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IMAGE   RESTORATIONIMAGE   RESTORATION

Image Image restorationrestoration
model:

restoration from the degraded image

degradation:
•non-linear mapping: e.g., non-linear sensitivity, 

image of the straight line is not straight etc.;
•blurring: image of a point is blob;
•moving during the image acquisition;
•probabilistic noise

RestorationRestoration

example:

f 
original image

g
degraded image

MathematicalMathematical descriptiondescription

let us suppose that H is linear (additive, homogeneous), that is,

then
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h is  the impulse-spread function or point-spread
function (PSF) of H

MathematicalMathematical descriptiondescription

therefore [ ] ( ) ( ) ηξηξηξ ddyxhfyxHf ∫∫ ⋅= ,,,,),(
integral-equation of the first kind
Fredholm-type

Let us suppose that H is translation invariant:
( )[ ] [ ]( )ηξηξ −−=−− yxHfyxfH ,,

then
( )[ ] [ ]( ) ( )ηξηξδηξδ −−=−−=−− yxhyxHyxH ,,,

and
( ) hfHffHHf ∗∗=∗∗=∗∗= δδ

ExampleExample

f 
original image

h
point-spread function

g = f ** h
degraded image
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RestorationRestoration

Inverse filtering
least square method
Wiener filter

JeanJean--BaptisteBaptiste JosephJoseph FourierFourier
17681768--18301830

taught mathematics in Paris
eventually traveled to Egypt with 

Napoleon to become the secretary of 
the Institute of Egypt

after fall of Napoleon worked at Bureau 
of Statistics

elected to National Academy of Sciences 
in 1817

La Theorie Analytique de la Chaleur (The Analytic Theory of 
Heat), 1822

revolutionary ideas about how to solve a class of linear 
differential equations

Fourier transformation (FT)Fourier transformation (FT)
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Ff →F

Ff ←
-1F

inverse Fourier transformation (IFT)

uniquely determined*Ff →F

Sums of sinusoidsSums of sinusoids

Any periodic function can be decomposed into a series of 
sinusoidal waveforms of various frequencies and amplitudes.
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inverse Fourier transformation (IFT)

an interpretation:

Sums of sinusoidsSums of sinusoids Sums of sinusoidsSums of sinusoids
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RelationsRelations
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Sums of sinusoidsSums of sinusoids
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Ff →F

Waves, points, and frequenciesWaves, points, and frequencies

points in the image F(X,Y) represent the contribution of 
frequency (X,Y) to the original image f(x,y)

The Fourier transformation determines the magnitude 
(amplitude – |F(X,Y)|) of each possible frequency (X,Y).

Image and frequency spacesImage and frequency spaces

Ff →F

normal space
image space

Fourier space
frequency space

y

x X

Y
F

EdgeEdge

y

x X

Y

there is a line being perpendicular 
to the direction of the edge
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a

a
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ExampleExample
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ExampleExample

F(0,0)-value is by far the largest component of the image,
other frequency components are usually much smaller,
the magnitude of F(X,Y) decreases quickly

( )),(1log YXF+),( yxf ),( YXF

Fisher, Perkins, Walker, Wolfart, 1994

ExampleExample

x

y

X

Y

( )),(1log YXF+),( yxf

ExampleExample ExampleExample

ExampleExample ExampleExampless
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ConvolutionConvolution
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example: smoothing
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Convolution theoremConvolution theorem

F
f * h     →     F · H

F
f · h → F * H

FilteringFiltering
(in the Fourier space) multiplication of  F with a filter function H :

F·H

Convolution theorem:

F
f * h     → F · H
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TexturesTextures
an electron 
microscope 

view of the fibers 
in a metal 
specimen

Xin Miao

cell structures

TexturesTextures

forest

mud

Xin Miao

TexturesTextures

field

pond

Xin Miao
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To find text orientationTo find text orientation

Fisher, Perkins, Walker,Wolfart, 1994

To find text orientationTo find text orientation

Fisher, Perkins, Walker,Wolfart, 1994

Measurements Measurements 
on the power spectrumon the power spectrum
2),(),( YXFYXE = Fourier power spectrum

Reindeer Graphicsmuscle

Circularly averaged radial plot of power spectrumImage of packed particles (Hyphilic)

MathematicalMathematical descriptiondescription

therefore [ ] ( ) ( ) ηξηξηξ ddyxhfyxHf ∫∫ ⋅= ,,,,),(
integral-equation of the first kind
Fredholm-type

Let us suppose that H is translation invariant:
( )[ ] [ ]( )ηξηξ −−=−− yxHfyxfH ,,

then
( )[ ] [ ]( ) ( )ηξηξδηξδ −−=−−=−− yxhyxHyxH ,,,

and
( ) hfHffHHf ∗∗=∗∗=∗∗= δδ

InverseInverse filteringfiltering
Inverse filtering:

H
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Difficulties:
•What is in the points (X,Y) , where H(X,Y) ≈ 0?

Let us filter these points and their neighborhood (band 
filters).

•What about noisy images?
g = f ** h + n G = F·H + N.
Inverse filtering:

H
NF

H
NHF

H
GF +=

+⋅
==ˆ

if H is small then N/H is large

InverseInverse filteringfiltering

H
NF

H
NHF

H
GF +=

+⋅
==ˆ

experience:
H: quickly decreasing function,
N: not (so quickly) decreasing
let us cut the high frequencies

remark: if the noise is known (generally it is not) then

H
N

H
GF −=
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ExampleExample

H
NF

H
NHF

H
G

+=
+⋅

=

translation with constant speed in T time

H
N

H
GF −=

f 
original image

h
point-spread function

g = f ** h
degraded image

ModelModel ofof a a pointpoint--sourcesource

BlurringBlurring RestorationRestoration withwith inverseinverse filteringfiltering

InverseInverse filteringfiltering LeastLeast squaresquare methodsmethods
What is f such that
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if H square matrix and invertable
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LeastLeast squaresquare methodsmethods
Let Q be a linear oprator (matrix), 
look for an f such that

( ) ( )QfQfQff T ⋅== 2)(ε minimal
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let us suppose that 22 nHfg =− (constrain)

CovarianceCovariance matrixmatrix
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T

T
n

T

T
f ij-component: 

correlation between 
the elements i and j

Sf: image energy spectrum, Sn: noise energy spectrum
symmetric matrices, 1-s in the diagonal

typical:

0

0

there is positive correlation between 
the nearly elements,
even more, it can be supposed that the 
correlation depends only on the 
distances between the  image points

CovarianceCovariance matrixmatrix

additive noise:  g = f + n
e.g.
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( ) ( ) ( )YXNYXFYXG ,,, +=

restoration of f(x,y) by subtraction if n or N is known,
if not then let us try to find the places of the impulses in 
image G and let us use a proper band-pass filter for 
restoration

BandBand filteringfiltering

BandBand filteringfiltering BandBand filteringfiltering
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BandBand filteringfiltering BandBand filteringfiltering

BandBand filteringfiltering
BandBand filteringfiltering

BandBand filteringfiltering BandBand filteringfiltering

image from the Mars 
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Wiener  Wiener  filteringfiltering
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α = 0: pseudo-inverse filtergHHHf
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α Wiener filter with parameter

properties:
if there is no noise (Sn = O), then it is an inverse filter;
if α = 1, then it is optimal w.r.t.                 

(supposing that M(sT·n) = O, i.e., there is no 
correlation between the image and the noise)

( )ffM ˆ−

Wiener filterWiener filter

spectrum

Wiener filter

input

result

original

spectrum of the result

Wiener filterWiener filter

input resultoriginal

InverseInverse filter filter andand Wiener filterWiener filter

inverse filter
without freq. cut.

inverse filter with
freq.cut.

Wiener filter


