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ABSTRACT
This paper presents a new family of 3D thinning algorithms
for extracting skeleton–like shape features (i.e, centerline,
medial surface, and topological kernel) from volumetric
images. A 2-subfield strategy is applied: all points in a 3D
picture are partitioned into two subsets which are alterna-
tively activated. At each iteration, a parallel operator is ap-
plied for deleting some border points in the active subfield.
The proposed algorithms are derived from Ma’s sufficient
conditions for topology preservation, and they use various
endpoint characterizations.
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1 Introduction

Skeletons are shape descriptors which show the essential
topology and summarize the general form of objects in bi-
nary images [2]. They have been studied for over forty
years in image processing, pattern recognition, and visu-
alization. Extracting skeleton–like shape descriptors from
3D binary objects is useful in numerous applications, such
as topological analysis [3], measurement [15], surface gen-
eration [5], shape deformation [20], shape matching [18],
or automatic navigation [6, 21].

A 3D binary picture [8] is a mapping that assigns a
value of 0 or 1 to each point with integer coordinates in
the 3D digital space denoted by Z

3, where points having
the value of 1 (i.e., black points) form the objects of a pic-
ture and points with a 0 value (i.e., white points) compose
the background and the cavities of a picture. A parallel
reduction operation changes some black points to white
ones (which is referred to as deletion) simultaneously. A
parallel reduction operator does not preserve topology [7]
if any object in the input picture is split or is completely
deleted, any cavity/hole in the input picture is merged with
the background or another cavity/hole, or a cavity/hole is
created where there was none in the input picture.

Parallel thinning algorithms [4] are frequently ap-
plied for extracting “skeletons” in a topology preserving
way [8]. They use parallel reduction operations: some
black border points of a binary object that satisfy certain
topological and geometric constrains are deleted simultane-

ously at an iteration step, and the entire process is repeated
until stability is achieved.

Thinning algorithms delete black points which are
not endpoints, since preserving endpoints provides impor-
tant geometrical information relative to the shape of the
objects. In 3D [1], there are three kinds of skeleton–
like shape features: surface-thinning algorithms extract
medial surfaces by preserving surface-endpoints, curve-
thinning algorithms produce centerlines by preserving
curve-endpoints, and topological kernels (i.e., minimal
structures which are topologically equivalent to the orig-
inal objects) can be generated if no endpoint criteria are
considered during the iterative object reduction.

One kind of parallel thinning approach is the subfield–
based method [4]. In subfield–based 3D thinning algo-
rithms, the digital space Z

3 is partitioned into more subsets
which are alternatively activated. At a given iteration step,
only black points in the active subfield can be designated to
be deleted.

Existing subfield–based parallel thinning algorithms
working on the cubic grid Z

3 use two [10, 11, 13], four
[12], and eight [1, 16] subfields. Their deletion rules are
rather complicated, and their topological correctness need
complex proofs.

In this paper, we propose a new family of parallel
2–subfield 3D thinning algorithms that are based on Ma’s
sufficient conditions for parallel reduction operators [9].
Hence their topological correctness is self–evident. Our al-
gorithms differ from each other in the considered endpoint
characterizations. They are computationally efficient due
to the applied implementation method.

2 Basic Notions

Let p be a point in the 3D digital space Z
3. Let us de-

note Nj(p) (for j = 6, 18, 26) the set of points that are
j-adjacent to p (see Figure 1a).

The sequence of distinct points 〈x0, x1, . . . , xn〉 is
called a j-path (for j = 6, 18, 26) of length n from point
x0 to point xn in a non-empty set of points X if each point
of the sequence is in X and xi is j-adjacent to xi−1 for
each 1 ≤ i ≤ n. Note that a single point is a j-path of
length 0. Two points are said to be j-connected in the set X

if there is a j-path in X between them.
The 3D binary (26, 6) digital picture P is a quadru-
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Figure 1. Frequently used adjacencies in Z
3 (a) and parti-

tioning of Z
3 into two subfields (b).

The set N6(p) contains point p and the 6 points marked
“♠”. The set N18(p) contains N6(p) and the 12 points
marked “♦”. The set N26(p) contains N18(p) and the 8

points marked “♣”.
The division of Z

3 into two subfields S0 and S1 forms a
“chessboard–like” partitioning, where points marked “i”

are in subfield Si (i = 0, 1).

ple P = (Z3, 26, 6, B) [8]. Each point in B ⊆ Z
3 is called

a black point and has a value of 1 assigned to it. Each
point in Z

3\B is called a white point and has a value of
0. 26-adjacency is associated with the black points, and
6-adjacency is assigned to the white points. A black com-
ponent is a maximal 26-connected set of points in B, while
a white component is a maximal 6-connected set of points
in Z

3\B. Here it is assumed that a picture contains finitely
many black points.

A black point is called a border point in (26, 6) pic-
tures if it is 6-adjacent to at least one white point. A black
point is called an interior point if it is not a border point. A
black point is called an isolated point if it is not 26-adjacent
to any other black point. A simple point is a black point
whose deletion is a topology preserving reduction [8]. Note
that interior and isolated points are not simple, and the sim-
plicity of a point p can be decided by examining the set
N26(p).

Parallel reduction operators delete a set of black
points and not just a single simple point. Next, we need
to consider what is meant by topology preservation when a
number of black points are deleted simultaneously.

Definition 1 [9] Let P be a (26, 6) picture. The set of black
points D = {d1, . . . , dk} is called a simple set of P if D

can be arranged in a sequence 〈di1 , . . . , dik
〉 in which di1

is simple and each dij
is simple after {di1 , . . . , dij−1

} is
deleted from P , for j = 2, . . . , k. (By definition, let the
empty set be simple.)

Theorem 1 [9] A 3D parallel reduction operation pre-
serves topology for (26,6) pictures if all of the following
conditions hold:

1. Only simple points can be deleted.

2. If two, three, or four elements of a 2 × 2 square are
deleted, then these points form a simple set.

3. No black component contained in a 2 × 2 × 2 cube in
Z

3 can be deleted completely.

In 2–subfield 3D thinning algorithms, the cubic grid
Z

3 is partitioned into two subsets S0 and S1, where

S0 = { (px, py, pz) ∈ Z
3 | px + py + pz ≡ 0 (mod 2) },

S1 = { (px, py, pz) ∈ Z
3 | px + py + pz ≡ 1 (mod 2) }.

We can state that two points p and q ∈ N26(p) are
both in the same subfield if q ∈ N18(p)\N6(p) (see Figure
1b). Consequently, Ma’s sufficient conditions for topology
preservation (see Theorem 1) can be simplified for 3D par-
allel reduction operations working on two subfields as fol-
lows:

Theorem 2 [12] A 2–subfield 3D parallel reduction oper-
ation preserves topology for (26,6) pictures if all of the fol-
lowing conditions hold:

1. Only simple points can be deleted.

2. If two points p and q ∈ N18(p)\N6(p) are deleted,
then {p, q} is a simple set.

3. No black component of two, three, or four mutually
18-adjacent, but not 6-adjacent points can be deleted
completely.

Our new 2–subfield 3D thinning algorithms are based
on Theorem 2 by using various endpoint characterizations.

3 The New Family of 2–Subfield Thinning
Algorithms

In this section, a family of 2–subfield 3D thinning algo-
rithms are presented for extracting skeleton–like shape fea-
tures. Our algorithms are derived from Ma’s simplified
conditions (see Theorem 2). Let us lay down their deletable
points:

Definition 2 Let us consider an arbitrary characterization
of endpoints that is called as type T . A black point in a
(26,6) picture P is self-T -deletable if it is not an endpoint
of type T and it is simple in P .

Definition 3 Black point p in a (26,6) picture P is square-
T -deletable if p is self-T -deletable (see Definition 2), and
for any self-T -deletable point q ∈ N18(p)\N6(p), the set
{p, q} is simple in P .

Definition 4 A black point in a (26,6) picture is cube-T -
deletable if it does not come first in the lexicographic or-
dering of black components of square-T -deletable points
depicted in Figure 2.

We are now ready to define the T -deletable points.

Definition 5 Black point p in a (26,6) picture P is T -
deletable if p is self-T -deletable (see Definition 2), square-
T -deletable (see Definition 3), and cube-T -deletable (see
Definition 4).
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Figure 2. Black components of mutually 18-adjacent, but
not 6-adjacent points in which square-T -deletable point p

is not cube-T -deletable. Notations: each point marked “•”
is a square-T -deletable black point; each point marked “◦”
is a white point; each point marked “�” is a white point.
(Note that all points marked “◦” and p are in the same
subfield, and any point marked “�” and p are in different

subfields.)

Note that various characterizations of endpoints yield
different types of deletable points. By Definition 5, we
introduce the following 2–subfield thinning algorithm that
preserves endpoints of type T :

Algorithm–T
Input: picture (Z3, 26, 6, X)
Output: picture (Z3, 26, 6, Y )

Y = X

repeat
// one iteration step

// phase 1 – subfield S0 is active
D0 = { p | p is T -deletable in Y ∩ S0 }
Y = Y \ D0

// phase 2 – subfield S1 is active
D1 = { p | p is T -deletable in Y ∩ S1 }
Y = Y \ D1

until D0 ∪ D1 = ∅

Various characterizations of endpoints yield different
algorithms. We can prove the topological correctness of the
proposed algorithms:

Theorem 3 Algorithm–T preserves topology for (26,6)
pictures.

Proof. To prove it, we show that parallel reductions of
the proposed algorithms (i.e., deletions of the sets of T -
deletable points, see Definition 5) satisfy all conditions of
Theorem 2.

1. T -deletable points are self-T -deletable ones (see Def-
initions 2 and 5) and self-T -deletable points are sim-
ple points (see Definition 2), hence their deletion sat-
isfies Condition 1 of Theorem 2.

2. T -deletable points are square-T -deletable ones (see
Definitions 3 and 5). It can be readily seen that dele-
tion of square-T -deletable points (see Definition 3),
satisfies Condition 2 of Theorem 2.

3. Let us consider black components of two, three,
or four mutually 18-adjacent, but not 6-adjacent T -
deletable points.

• Let C = {p, q} be such a black component of
two points. It is easy to see, that p is an isolated
point after the deletion of q, and q is an isolated
point after the deletion of p. An isolated point
is not simple, hence, {p, q} is not a simple set.
Therefore, p and q are not square-T -deletable
points (see Definition 3). Thus, they are not T -
deletable points (see Definition 5). Hence, C

cannot be deleted completely, thus Condition 3
of Theorem 2 holds for black components of two
elements.

• Next we need to consider black components of
three or four mutually 18-adjacent, but not 6-
adjacent points.
It can be readily seen that all the possible
ten cases are depicted in Figure 2. In each
black component, black point p is not cube-
T -deletable (see Definition 4), hence, p is not
T -deletable (see Definition 5). Since p cannot
be deleted, the considered component cannot be
deleted completely. Thus, Condition 3 of Theo-
rem 2 holds.

4 Examples of the Proposed Algorithms

In the previous section, a general algorithm is presented
that preserves endpoints of type T , where T is an arbitrary
characterization of curve-endpoints or surface-endpoints.
Here, we present six kinds of 2–subfield 3D thinning al-
gorithms according to the following types of endpoints:

Definition 6 Any black point in a (26,6) picture is not an
endpoint of type TK. (If no endpoints are preserved during
the thinning process, then we get topological kernels.)

Definition 7 [1] Black point p in picture (Z3, 26, 6, B) is
a curve-endpoint of type C1 if the set (N26(p)\{p}) ∩ B

contains at least two black components.

Definition 8 Black point p in picture (Z3, 26, 6, B) is a
curve-endpoint of type C2 if (N26(p)\{p}) ∩ B = {q}

• (N26(q)\{q}) ∩ B = {p} or

• (N26(q)\{q}) ∩ B = {p, r}.

Definition 9 Black point p in picture (Z3, 26, 6, B) is a
curve-endpoint of type C3 if (N26(p)\{p})∩B = {q} and

• (N26(q)\{q}) ∩ B = {p} or
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original image result of Algorithm-C1
(92 534) (346)

result of Algorithm-C2 result of Algorithm-C3
(349) (345)

Figure 3. A 140×140×50 image of a horse and its “skele-
tons” produced by our algorithms.

• (N26(q)\{q})∩B = {p, r} and point r is 26-adjacent
to at most two black points.

Note that characterizations of curve-endpoints ac-
cording to Definitions 8 and 9 were inspired by the concept
“twig voxel” that was introduced by Ma, Wan, and Chang
[11].

Definition 10 [1] Black point p in picture (Z3, 26, 6, B) is
a surface-endpoint of type S1 if p is a curve-endpoint of
type C1 (see Definition 7) or the set N26(p)∩ (Z3\B) con-
tains at least two white components.

Definition 11 [14] Black point p in picture (Z3, 26, 6, B)
is a surface-endpoint of type S2 if there is no interior point
in the set N6(p) ∩ B.

In experiments these six 2–subfield 3D thinning al-
gorithms were tested on objects of different shapes. Here
we present some illustrative examples below (Figures 3-8).
Numbers in parentheses mean the count of black points.

It is well-known, that 3D skeletons generally contain
surface patches (i.e., branched 2D manifolds). In the case
of tubular objects, we need a skeletonization method that
can suppress creation of such surface segments. As a so-
lution, curve-thinning (i.e., iterative object reduction that
preserves curve-endpoints) is proposed. The first three test
objects (see Figures 3-5) are tubular, hence their centerlines
are extracted by three of the proposed curve-thinning algo-
rithms.

original image result of Algorithm-C1
(865 941) (1 319)

result of Algorithm-C2 result of Algorithm-C3
(992) (891)

Figure 4. A 174 × 103 × 300 image of a hand and its
“skeletons” produced by our algorithms.

original image result of Algorithm-C1
(317 742) (1 942)

result of Algorithm-C2 result of Algorithm-C3
(1 905) (1 667)

Figure 5. A 300 × 300 × 300 image of a tubular structure
and its “skeletons” produced by our algorithms.
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original image result of Algorithm-TK
(81 000) (96)

result of Algorithm-S1 result of Algorithm-S2
(6 472) (7 712)

Figure 6. The 3D image of a 45× 45× 45 cube with a hole
and its “skeletons” produced by our algorithms.

original image result of Algorithm-TK
(74 250) (190)

result of Algorithm-S1 result of Algorithm-S2
(6 862) (8 070)

Figure 7. The 3D image of a 45 × 45 × 45 cube with two
holes and its “skeletons” produced by our algorithms.

original image result of Algorithm-TK

(67 500) (300)

result of Algorithm-S1 result of Algorithm-S2
(6 620) (8 628)

Figure 8. The 3D image of a 45× 45× 45 cube with three
holes and its “skeletons” produced by our algorithms.

Note that the first three test objects contain neither
holes nor cavities, hence Algorithm-TK (i.e., the algorithm
for extracting topological kernels, see Definition 6) pro-
duces only one isolated point for such an object. Isolated
points produced by Algorithm-TK are not depicted in Fig-
ures 3-5. Topological kernels of the remaining three test
objects (see Figures 6-8) are much more sightly. They are
formed by 1-point thick closed curves, since the original
objects contain some holes.

On the one hand, skeletons are sensitive to coarse ob-
ject boundaries; on the other hand, some endpoints may be
generated by the iterative thinning process. As a result, the
“skeleton” produced generally includes false segments that
must be removed by a pruning step [15, 17, 19]. Let us see
Figure 4. We can state that Algorithm-C1 produces relative
large number of false side branches, since the other two
algorithms (that use the more sophisticated types of curve-
endpoints C2 and C3) generate much fewer undesired seg-
ments to be pruned.

Some medial surfaces generated by Algorithm-S1 and
Algorithm-S2 are depicted in Figures 6-8. We can state that
Algorithm-S2 seems to be better than Algorithm-S1. It can
produce more compact “skeletons” without overshrinking
the original objects.

A critic, however, might think that the proposed algo-
rithms are time consuming and it is rather difficult to im-
plement them on standard sequential computers. Thus we
sketch here an efficient and fairly general implementation
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Table 1. Computation times for the given six kinds of test
objects (see Figures 3-8). The implemented algorithms
were run under Linux on an Intel Pentium 4 CPU 2.80 GHz

PC.

Test Type of Comp.
object endpoints time (sec.)

C1 0.18
C2 0.18
C3 0.18
C1 1.75
C2 1.74
C3 1.75
C1 1.33
C2 1.34
C3 1.17
TK 0.11
S1 0.09
S2 0.11
TK 0.09
S1 0.08
S2 0.11
TK 0.09
S1 0.08
S2 0.09

method [14].
The proposed implementation uses a pre–calculated

look-up-table to encode the simple points. Since the sim-
plicity of a point p in a (26,6) picture can be decided by
examining the set N26(p), that table has 226 entries of 1
bit in size, hence it requires just 8 MB of storage space in
memory.

In addition, two lists are used to speed up the pro-
cess: one for storing the border points in the current pic-
ture (since thinning can only delete border-points, thus the
repeated scans of the entire array storing the picture are
not needed); the second list is to store all deletable points
in the current phase of the process. At each iteration, the
deletable points are deleted, and the list of border points is
updated accordingly.

The proposed method makes possible a computation-
ally efficient implementation. Its efficiency is illustrated in
Table 1.

5 Conclusion

Fast skeleton extraction is extremely important in numer-
ous applications for large 3D shapes. In this paper, we pre-
sented a new family of 2-subfield 3D thinning algorithms
that are based on Ma’s sufficient conditions for topology
preservation. Hence, the topological correctness of our al-
gorithms is self-evident. Six variations for the proposed

thinning scheme were presented by considering six differ-
ent types of endpoint characterizations. Thanks to the ef-
ficient implementation, our algorithms are very fast. The
proposed method is capable of extracting three kinds of
skeleton-like shape features (i.e., medial surface, center-
line, and topological kernel) according to the applied end-
point characterization. Medial surfaces are generally ex-
tracted from general shapes, tubular structures can be rep-
resented by their centerlines, and topological kernels are
fairly useful in topological description. Skeletonization is
sensitive to coarse object boundaries, hence a thinning pro-
cess is to be coupled with an efficient pruning method.

Acknowledgements

This research was partially supported by the TÁMOP-
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