=t
where t is a term of @,. (The purpose of the modification (ii) will be clear
in section 6, lemma 9). Theorems of @, are (i) the axioms of ®,; (ii) the
result of substitution of 0 or of F(x) for a variable x throughout a theorem
of @,; (iii) the result of replacement of a particular occurrence of t in T by
u, where T and t=u are theorems of @,: (iv) nothing else. Then we have

LEMMA 1. Let k denote a non-negative integer. The formula
(7) U(F*(0),0) =0

of @, is a theorem of ®, if and only if the equation R(k, y) =0 has a non-
negative integer solution in y. Hence, there is no algorithm by means of
Which, given a non-negative integer k, we could decide if (7) is a theorem
of @,. ‘

Indeed, suppose first, the equation R(k,y)=0 has a solution in non-
negative integers y; let / denote its least solution. Then, we have on the one
hand R(k,i) 40, i. e. R(k,i)=ri+1 for some non-negative integers r;
(=0,1,...,1—1), on the other hand R(k [)=0. Hence, the formulae
R(F"(0), F(0)) = F"'(0), i.e.

(®) R(F*(0), F'(0)) = F(F"i(0)) (i=0,1,...,1—1)
and :
) R(F"(0), F'(0)) =0

are theorems of @, and thus of @, too. On the other hand, by (4) (see
footnote 14, second sentence),

U(F*(0), F'(0)) = V(U(F"(0), F""'(0)), R(F"(0), F'(0))
hence, by (8) and (9), _

(10) U(F*0), F'(0)) = V(U(F"(0), F*'(0)), F(F"(0))) (i=0,1,...,1—1),
and i

(11) U(F*(0), F'(0)) = V(U(F*(0), F""(0)), 0)

are theorems of ®,. The same holds, by (6) and (5), for

(12) V(U(F"(0), F**'(0)), F(F"i(0))) = U(F*(0), F*'(0)) (i=0,1,...,1—1)

(== 0A1' 8% )
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and
(13) V(U(F"(0), F'*'(0)), 0)=0

too. By (10) and (12) on the one hand, (11) and (13) on the other hand,
we see that

U(F"(0), 0) = U(F"(0), F(0)),

U(F*(0), F(0)) = U(F"(0), F*(0)),

UF*(0), F'(0)) = U(F*(0), F(0)),
U(F"(0), F'(0)) =0

are theorems of @,; thus U(F"(0),0) =0, i.e. () too.

Suppose now, (7) is a theorem of @,. By F(x) =x+:1 and the equa-
tions of E, the arithmetical functions needed to the definition of R have been
defined so as to render each equation of E verifiable, i. e. true for each
replacement of its variables by non-negative integers. Defining the additional
arithmetical functions U and V by (2) and (3), the same holds for the equa-
tions (4), (5) and (6) too. This is obvious for (5) and (6), for we have
F(m)=m+1==0 for each non-negative integer m. As to (4), we have for
any non-negative integers k and /, in case R(k,[)=0

Uk, Iy = 0= V(U(k, F(l)),0) = V(U(k, F(I), R(k, 1)),
whereas in case R(k,[) + 0 we have

Uk, ) = Uk, [+ 1) = U(k, F(l)) = V(U(k, F()), R(k, 1)),
for either we have R(k, m)=0 for some integer m = [4-1, thus U(k,[) =
=U(k,[+1)=0, or R(k,m)==0 for every integer m =1 (for we have
R(k, 1) ==0), thus U(k,[)= U(k, [+ 1) = 1. Also, obviously, the equations
of the form t =1t are verifiable.

Obviously, substitution of O or of F(x) for a variable x in a verifiable
formula of @, yields a verifiable formula again; also, if T and t=u are
verifiable formulae of ®,, then so is the formula obtained by replacement of
a particular occurrence of t in T by u. Hence, each theorem of @, is verifi-
able, thus, by hypothesis, (7) too; i.e. there is an integer n = O such that
R(k, n) =0 as stated. :

4. The second part of the proof of lemma 1 (from “suppose now” on),
besides being somewhat sketchy, does not fulfil the requirements of proof
theory for it does not provide a calculation method of a non-negative integer
n such that R(k, n) = 0 by means of a given proof of the formula U(F"(0), 0) =0
in the formal system @,. Indeed, the notion of verifiability as defined above
is not a constructive one, owing to the non-constructive definition (2) of
U(x,y). For those readers who are interested in constructiveness distinctions,

I give a proof-theoretical alternative for the second part of the proof. The |

other readers may continue reading with section 5.
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Let us call the terms F"(0) of @, (n==0,1,...) numerals. A term or
a formula obtained from a term t or a formula T of @, by substituting a
numeral for each of its variables is called a numerical instance of t or of T,
respectively. A term or a formula containing no variables is called a numerical
term or formula;®? it is the only numerical instance of itself. E.g., (7) is a
numerical formula. A finite sequence Ty, Ts, ..., T; of (numerical) formulae
such that, for i=1,2, ..., {, T; is either a numerical instance of an axiom
of @,, or the result of replacement of a particular occurrence of t in one of
T T A Taiby utiwheredt—uitis Tone ¥ of i, T, 2201 Thz ; is called /a
numerical proof of T,. Our arguments are based on

LEMMA 2. If T is a theorem of ®,, and T a numerical instance of T,
then there is a numerical proof of Y.

Indeed, 2* this holds if T is an axiom of @,, for then, T alone forms a
numerical proof of T. Suppose, lemma 2 holds for a theorem T of @, and
let T and T” be the results of substitution of O and of F(x), respectively,
for a variable x throughout T. Then, lemma 2 holds for T’ and T” too.
Indeed, any numerical instance of T” or T” is a numerical instance of T too.
For if x,y, ..., v are the variables of T, then substitution of the numerals
F"(0), ..., F'(0) for the variables y,..., v, respectively, in T’ amounts to
substitution of 0, F"(0), ..., F*(0) for the variables x,y, ..., v, respectively,
in T, whereas substitution of the numerals F"(0), F"(0), ..., F*(0) for the
variables x, y, ..., v, respectively, in T” amounts to substitution of F"0),
F"(0), ..., F'(0) for the variables x,y,..., v, respectively, in T. Again,
suppose, lemma 2 holds for some theorems T and T’ of @,, and let T”
be the result of replacement of a particular occurrence of tin T by u, where
T is t=u. Then lemma 2 holds for T” too. Indeed, let T” be any numerical
instance of T”. Substitute in T as well as in T’ (i.e., in t and u) the same
numerals for the variables figuring in T”, (in so far as they figure in T or
in T’) as when forming T” out of T”, whereas for the other variables figuring
in T and T, substitute 0, say. (There are such variables if and only if there
is a single occurrence of t in T and some variables figure in t but neither

22 Obviously, the notion of a numerical term and of a numerical formula could be
defined as follows. Numerical terms are (i) O; (ii) for any functor G, the sequence of
symbols G(t;,ts, ..., t,), where s is the number of arguments of G and ti,t,, ..., t, are
numerical terms; (iii) nothing else. Numerical formulae are the sequences of symbols of
the form t— u where t and u are numerical terms. Hence, a function can be defined
over the class of the numerical terms by defining it for 0 and, supposing its value known
for t,, t,, ..., t,, by defining it for G(t;, ts, ..., t.), where G is a functor having s as its
number of arguments.

28 The proof is a variant of HILBERT’S method of removing back the substitutions
(Riickverlegung der Einsetzungen), however, without dissolution into proof-files (Auflésung
in Beweisfiden); see D. HiLert and P. Bernays, Grundlagen der Mathematik, 1 (Berlin,
1934), pp. 221—228. :
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in u, nor in T outside the occurrence of t.) Thus, we get a numerical instance
T of the formula T as well as numerical instances t and u of the terms
t and u, respectively; and obviously, T” is the result of replacement of some
occurrence of t in T by u. By hypothesis, there are numerical proofs of T
as well as of the numerical instance t==u of T’. By juxtaposing them and
subjoining the formula T”, we get a numerical proof of T”. Hence, lemma 2
holds for every theorem T of @,.

Given a non-negative integer &, we attach to each numerical term a
non-negative integer, called its value, by means of the following definition.
The value of 0 is O (zero). If G is one of the functors F,..., R for the
functions needed to the definition of R, and s is the number of its argu-
ments, then if t,t,,...,t, are numerical terms whose values are k,, k,, ..., ks,
respectively, we define the value of the numerical term G(t, t,, ..., t,) as the
only non-negative integer ! for which G(F"(0), F*(0), ..., F"*(0)) = F'(0) is
a theorem of @,. If t and u are numerical terms the values of which are m
and n, respectively, then we define the value of the numerical term U(t, u)
to be 1 or 0 according as m =k or m ==k and the value of the numerical
term V(t,u) to be O or m according as n=0 or n==0. Obviously, the
value of a numerical term t does not change if an occurrence of a term in t

is replaced by another numerical term with the same value. We call a

numerical formula t= u frue or false according as the numerical terms t
and u have the same value or not.

Suppose now, the numerical formula (7) is a theorem of ®,. Then, by

lemma 2, there is a numerical proof of (7). Let T be the first formula of
this numerical proof which is false (there is such a formula for (7) is false,
the value of its left-hand side being 1 and that of its right-hand side 0).
Then, T is a numerical instance of an axiom of @,. For in the opposite
case, there would be numerical formulae T’ and t=u, belonging to, and
prior to T in, the numerical proof in question, thus true, such that T is the
result of replacement of a particular instance of t in T’ by u. However, this

is impossible, for, t = u being true, t and u have the same value; thus, the .

left and the right hand side of T have the same value as those of T’; but,
T’ being true, its left and right hand side have the same value and thus,
the same holds for T too; i.e. T would be true.

Now, the numerical instances of the equations of E are true in conse-
quence of the unicity requirement in the definition of general recursive
functions. Also, the numerical instances of the axioms (5) and (6) are true
by the definition of the value of a numerical term of the form V(t, u). Plainly,
also the numerical instances of an equation of the form t=t are true. Hence,
T must be a numerical instance of the axiom (4), i.e. a formula of the form
U(F"(0), F"(0)) = V(U(F"(0), F**'(0)), R(F" (0), F" (0))). Here, we must have
m =k, for in the opposite case, U(F"(0), F"(0)) and U(F"(0), F"*'(0))

ANOTHER PROOF OF THE MARKOV—POST THEOREM 11

would have the value 0, hence the same would hold ;flor V(EJ(F’"(O), F H(O)’)]:
R(F" (0), F"(0))) independently of the valu’g of I\:(F 0), F \0)):; and tRLlle
would be true. Hence, T is of the form U(F‘(O),f‘ (0))7: V(U(F(0), F" ( )l)t
R(F*(0), F"(0))). Here, U(F"(0), F"(0)) and U(F”(O), F (O)) have the vth:eO), .
hence, R(F"(0), F"(0)) has the value O, for in the opposite case, V(U( (. ;
F"1(0)), R(F*(0), F"(0))) would have the value 1 and T would be true again.
I.e., we have Rk, n)=0, as stated.

5. Our second step towards the transformation of 'the su.estion “has
the equation R(k,y)=—0 in y a non-negative integer solu‘txon?. into a ques-
tion of being a relation a consequence of -a system of relatlons.xs the OmISSlOI;:
of all parentheses and commas from the formulae of c.DQ; i.e. the usi;
LUKASIEWICZ’s notation system. >* For this purpose, we define a cpunterpar g
of the formal system @, as follows. Symbols of @, are O, the variables x, ¥, ...,

and the functors F, ..., R, U, V, as well as the equality symbol = . Terms
of @, are (i) 0 and the variables x,¥,...; (ii) for any functor G, the sequence
of S};mbols Gt t,...t, where t, t,, ..., t; are terms of @, whose number s

coincides with the .number of arguments of G; (iii) nothing else. Obvxogsly,
omitting the parentheses and commas frgm 0_a term t of @,, we obtamﬁ
term t of @, which we call the simplification® of t; on the other part, eac

term of @, is the simplification of at least one (and, as we shall show 1r;
the sequel, only one) term of @,. Formulae of @; are the sgggencestl?

symbols of the form t=u where t and u are terms of @;. If t,u are le
simplifications of the terms t, u of @,, respectively, then we c'all the iormula.
t— i of @, the simplification of the formula t=u of @,. Again, each formula

arski, Untersuchungen iiber den Aussagenkalkiil,
Naukowego Warszawskiego, Wydz. 111, 23 (1930),
pp. 30—50. For a reader, who is acquainted with Lx.ansmwmz’s notation sxstcfam asa tiv:;tr:]l;
as with its properties, 1 could begin the proqi in wr.mng down the §ysten1l E ol gq:1 ot
in this notation system and then, continue w1t.h section 6. Alternatively, hcould mens g‘o
without Lukasiewicz’s notation system; then, In the formal system @,, 1 shou ; a 9 the.
multiply both sides of an equation Dby any symbol used, also l(d ort ,beorSim ,ler ste
erforjonlthe et {Howseerstel e rantet QL inee il mouid amoun
that of the text, and it would be very stra : ; oant

nsi arentheses ( and ) and the cqmma 5 .as elemen.ts of a
;(;s::igfils: rsyilti;,t}::he?eas our procedure amounts to consider, besides l:) (‘v‘vhlztrlatlsr;g
no sense a “zero element”), the “indeterminates” x,y,..., W as \fvell as t fe (ip 1o
F,...,R, U,V as elements of an associative syst%m ez:dg toF(i(;nilge:h ::hep r:;ﬁ c1tonof e

) roduct of G, x,y,..., and v (€. &, ) :

g)(e’;’aﬁ); ‘1}’ ;znda?heﬁ;;e]d;erminate x), which is mucl} mpre familiar to th;a ;lg;e:ral'st.i) e

% Alternatively, we could define the sir.nphcatxon of_ a t?rmuof 9 ufs.nétor e
simplification of 0 or of a variable x is 0 or x itself, respect.wely, (ii) for antyh unumber
and for any terms t;, t,, ..., t, of @3 the number of which is the same a\?s ‘:here et
of arguments of G, the simplification of G(ty, t2, .-+ t,) is Gtits...t, 3
i=1,2,...,s, t is the simplification of ti.

2% See J. Lukasiewicz and A. T
Sprawozdania z posiedzeq Towarzystwa
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of @, is the simplification of a formula of ®,. Axioms of D, are the simplifi-
cations of the equations belonging to E, as well as the formulae of the form
t—t where t is a term of ®@,. Theorems of @, are (i) the axioms of ®,;
(ii) the result of substitution of O or of Fx for a variable x throughout a
theorem T of @;; (iii) the result of replacement of a particular occurrence
of t in T by u, where T and t=u are theorems of ®,; (iv) nothing else.

The “rules of inference” (ii) and (iii) corresponding exactly to those of
the formal system @,, it is obvious that the simplification of a theorem of @,
is a theorem of @,. In particular, by lemma 1, UF"00—0 is certainly a
theorem of @, if the equation R(k, y) — O has a non-negative integer solution
in y. (Here F*0 is an abbreviation for the term FF... FO of &, with k
symbols F; also, we shall use UF"0* as an abbreviation of UF"00.) However,
the converse is not obvious at all; as a matter of fact, it is a consequence
of the point of LukAsiEwICZ's notation system, viz. its unequivocality. 2¢ To

prove it, the notion of the valency of a symbol (except =) of @,, as
defined below, will be useful. The valency of O or of one of the variables
X, ¥, ... is, by definition, the number —1; the valency of a functor G is, by
definition, s—1, where s is the number of arguments of G. Also, we attach
to a finite sequence of symbols, except -— , of @,, the sum of valencies of
its members as its valency. Throughout this section, we call such a sequence
a word; for any word @, e, ... a; (a;,@,..., e symbols of @, except =),

we call the words®” e (the empty word), a,, ¢ a,, .
sections of a,a, ... a;. Then we have

s @y, g the proper

LEMMA 3. Each term of @, has the valency® —1 whereas its proper
sections have non-negative valencies.

Indeed, this holds obviously for 0 and the variables x, Y, ... Supposing,
the statement of the lemma holds for the terms t,, t,, .ot of @, and G is
one of the functors F,...,R U, YV, having s as the number of its argu-

28 According to my knowledge Lukasiewicz did not publish any proof of the unequi-
vocality of his notation system. The note of K. Mencer, Eine elementare Bemerkung iiber
die Struktur logischer Formeln, Ergebnisse eines math. Kolloquiums, 3 (1930—31), pp. 22—23,
furnishes a proof of the unequivocality in question for a particular case. The general case
is treated in H. B. Curry, Legons de logique algébrique (Paris—Louvain, 1952), pp. 143—
145 as well as in P. C, RosensLoom, Elements of mathematical logic (New York, 1950),
pp. 153—157 and 205. (The work of Currv has appeared after the manuscript of {his
paper has been completed; as to the work of RosensLoom, I got aware of its existence
by a quotation of Curry, loc. cit, p. 142))

* We do not make any distinction belween a symbol and the word formed of
that symbol alone.

3 In contrast to chemistry, here “saturated compounds” have the valency —1 and
not 0, for they can serve at the same time as radicals out of which further compounds
can be made (by means of a functor). For the same reason, a functor which needs s terms
in order to get saturated, has the valency s—1 and not s as it would have in chemistry.
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ments, it holds for Gt t, ... t. too. Indeed, the valency of this term is

s times
s—1-1—1—... —1==s—1—s=—1, whereas each of its proper sections
(other than e) has the form Gt t,... tiyu where i=1,2,...,0r s, and u

i-1 times
is. ‘a. proper. section: of t;; hence, its valency'is s—1—1—1—...—1 4
+ v=s5—1—(—1)+v=s—i+v=v =0, v denoting the valency of u.
Hence, lemma 3 holds for each term of @,.

LEMMA 4. Two different terms t and u of @, cannot have the same term t
of @, as their simplifications.

This is obvious for terms t of @, containing but one symbol. Assuming
it to hold for terms t of @, containing less than r symbols (r=2,3,...),
suppose the term t of @, containing r symbols is the simplificat.ion_ of t‘he
terms t and u of @,. Then, the first symbol of t and u must coincide with
that of t, viz. a functor G. Thus, t and u have the forms G(t;, t,, ..., t,) and

G(uy, u,, ..., u), respectively, where s is the number of arguments of G and
t, t. t, u, u, ..., u, are terms of @,, each containing less than r
Symi)ols. Hence, denoting, for i=1,2,...,s, by t; and u; tl}e simplifications

of t; and u;, respectively, t is, on the one hand Gttt ‘onmthe othgr
hand Gu, U, ... u.. Thus; for i—1,2,...; 5 1 is idet.ltical. WIth u;. For in
the opposite case, let t; be the first of t;, t, ..., t; which is Ehfferel}t from
the corresponding u;. Then, the words Gt t, ...t agd Gu, u, u;.; are
identical, whereas Gt,t,...t.1t; and Gu, U, ... Uy u;, both sections of t
(i. e. either proper sections of t or identical with t), are different. Hence,.one
of t; and u; would be a proper section of the other, which is impossible,
for both t; and u; have, according to lemma 3, the valency —1, whereas
their proper sections have non-negative valencies. By the inductipn hypothesis,
the identity of t; with u; (i=1,2,..., s) implies that of t; with u;; hence,
also t and u cannot be different.

As a corollary of lemma 4, we see that two different formulae of
®, cannot have the same formula of @, as their simplifications.

Now, we can prove the converse of lemma 3, i.e.

LEMMA 5. Each word whose valency is —1 while ist proper sections
have non-negative valencies, is a term of @,.

Indeed, this holds for words containing a single letter (O, or one of the
variables x, y,...). Supposing the statement of the lemma to hold for. \yords
containing less than r letters (r= 2, 35, tletawisbef a worq containing r
letters and satisfying the conditions of the lemma. Then the first letter of w,
having a non-negative valency, is a functor G. Denote ‘by s the number of
arguments of G, and, for i=0,1,2,...,s, by w; the first (i. e., the sh.ortest)
non-empty section of w (proper section or w itself) whose valency is less
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ﬁalllfiiqlual to/s—l——i: (Therf‘: is such a section for w has the valency
iy S\:Sl‘\ S_'I—l') valOUSIY> W, is G, and .Ws is w. For i=
o e’qL;z;l. 't’o\ s—’l X&‘lsi section of Wi, for the valency of w,,, is less than
We provettiat fe: '—IO+ )<s—1—i, thus w;, cannot be shorter than w;.
o =0, 1,..., s, the valency of w; is exactly s—1—i (hence, for
i:Oj I‘ior -;:1 ,2 w; li a proper spchon of w;.1). Obviously, this holds for
G h’ae’t.}”’ ,1 W; contains more than one letter, for the first
G s lVﬂ]e;lC 1epva ledncy s—1 >$—1—i If w; had not the valency
B Wé e b); wou be s—2—i or less; hence, omitting its last
s 7 obtain a shorter word the valency of which would be s—1—;
es;O(rfo‘r thf valency of a letter is —1 or more), which is impossible.
T 11:1-161,12,{.}.1, s, t}et t: be the word the subjoining of which to w;_
non-negal{.ive val’e n::' a‘sfle .valency —1. whereas its proper sections have
s e 1els, or in the opposite case, subjoining a proper section
A has‘ag le valency to wi;, we should get a word shorter than w,
e valency s—1—i or less. By the hypothesis, t,,t,...,t are
§ of @, hence the same holds for w, which is Gtt,...t

Now, we can prove the ¢ '
: ; onverse of ini
H S s the remark made after the defini-

LEMMA 6. Each t/ T : i
i teorem T of @, is the simplification of a theorem T

T of I(ijeigénthilts 1h0|:jds ffOl‘ the axioms of @,. Suppose it to hold for a theorem
variableux in'T tc:g- sf QI result of substitution’ of 0 or of Fx for a
o e L ; f(;f it is 0bv1.ously the simplification of the result of
simplificati f 35 .(x& respectively, for x in the theorem T of @, the

= ion of which is T. Suppose now, the lemma holds for the theorems

T as well ast—u e
well as t=u of @,; i.e. they are the simplifications of some theorems °

T a — U
occur:'?entce ol; fOfinq%' bLet«--U be the result of replacement of a particular
TGSt By le u. Replace that occurrence of t in T by a variable
b s tobbe A f us, we get an equation V between two words which
e d(_)rmu@ of @_ Indeed, one of the sides of V- is identical
e e ponding side of T whereas the other side differs by replace-
R Si;gu_rrence of t by v. Now, v has the valency —1 just as t;
i Oyf T o 'tm question of V has the same valency as the corresponding
b thatl STsroper sections have the same valencies as some proper
A ; f”s: by lemmas 3 and 5, both sides of V are terms of
of(”(]).) Nov’v S‘; ?_ OTmula of (I)g,’ hence, the simplification of a formula Vv
ObVi‘O-L.lSl T’ au f ltu.tmg.t- fOf v in V, we get a formula of @, which hag
s Y gas its 51mp11f1cat10n. By the above corollary of lemma 4, this
ula is identical with the theorem T of @,. Substituting, on the other

hand, u for v in V,we get another formula U of @, which has U as its simpli-
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fication. Now, U is plainly the result of replacement of an occurrence of tin
T by u, hence, a theorem of @,; consequently, lemma 6 holds for U too.
As a corollary, we see that UF*0*=0 is a theorem of @, if and only
if the formula U(F"(0),0)=0 of @, having it as simplification is a theorem
of @,, that is, if we have R(k n)=0 for some non-negative integer n. Hence,
there is no algorithm by means of which, givenany non-negative integer k, we

could decide if UF*0°=0 is a theorem of ®@;.

6. Remark that no theorem of @;, except those of the form t =1, contains
any variable which does not figure in at least one equation of E’. Hence, the
class of theorems of @, does not change essentially if we modify system @,
by allowing no variables other than those figuring in the equations of E’

(besides 0, = , and the functors F,..., R, U, V) as symbols.*”
By such a modification, the terms of @, become particular words formed

of the letters of a finite alphabet, subject to the valency conditions of lemma
3 or 5. Our next step consists in removing those conditions, and, at the same
time, in making the rules of inference more similar to those of @s. For this
purpose, we define a formal system @, as follows. Symbols of @, are 0O, the
variables x,y,...,w figuring in at least one equation of E’, the functors
F,...,R UV, and the equality sign = . Terms of @, are arbitrary finite
(possibly empty) sequences of symbols of @, except = , i.e. words formed
of the letters of the alphabet {0,x,%, ..., W, F, .., R, U, V}. Formulae of @,
are the sequences of symbols of the form t=u where t and u are terms
of @,. Axioms of @, are the simplifications of the equations belonging to ',
as well as the formula e=e (e denoting the empty word). Theorems of @,
are (i) the axioms of @,; (ii) the result of substitution of O or of Fx for a
variable x throughout a theorem T of @,; (iii) et=cu and te=uc if t=—1u
is a theorem of @, and « a symbol of @, except = ; (iv) u=v if t=u
and t=v are theorems of @,; (v) nothing else.

As an easy consequence of (i), (iii) and (iv), we have the following

LEMMA 7. For any term t of @, t=tis a theorem of ®,. If t=u is
a theorem of @, then the same holds for u=t, as well as, for any term v
of @, for vt=vu and tv—=uv. If t=u and T are theorems of @,, then
the same holds for the result of replacement of a particular occurrence of t
in T by u. '

Indeed, if t=—u is a theorem and v a term of @,, then a repeated
application of (iii) gives vt=vu and tv=uv as theorems of @,. In parti-
cular, t==t is a theorem of @, for each term t of @,, for e=e is a theorem
of @,. Further, we get for any theorem t=u of @,, by application of (iv)
to the theorems t=—u and t==t of @, (with t for v), u=t as a theorem

% A similar remark applies for @, and (with £ instead of E') for @, too.
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of @,. Finally, suppose that t— u and T are theorems of @, and that there
is an occurrence of t in T. Then T has one of the forms t,tt,—t, and
t,—t,tt, with terms t,t,,t, of @, By what has been proved already,
titt,—1t, is in any case a theorem of @, and the same holds for t tt, —tut,
too. Hence, by (iv), tut,—t, and t;=t,ut, are. theorems of D,; and,

choosing t,,t, and t, appropriately, one of them is the result of replacement
of the particular occurrence in question of t in T by u.

As a corollary of lemma 7, we see that each theorem of @, is a theorem
of @,. Indeed, the axioms of @, are theorems of @, (for they are either
axioms of @, or of the form t—t with a term t of @,); and the rules of
inference of @, hold in D, too.

Now, we shall show that, in spite of allowing “meaningless” words
(i. e. those which are no terms of ®,) as terms of @, and of admitting the
new rules of inference, the class of the theorems did not change “essentially”.
For this purpose, we shall analyse the structure of the terms of D, as to
their “meaningful”’ components.

A sequence of consecutive symbols of a term of @, is called a sub-
ferm of it. A particular occurrence of a functor G in a term t of @, is called
saturated (or G is called saturated at that occurrence), if there is a sub-term
u of t beginning with that occurrence of G which is a term of @,. In this case,
u is uniquely determined, for of two different sub-terms of t beginning with
the same occurrence of G, one is a proper section of the other, and, by
lemma 3, a proper section of a term of D, cannot be a term of ®@,. If 3
particular occurrence of G in t is not saturated, it is called wunsaturated (or
G is called unsaturated at that occurrence).

Now, we can describe the structure of the terms of @, by

LEMMA 8. Each term t of @, can be decomposed in one and only one
way into a product (i.e., juxtaposition) of “components” each of which is
either a term of @, or an unsaturated occurrence of a functor. (We call this
decomposition the “standard decomposition” of t.)

Indeed, this holds for a term of @, containing a single symbol (for it
is either a term of @, viz. if it is O or one of the variables, or a functor in
which case it is unsaturated). Suppose, the statement of the lemma holds for
terms of @, containing less than r symbols (r=2,3,...) and let t be a term
of @, containing r symbols. If the first symbol « of tis O or a variable, or ap
unsaturated functor, then t is au where u is a term of @, containing r—1
symbols; and t can be decomposed, as required, into « and the components
of u. This is the only such decomposition of t for there is no term of o,
beginning with « and the standard decomposition of u is unique. If the first
symbol of t is a saturated functor G, i.e. t is uv where u is a term of @D,
beginning with G and v 1 term of @, containing less than r symbols, then
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t can be decomposed as required into u and the components of vt.‘OT hi)sf 1:
iti lemma 3, neither a proper section
the only such decomposition, for by )
n:r a t}f;rm of @, having u as its proper section can be a term of @;, and
the standard decomposition of v is unique. .
By means of lemma 8, we can prove the following necessary (and as
easily s};en but not used in the sequel, sufficient) condition of being a theo-

rem of @,.

LEMMA 9. /f t=—u is a theorem of ®,, then t and u have tézed szzf
number r of components. If t,it... t, ar}a’ uu, .1. .zur arer ﬂzte Zz;izar’zc:'lqrare e;ther
[ ri=— sEetstey Ly Ea Lt i
ositions of t and u, respectively, then, fo ]
goth occuri’nces of the same unsaturated functor, or both are terms of ®; and
ti=u; is a theorem of @,.

Indeed, this holds for the axioms of @,, for, ir} case of the a.xiomfet;:e,
e has no co;rlponents, and, in case of the other axioms, eflch side o enl
has a single component and they are axioms of @;. Supposing, tthe sta;cemend
= u of @, lett’and u’ denote the terms forme
lemma holds for a theorem t uo. o :
2? tlle and u, respectively, by substituting throughout O or Fx (the stamgaig
both cases) for a variable x. Let ’t,'tg.l ot z;nd)f ulu;;.1 ufz be trhe 1est atl,} ol
itions of t and u, respectively; and, for =12...7 tia
i?cgg:gt):l tll(l)e terms of @, formed of t; and u;, respectively, ,by /sub}stltutu:lg
thlroughout 0 or Fx, respectively, for x. Then, each of t;, t3, ..., ft“ utl(;rua,o.e.s. ,n O,t.
is either an unsaturated functor, or a term of @,. Indeed, a func oeand
h and a term of @, does not cease being a term of @, by substitu 1(;)
Cfa(l)]gcfr Fx for x. Also, an unsaturated functor cannot become saturated ty
2 > j = ’ ’ :
this substitution. For, if an occurrence of the functor G, viz. one of 1, t,.. .,ld
“sf 1, us u’., would be saturated in t’ or u’ respectively, .then there wou f
gz Oa ls'il,b ;e,r;ﬁ.,of rt,’ or u’, respectively, beginning with the sla)u? occufrrt:n(c)tra 3
| Id regain a sub-term o !
ich is a term of @,. However, we co_u :
. Whlt? ely, beginning with the corresponding occurrence of G, thl:lS, with onc;
respectw i t., or of u;, u,, ..., U, respectively, by means of .replacmg some o
?lfetl()”sg’or };x:s, by x according as O or Fx has been substltutfd f;)r X Nfovq\;,
14) we get by this replacement a term o b,
ked above (see footnote !¥), w ( i
:;agrelmv?/;ich is impossible, for the said occurrence of G m,t or t}:; ;f:gg;trld
‘t,...t. and uju;...u, are
is an unsaturated one. Hence tit;...t, . !
;Z?(,),ml;ositions of t' and u’, respectively. Now, if ;i ar:’d uLd a‘r:? (:g(c)tfrgintée:no;
nctor, then the same holds for ti an : : ;
e utr;i?l:lslr?)tfedrﬁfusuch that t;=— u; is a theorem of @, then the same holds
;loiratr’-ewuf too Hgnce, the statement of the lemma holds for the theorem
'=—u’ of @, too.
: uW(:af hai/e next to prove that if the statement of the lemma hol:is jf)r thici
theorem t—u of ®@,, then, for an arbitrary symbol « of @, except = ,

2 Acta Mathematica
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holds for the theorems at-—e«u as well as te=—ua of @, too. Suppose
again that tt,...t. and u,u,...u, are the standard decompositions of t and
u, respectively. First we treat e«t==cu. If « is O or a variable, or else a
functor unsaturated in both «t and «u, then our statement is trivial for then
« is the first component of both «t and «u and their further components
are t,, t,,...,t., and u,, u,, ..., u,, respectively. Suppose, « is a functor G
and let s be the number of arguments of G. In et, that is Gt;t,...t,, the
first G is saturated if and only if r =s and t,,t, ..., t, are terms of @,.
Indeed, in this case, the sub-term Gt t,...t; of et is a term of @,; conver-
sely, if the first G is saturated in Gt t,...t,, i.e., if there is a sub-term of
Gtt,...t. beginning with the first G, thus of the form Gtit; ...t with some
terms t;, t,, ..., t; of @,, then Gtt,...t. is Gtit,...t;v with some term v
of @, thus t,t,...t, is 1it,... tiv, hence we have r=s and t, is t;, t, is
t),...,t, is t; for the (unique) standard decomposition of tit;...tiv is
tit; ... ti followed by the standard decomposition of v. Taking into account
that, for i=1,2,...,r, t; and u; are either both terms of @, or neither, we
see that the first G is either saturated in both «t and «u, or unsaturated in
both. The second case being settled already, let us suppose that the first G
is saturated in both «t and «u, i.e. we have r = sand t;, t,, ..., t,, u,, Uy, ..., u,
are terms of @, Then, the components of t and u are Gtt,...t,
tian, tam, oo b andl Guitty ooy, ey, Wais, <1 My rEspectivelys#We :have
only to show that Gt,t,...t;= Guu,...u, is a theorem of @,, for if
i=s-+1,s42,...,r then either t; and u; are the same unsaturated functor
or t;=u; is a theorem of ®,. Now, Gtt,...t,—=Gtt,...t;and t,-=u,,
t,—u,,..., t,=u, being theorems of ®,, the same holds for Gtt,...t,—
— Guu,...us too, for it can be obtained from Gtt,...t,= Gt,t,...t; by

replac?ament of the occurrences of t,t,,...,t, on the right-hand side by
u, u, ..., us, respectively.

Now, let us examine te =—u« where t=u is a theorem of @, and «
an arbitrary symbol of @, except = . If « is a functor, then itis obviously

unsaturated, thus, the statement of the lemma is trivial again, the components
of te and ue being those of t and u, respectively, and «. The same holds
if ¢ is O or a variable, provided no functor which is unsaturated in t or u
becomes saturated by subjoining «. Suppose, some components of t, say,
which are unsaturated functors, are saturated in te and let t; be the first of
those components (from the left to the right). Then t; is a functor G and
Gtitiyo...t.e is a term of @, (for this is the only sub-term of te beginning
with t; which is not a sub-term of t). Replacing the term t; of @, by the

of @, (see footnote '), which is a sub-term of ue beginning with t;, i.e. u;;
hence, u; is saturated in ue. Also, u; is the first component of u which is
an unsaturated functor in u but saturated in ue, for a similar argument
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shows that if uy were another such component of u (7 < i), then t; would
be a component of t which is an unsaturated functor in t but saturated in
te, contrary to the fact that t; is the first such component of t. Hence, the
components of te aret,, t,,...,t;, and Gtiitia. .. e, and those of ue are
u,u,...,u,and Guiy Uiz ... u,a. Now, Gt tis ... ta= GuiUyo ... U,
is a theorem of @,, for it can be obtained from the theorem Gt tio...t @ =
= Qtiyatio ... t.eof @; by replacement of some of thet;, j=i++1,i+2,...,71,
viz. those which are terms of @;, by the corresponding u; and, for these
J, t;=u; is a theorem of @,. Hence, the statement of the lemma holds for
te — ue too.

We have still to prove that if the statement of the lemma holds for the
theorems t=—u and t—v of @,, then it holds for u=v too. Let tit,...t,,
uu,...u, and v,v,...v, be the standard decompositions of t,u and v, res-
pectively. By the hypothesis, we have p=gq and p=r, thus g=r. Also, if,
for some i=1,2,...,r, t; is an unsaturated functor in t, then u; and v; are
unsaturated functors in u and v, respectively, and u; is identical with v;, for
both are identical with t;. If t; is a term of @,, the same holds for u; and
v; too, and t;=u;, t;=v; are theorems of @,; hence, the same holds for
u, — v, too, for it can be obtained from t;=v; by replacement ot the occur-
rence of t; on the left-hand side by u;. Hence, the statement of the lemma
holds for the theorem u==v of @, too, which completes the proof of the
lemma.

As a corollary, we see that if t=—=u is a formula of ®, and at the same
time a theorem of @,, then it is a theorem of @,. Indeed, in this case, t and
u are terms of @, thus, the only components of themselves. ’

In particular, by lemmas 7 and 9, we see that UF"0°— 0 is a theorem
of @, if and only ifitisa theorem of @, that is, if we have R(k, n)—0 for
some non-negative integer n. Hence, there is no algorithm by means of

- which, giveri any non-negative integer k, we could decide if UF'0* =0 is

a theorem of @,.

7. The formal system @, is no particular case of @®s because of the
rule of inference (ii), i. e. of the rule of substitution which is alien from as.
However, we show that it is possible to dispense with this rule by introduc-
ing some new symbols and axioms. For this purpose, let us define a formal
system @, as follows. Symbols of @, are those of @,, i.e. 0O, the variables
X, ¥, ..., w, the functors F,..., R, U, V, the equality sign = ; and, in addition,
to each of the variables x, y, ..., w, two new 3% symbols, x,, x,, Vs, Vs, .., Wy, W,,
called substitutors, and a single new symbol a, called absorptor. Terms of
D, are arbitrary finite (possibly empty) sequences of symbols of @, except —

3 I, e, we suppose that Xy, X+, Yo, V+,..., Wy, W+ are different from the symbols
0,%y,...,wF,....R U,V as well as from each other. :

2%
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i. e. words formed of the letters of the alphabet {O,x, xo, X:, 9, Yo, Yoy -. s
ce W, Wo, Wy, F, ..., R, U, V). Formulae of ®; are sequences of symbols of
the form t=u where t and u are terms of @;; i.e., relations between such
words. Axioms of @, are those of @, (i. e., the simplifications of the equations
belonging to E’ as well as e=e, e denoting the empty word); and, in addi-
tion, for.each .variable® x the relations

(14) Xo X = 0X,,
(15) XX = FXxy
(16) Xy a=—e,
17 X =0
(18) X, 0=0x,,
(19) x,0=0x,,
and, for each variable3? y different from x and for each functor G,
(20) Xo ¥ =YX,
(21) Xy =YX,
(22) X, G = Gx,,
(23) x,G=0Gx,.
Theorems of @; are (i) the axioms of @;; (ii) et=cu and te=ucift—uis
any theorem of @, and a any symbol of @; except = ; (iii) u=v if

t—=u and t=v are theorems of ®@,; (iv) nothing else.

First we prove that the new symbols @, X, X4, Yo, Y+ - - -» Wo, W, together
with the new axioms (14) to (23) suffice to replace the missing rule of sub-
stitution; i. e., we prove

LEMMA 10. Each theorem of ®, is a theorem of @;.

To prove this lemma we observe that lemma 7 holds for @; instead
of @, too, for the rule of substitution, missing in @;, has not been used in
its proof.

Now, the statement of lemma 10 holds for the axioms of @, for they
are axioms of @,. Suppose, it holds for a theorem T of @,; then it holds
for the theorems U and V of @, obtained by substitution of 0 and Frx,
respectively, for a variable x throughout T. Indeed, suppose T is e, @, ... a, =
=8 -- 8, where ¢, e, ..., @, 8,5, ..., B are symbols of @;, except — .
Then U is aje}... ¢, =88, .-- 8, and V is e/ a) .../ =88 .. 8, «
denoting O or @; and «a/ denoting Fx or e according as @; is x or not
(i=1,2,...,r), and g denoting 0 or @, @ denoting Fx or 8 according

&1 “For each variable x” has been used here in an analogous sense as ‘“for a
variable x” (see footnote 14). ‘

2 ]. e, y can be replaced by any variable which is different from the variable by
which x has been replaced. :
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as g; is x or not (i=1,2, ..., s). Now, by (ii),

(24) X O A O (== X0y v B
and
(25) Xy @ Qoee @@= X, 30 fia

are theorems of @;,. By (14), (18), (20), and (22), the same holds for
Xi Qo= ar Xy (Le=a1512, 550 ), i X Bre=Br Xpwe (I = 1,:2, 2., s), “and (i by (15),
(191(21), 5 and §(23),5 i for sxiiar==laix S (I=172 0. 0r), 00y Bo==Six3
(i=1,2,...,s) too. Hence, by lemma 7, last assertion, we can replace
X, e, by a;x,, then x,e, by X, ..., finally x,e by a'x, on the left-hand
side of (24), and x5, by 8 x,, then x,8, by 8x,, ..., finally x,8 by #x,
on the right-hand side of (24), and, similarly, x, ¢, by o’ x,, then x, @, by
«/x,, ..., finally x, a, by /x, on the left-hand side of (25), and x, 8, by
8 x,, then x, & by 8'x,, ..., finally x, 8 by 8’x, on the right-hand side
of (25). Thus, we see that
@ x; - 0 X0 Q=B - fiX,Q

and

»"o_ 1

“1 (‘{2 P a:"x+ A== p’;’ﬁ;’ CUeTe #:’ x+a

are theorems of @;. Here, by (16) and (17), we can replace x,a and x,a
by e, i.e. we can omit them, on both sides; thus, we get e{e; ... @, =
=B .8 and e ey ... &) =GBy ... 8, i.e. Uand V as theorems of ;.

The rest of the proof of lemma 10 is quite trivial for the rules of
inference (iii) and (iv) of @, are those (viz. (ii) and (iii)) of @, too.

Now, we shall examine the relation of the theorems of @, to those of
@, in order to show that a theorem of @, which is a formula of @, is a
theorem of @,.

We call a sequence of consecutive symbols of a term of @, a sub-term
of it. We call a term of @, reduced if it does not contain any occurrence of
a substitutor preceding an occurrence of a symbol which is no substitutor.
To each term t of @,, we attach a reduced term t, called the reductum of t,
by the following reduction process. 1f t is reduced, then tis t. If tis not
reduced, let « be the last occurrence of a substitutor in t preceding an
Occurrence of a symbol which is no substitutor. If there is an occurrence of
the absorptor a preceded by «, then perform as first “reduction step” the
substitution indicated by e« (i. e. of O for x if « is x,, and of Fx for x if «
is x,, say) throughout the sub-term of t between « and the next occurrence
of a after «, and cancel both « and this occurrence of a. If there is no
Occurrence of a preceded by «, then perform as first reduction step the sub-
stitution indicated by e throughout the sub-term of t between « and the next
ocCcurrence of a substitutor after «, or between e« and the end of t, if such
OCCurrence does not exist, and transplant « to the place immediately after
this sub-term. By means of {his reduction step, we obtain another term u
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of @; and the reductum of t is, by definition, the reductum of u. This
definition has a sense, for in u, the number of the occurrences of substitutors,
preceding an occurrence of a symbol which is not a substitutor, is one less
than in t so that the iterated application of the said reduction step comes to
an end. in a finite number of steps.

A reduced term t has obviously the form t,at at,...at.v wheret,, t,, t,, ..., t,
are terms of @, (possibly the empty word e) and v is a finite (possibly
empty) sequence of substitutors. We call t,, t,, t,, ..., t, the intervals and v
the suffix of t. For a non-reduced term t, we call the intervals and the
suffix of its reductum also the intervals and the suffix, respectively, of t.

Now, the relation between the theorems of @; and those of @, is
displayed in the following lemma which gives a necessary (and, as easily
seen, but not used in the sequel, sufficient) condition of being a theorem
of @,

LEMMA 11. If t=u is a theorem of ®;, then t and u have the same
number r of intervals. If t,, t, t,,..., t, and u,, u,, u,, ..., u, are in succes-
sion the intervals of t and u, respectively, then for i =0,1,2,...,r, ti=u;
is a theorem of ®,. Also, the suffixes of t and u are identical.

Indeed, the statement of the lemma holds for the axioms of @, for a
term of @, is its only interval and has an empty suffix, and, for any variable x,
XoX, X, X, Xo0, X, a, X, X, (for any symbol e« of @, except x,aq, and =
have the reducta Ox,, Fxx,,e, e, aX,, ex,, respectively. Suppose the statement
of the lemma "holds for a theorem t= u of @;. Then, for any symbol « of
@, except = , it holds for «t=eu too. Indeed, if « is no substitutor,
then the result of each reduction step, performed on et, is the same as that
of the corresponding reduction step, performed on t, except that « is pfefixed;
hence, if « is not the absorptor a either, the first interval of «t is «t,, the

others are, in succession, t,,t,...,t., (t,t,t, ..., t. denoting the inter-
vals of t) and the suffix of «t is the same as that of t. Analogously, the
intervals of «u are, in succession, eaUy, Uy, Uy, ..., Uy, Uy, Uy, Uy, ..., U,

denoting the intervals of u, and the suffix of eu is the same as that of u.
Now, t,—u,, t,=u,, ..., t.= u, are, by the hypothesis, theorems of @,; and
the same holds for et,= eu, too, for t,= u, is, by the hypothesis, a theorem
of @,. Also, the suffixes of et and «u are, by the hypothesis, the same;
hence, the statement of the lemma holds for the theorem «t = au of @, too.
If « is the absorptor a, then the number of the intervals of «t and au is
one more than that of the intervals of t and u, respectively, the first interval
of both et and «u being e, and the others, in succession, the same as those
of t and u, respectively; also, the suffixes of «t and «u are the same as
those of t and u, respectively. Hence, the statement of the lemma holds for
the theorem at = au of @, too. If « is a substitutor, x, or x,, say, then the
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result of each but the last reduction step, performed on «f, differs but in a
prefixed « from that of the corresponding reduction step, performed on t.
As to the last reduction step, its effect is substitution of O or Fx, respectively,
for x in the first interval of t and cancellation of the first occurrence of a in
the reductum of t, if t has more than one interval, and substitution of O or
Fx, respectively, for x in the single interval of t and prefixing of « to the
suffix of t if there is but one interval of t. Hence, the intervals of «t are
tit,t,t, ..., t. and similarly, those of «u are u;u,,u,, u,, ..., u, in the
first case, t; and ug, respectively, in the second case, t; and u; denoting the
result of substitution of 0 or of Fx for x, according as « is x, or x,, in t,
and u,, respectively. Now, t,=—u,, t,=u,,t,—u,, ..., t. = u, being theorems
of @,, the same holds for t; = u;, and, by lemma 7, for tit, == u;u, too (for
t;t, = tit, is a theorem of @, and by replacement of t; by uj on the right-
hand side we get tit, = u;t,, then, by replacement of t, by u, on the right-
hand side, tit, = u;u,). Also, the suffixes of «t and eu are the same in
both cases; hence, the statement of lemma 11 holds for the theorem et=cu
of @, also if @ is a substitutor.

Suppose again, the statement of the lemma holds for a theorem t=u
of @;; we have next to prove that, for any symbol e« of @, except = , it
holds for the theorem te-=ue of @, too. If ¢ is a substitutor, then the
result of each reduction step, performed on te, differs from that of the corres-
ponding reduction step, performed on t, but in a suffixed « to the suffix
of t; hence, the intervals of te are the [same as those of t and the suffix
of te differs from that of t but in a suffixed «. An analogous assertion holding
for ue, the statement of the lemma holds for the theorem te — ue of @
too. If e is the absorptor a, then its effect in the result of the successive
reduction steps is suffixing a to the result of the corresponding reduction
steps, performed on t, so far as no substitutor appears on the end of this
result; afterwards its effect is cancelling the last substitutor appearing on the
end of this result. Hence, the intervals of ta are the same as those of t and
the suffix of ta is the same as that of t except that the last substitutor has
been cancelled, provided the suffix of t is not empty; and, if the suffix of t
is empty, the intervals of ta are the same as those of t and, in addition,
the empty word e, whereas, in this case, the suffix of ta is empty as well.
Hence, the statement of the lemma holds for the theorem ta == ua of @; too.
Finally, if « is 0, a variable, or a functor, then its effect in the result of tha
successive reduction steps is suffixing « to the result of the corresponding
reduction steps, performed on t, so far as no substitutor appears on the end
of this result; and afterwards, suffixing the result of the substitutions in e,
indicated by the substitutors standing on the end of this result, to the last
interval of t. Hence, the intervals of te are the same as those of t, except
that the last-one is suffixed by the result ¢’ of substitutions in e, indicated
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by the suffix of t (i.e. by @, if @ is O or a functor; by F'0 if e is a variable
x and there are / occurrences of the substitutor x, preceded by the last
occurrence of the substitutor x, in the suffix of t; and by F'x if ¢ is a
variable x, there are [ occurrences of the substitutor x, and no occurrence
of the substitutor x, in the suffix of t); and the suffix of te is the same as
that of t. An analogous assertion holds for ue; hence, the statement of the
lemma holds for the theorem te — ue of @, in this case too, for, together
with t,=u,, t.« = u,«’ is a theorem of @,.

We have still to prove that if the statement of the lemma holds for the
theorems t=u and t—=v of @,, then it holds for u=v too. Now, if t and
u have the same number of intervals, and the same holds for t and v too,
then also u and v have the same number of intervals. Let r--1 be the

number of these intervals, and let, in succession, t,, t,, ..., t. be the intervals
of t, u,u, ..., u, those of u and v,, v,, ..., v, those of v. Then, by the
hypothesis, t,=u,, t,=u,, ..., t,=u,as wellast, =v,, t, = v, .., t,=v,

are theorems of @,; hence, u, — v,, u, = vy, ..., U, = v, too. Also, the suffixes
of t and u are identical, and those of t and v too; hence, u and v have the

of @, too, which concludes the proof of the lemma.

As a corollary, we see that if t=u is a theorem of @, and, at the
same time, a formula of ®,, then it is a theorem of @,, for then, t and u
are the only intervals of themselves. Hence, a formula of @, is a theorem
of @, if and only if it is a theorem of @,. In particular UF'0*—=0 is a
theorem of @; if and only if it is a theorem of @,, i.e. if we have R(k,n)—0
for some non-negative integer n. Hence, there is no algorithm by means of
which, given any non-negative integer k, we could decide if UF'0*—0 is a
theorem of @,.

8. Now, the formal system @, is a particular case of @s. Indeed, as
immediately seen, it is the formal system ®s belonging to the particular
system S of relations formed of the simplifications of the equations E’ by
subjoining the relations (14) to (23) (for each variable x figuring in at least
one equation of E' as well as for each such variable y different from x, and
for each functor G figuring in at least one equation of E’). Hence, there is
no algorithm by means of which, given any relation in {0, x, X,, X,, ¥, ¢, ¥+,
o wwo, Wy, F, oo R, U, VY, we could decide if it is a consequence of this
particular system S of relations; i. e., the word problem for associative systems,
relative to this particular system S of relations, is unsolvable by any algorithm.
Thus, the Markov—Post theorem has been proved.

9. By a slight modification of the proof method, we can prove some
furthgr Fesults of MARKOV concerning the impossibility of some algorithms for
associative systems. Indeed, for the word problem for associative systems,

R R R BRI IR
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relative to the system of relations in {0,X, X0, X1 3 ¥y Yos Vs ooy Wy Wo, Wery Fr bR

formed of the simplifications of the equations E (instead of E’) by subjoining

the relations (14) to (23) for each pair of different variables x and y as well

as for each functor G figuring in at least one equation of E (instead of E'),

a solving algorithm can be given by means of methods of the proof theory.

On the other hand, the question of the existence of a word w formed of the

letters of the above alphabet, for which RF"Ow =0 is a consequence of this

system of relations, can be proved to be equivalent to the question of the

existence of a non-negative integer solution of the equation R(k,y) =0 in y.

Hence, for this system of relations, the word problem can be solved by an

algorithm, whereas the (left-hand side) “divisibility problem” cannot be solved
by any algorithm. The existence of a system of relations with essentially **
the same property has been first proved by MARKOV. ?*

On the other hand, subjoining the relation *
SxP0y=x

to the simplifications of the equations of E, with functors S and P not
figuring 3¢ in the equations of E, and introducing new substitutors indicating,
for each pair of variables x and y, substitution of y for x, as well as those
indicating, for each functor G, the substitution of G(x,y, ..., v) for x (where
the number of variables x,y,...,v is the same as that of the arguments
of G), we get a system of relations such that in the associative system
generated by it every element t is a right-hand divisor of every element u
(indeed, SuPOt = u is a consequence of that system of relations), whereas
RF'0 is a left-hand divisor of O if and only if there is a non-negative integer
solution of the equation R(k, y)=0 in y. For this system of relations, the
word problem can again be solved by an algorithm; hence, we have a system
of relations, for which both the word problem and the one hand divisibility
problem can be solved by an algorithm whereas the other hand divisibility
problem not. The existence of such a system of relations has been first proved

also by MARKOV. :
To a detailed exposition of the ideas sketched in this section, I shall

come back in another publication.
(Received 3 April 1952)

33 In Markov, right-hand side divisibility has been considered instead of left-hand
side one. However, this makes no difference, for from_ any associ'ative.sy§tgn.1 we get
another by reinterpreting ab as ba and, in the latter, right-hand side divisibility means
the same as left-hand side divisibility in the former.

31 See loc. cit. 2, theorem 2. :

3 Its intuitive meaning is x+0.y=Xx (Sxy and Pxy standing for x--y and xy,
respectively).

3 Qr figuring “in the sense
cation functor.

37 See loc. cit. *.

» of the (two member) addition and (two factor) multipli-
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£ PEeKYpCHB-
X (hyHKUHIA, T. €. C IOMOLIBIO 3aMEH KaKOro-1u6o nepemeHHoro X Ha Fx wm 0 (nomgseuu

KOTOPOro fomyckaer 3aMmeHy X Ttawke Ha FO, FFQ0= F20, FFFO=F30 u 1. n.) n 9
= , == . I ¢ mo-
mel::::oc KS:MC(L)I(L)EHHH OnHOl:? "UICHa HEKOTOPOro YPABHEHUST [APYIrUM. nOCTaBHM B COOTHO-
! : RO nepemem‘x‘on X,'Yy - ooy W ABA ,,CYOCTHTYTOPAY X, X 1y Yo, Vs -+ Wo) W, AANBILE
AuH o6wMit ,a6CcopNTOP* @ M OOLIMPHM CHCTEMBI ypapHeHHii £’ ¢ ypaBHEeHHsiMu S

(4) Xox =0x, () x.x=Fxx,,
6) x,0=0x,, (1) x,0=0x,,
() Xoy=yxo, ©) xiy=—ypxs,
(10) xog=gx, (11) x.g=gxs,
: (12) xpa==e, (13) x,a—e
(14 e=e,

;J:;i)ei;en :;:T-angs:zf:;w:— mobasi nepeMUeHHaﬂ (urypupytowas B £, y— mo6asi Taxasi-ske
st mm, i 0())“7 X u g— moboit pyHrTop (purypupyrouuit Bt'. Torna BMecTo 3amena
hbelebe gy nocqz 3Tg’f§BHeHM" MO>KHO €€ YMHOMMWTb Ha X, COOTBETCTBEHHO X, Ciepa
e O ,”3 Sl LIpuMeHMTb ypasHennsi (4), (6), (8), (10), (12) cooTBeTcTBEHHO
DG Ha;l amp.a i JIeAyeT, YTO NpoGIeMa TOKAECTBA ACCOUMATHBHOM CHCTEMBI,
R, U v_ (b el , X, x0yx+’,}’,,1’u,,v+, ey W, W01w+; a, F; ceey Rl U) V} (rﬂe F: cee

b y pbl-purypupyromue B-E) ¢ nomouwpto ypassenuit E* v ypasHeHmii (4)—(14)’
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mmma B aiaroputmax. B camom pene, B MPOTHBHOM Cay4ac cyuiectsosan Obl an-

Hepaspe
k MO’KHO GbIIO OBl y3HATh, CleayeT-au CooT-

FOPUTM TIOCPEICTBOM KOTOPOTro At KaX10ro
wowetune UF,00= 0 n3 BblLEyNOMSHYThIX 00PasylolMX ypaBHEHMH.
Metopg, C JErkuMi MOAM(HKALUSIMA MOXKET GbITh NMPUMEHEH ISl A0KA3aTenhCTBA TEO-

pempi MapkoBa, COrMacHo KOTOPOil CYLIECTBYeT KOHEYHO-00pa3oBanHasi acCOUMATHB-
Hag cucrema, npobrema TOXAECTBA KOTOpPOil PaspelnmMa, HO OfHA M3 OJHOCTOPOHHUX MpPO-
GreM e MMOCTH HEPa3pelnma C NOMOLLbIO anropuTma. [To cywecTBy TOT K€ METOj AaeT
10Ka3aTeNbCTBO CEAYIONIEN TEOPEMbl Mapkoga: Cyuecrsyer KOHEYHO-00pa30BaHHasi CUC-
Tema C pa3peinmoil C MOMOLIpI0 aNropuTMa npo61emMoil TOXAECTBA U OfHON M3 OHOCTO-
poHHMX NPOGIEM AGIUMOCTH HO C HEepa3pelnMoli Apyroi npo6aemoil NeNMMOCTH.



