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Abstract

Our aim was to estimate the volumes of homogeneous structures whose contrast
/ intensity was changing with time, using only few (here 4) projections of the
structures. Each projection was recorded over a period of time and consisted of a
sequence of images. The projections of the structures were first separated by factor
analysis of the total projections. Then each structure was reconstructed individually
from its factor projections using discrete tomography. Assumed application is the
single-photon emission computed tomography (SPECT).
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1 Introduction

First, we consider the following problem. Let us suppose that there is a 3D
dynamic object, which can be represented by a non-negative function f(r, t),
where r and t denote the position in space and time, respectively. Suppose
that f can be expressed as a linear combination of (so far unknown) binary
valued functions fk(r), k = 1, 2, . . . , K (K ≥ 1), being constant in time, such
that

(1) f(r, t) = c1(t) · f1(r) + c2(t) · f2(r) + · · · + cK(t) · fK(r) + η(r, t),

where ck(t) denote the k-th weighting coefficient, which depends on time, and
η(r, t) represents the noise or residual in (r, t). Given the assumption that η
and f are uncorrelated, ck(t) and fk(r) are to be determined such that fi are
independent of fj for all i �= j. If the values of f(r, t) are available then the
problem can be solved by factor analysis.

However in some applications, we cannot measure the function f in the
points of the space, but we can measure its projections only. This is frequently
the case, for example, in nuclear medicine, where the object is the radioactivity
distribution in an organ and the projections are gamma camera images from
different directions. In such a case, SPECT imaging is applied to collect data
for the reconstruction of tomographic slices of the object.

So, we have also a second, a reconstruction problem. In this reconstruction
problem we deal with a special emission tomography model, where the object
to be reconstructed is considered as a set of points emitting rays into all
directions of the space, and the space is filled with some material attenuating
the rays. It is important that the absorption is included into the definition of
projection.

Let f(r, t) denote the intensity function of the object to be reconstructed.
Suppose that the absorption in the space is constant and the absorption co-
efficient is µ ≥ 0 everywhere. The half-lines in the space can be described
as l(S, v) = {S + u · v | u ≥ 0}, where S and v are the start point and the
direction of the half-line, respectively. Then the absorbed projection of f along
l(S, v) in time t can be defined as

(2) [P(µ)f ](S, v, t) =

∞∫

0

f(S + u · v, t) · e−µu du .

Usually, the absorbed projection values are measured along many parallel half-
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lines in the same time (e.g., by using line or plane detectors). In such a case we
can speak about (absorbed) projections taken in direction v. Our problem is to
reconstruct f from absorbed projections taken from a few directions, especially
if we have only four directions. For the sake of simplicity, let us suppose that
the four directions are the opposite horizontal and vertical directions. (In the
emission tomography model, opposite projections are not identical because of
attenuation.) That is, the given 4 projections are taken from the left, the
right, the up, and the down directions. Furthermore, let us suppose that the
support of f is the unit cube in any time t (see Fig. 1).

x

y

Up

Right

Down

Left

Fig. 1. The arrangement of the 4 absorbed projections illustrated with a a square
as a 2D section of the unit cube and with 4 lines as the corresponding 4 rows of the
2D projections.

Formally, the left, the right, the up, and the down absorbed projections are
defined, respectively, as

(3)
[L(µ)f ](y, z, t) = [P(µ)f ]((0, y, z), (1, 0, 0), t)

=
1∫
0

f(u, y, z, t) · e−µudu ,
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(4)
[R(µ)f ](y, z, t) = [P(µ)f ]((1, y, z), (−1, 0, 0), t)

=
1∫
0

f(1 − u, y, z, t) · e−µudu ,

(5)
[U (µ)f ](x, z, t) = [P(µ)f ]((x, 1, z), (0,−1, z), t)

=
1∫
0

f(x, 1 − u, z, t) · e−µudu ,

(6)
[D(µ)f ](x, z, t) = [P(µ)f ]((x, 0, z), (0, 1, z), t)

=
1∫
0

f(x, u, z, t) · e−µudu .

In another words, the equations in (3)-(6) express that the detectors sit on
left, right, up, and down sides of the cube look at the cube, and measure the
absorbed projections along half lines, which are perpendicular to the corre-
sponding side of the cube.

Summarizing the problem, our task can be divided into two parts. First
we have to separate projections of the individual structures from the original
projections of the 3D dynamic objects. Afterwards we have to reconstruct the
2D slices of each factor structure from its 4 projections slice by slice. We can
repeat this reconstruction for all slices obtaining 3D reconstruction.

The paper consists of the following parts. In Section 2 our phantom model
and its implementation are introduced. Afterwards, we describe the details
of the applied methods for factor analysis and reconstruction. The results of
our experiments together with the related discussion are given in Section 5.
Finally, in the last section, we present our conclusions based on the experiences
and make suggestions for future work.

2 Phantom

Our phantom (i.e., the function f in (1)) was a simplified 3D mathematical
model of the human renal system (it was provided by Dr. W. Backfrieder,
AKH Vienna, Austria [1]). The system consists of 5 factors (i.e., K = 5),
denoted by f1, f2, . . . , f5 in (1), representing two vascular structures, two renal
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Table 1
Structures of the given phantom

Structure name Volume (voxels)

Heart and aorta 2652

Liver and spleen 10603

Two renal parenchymas 1350

Two renal pelvises 606

Urinary bladder 2094

Background rest of the 643

structures, and the urinary bladder. Each factor structure is homogeneous,
i.e., it is composed of voxels having the same intensity value and its shape is
defined by geometric objects (e.g., by discrete spheres and tubes). The factor
structures are in a discrete space of 643 voxels (the voxel size is 6 × 6 × 6
mm). The background, η(r, t) in (1), represents the rest of the cube of the 643

voxels. Table 1 gives information about the structures.

In order to approximate the images of a nuclear medicine SPECT study,
absorption, scatter, depth dependent resolution, partial volume effects, and
also Poisson noise have been taken into account in the simulation of the pro-
jection images. In the model the weights of the factors (i.e., their intensities)
change with time according to given functions ck(t), k = 1, 2, . . . , 5, simulating
the functionality of the corresponding organs. The four absorbed projections
(L(µ)f,R(µ)f,U (µ)f , and D(µ)f) with size 64× 64 each were taken at 120 dis-
crete time moments. The total summation images of the 120 projections for
each direction are shown on Fig. 2.

3 Factor analysis

Each simulated factor structure of the whole 3D object had specific dynamics
(radioactivity changes with time) according to (1), so, their projections seemed
to be separable from the projections of other structures by factor analysis.
The factor analysis was performed on each sequence of projections by the
method published in [6,7] using spatial constraints. Its results were 20 (i.e.,
4 × 5) 64 × 64 matrices, denoted by Lk, Rk, Uk, and Dk, k = 1, 2, . . . , 5, and

the corresponding weighting coefficients c
(l)
k (t), c

(r)
k (t), c

(u)
k (t), and c

(d)
k (t) for

k = 1, 2, . . . , 5.
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(a) Summation images of the
left projections

(b) Summation images of the
up projections

(c) Summation images of the
right projections

(d) Summation images of the
down projections

Fig. 2. Summation images of the 120 projections taken from 4 directions.

As examples, the separated 5 images from direction “up”, i.e., the images
Uk, k = 1, 2, . . . , 5, are shown in Fig. 3. The 20 curves describing the change
of the weighting coefficient in time, i.e., c

(l)
k (t), c

(r)
k (t), c

(u)
k (t), and c

(d)
k (t) for

k = 1, 2, . . . , 5 are given in Fig. 4.

The images and coefficients created by the factor analysis have the follow-
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(a) Heart and aorta (b) Liver and spleen

(c) Renal parenchymas (d) Renal pelvises

(e) Bladder

Fig. 3. The images Uk, k = 1, 2, . . . , 5, as they are created from the “Up” projections
U (µ)fk by factor analysis.
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(a) Heart and aorta
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(b) Liver and spleen
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(c) Renal parenchymas
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(d) Renal pelvises
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Fig. 4. The curves of the weighting coefficients created by factor analysis.

ing relations with the projections of the whole structure.

[L(µ)f ](y, z, t) =

5∑
k=1

c
(l)
k (t) · Lk(y, z) + ηL(y, z, t) ,

[R(µ)f ](y, z, t) =

5∑
k=1

c
(r)
k (t) · Rk(y, z) + ηR(y, z, t) ,

[U (µ)f ](x, z, t) =
5∑

k=1

c
(u)
k (t) · Uk(x, z) + ηU(x, z, t) ,

[D(µ)f ](x, z, t) =
5∑

k=1

c
(d)
k (t) · Dk(x, z) + ηD(x, z, t) ,
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where ηL, ηR, ηU , and ηL denote the correspondent residuals. This notation
indicates that we could not compute the projections of the factors exactly.
However, it is true that

(7)

ck(t) · [L
(µ)fk](y, z) = c

(l)
k (t) · Lk(y, z) ,

ck(t) · [R
(µ)fk](y, z) = c

(r)
k (t) · Rk(y, z) ,

ck(t) · [U
(µ)fk](x, z) = c

(u)
k (t) · Uk(x, z) ,

ck(t) · [D
(µ)fk](x, z) = c

(d)
k (t) · Dk(x, z) ,

for all k = 1, 2, . . . 5. That is, the factor analysis could determine the projec-
tions of the factors up to a multiplicative constant only.

4 Reconstruction

The equation system (7) shows that the images Lk, Rk, Uk, and Dk cannot be
considered as the absorbed projections of the factor fk, k = 1, 2, . . . , 5. How-
ever, the absorbed projections of the factor structures can be computed from
these images by suitable multiplications. Therefore, before using any kind of
reconstruction method, we need determine the multiplicative constants d

(l)
k =

c
(l)
k (t)/ck(t), d

(r)
k = c

(r)
k (t)/ck(t), d

(u)
k = c

(u)
k (t)/ck(t), and d

(d)
k = c

(d)
k (t)/ck(t),

for k = 1, 2, . . . , 5. Unfortunately, ck(t) is not known, so we cannot use these

relations for the determination of d
(l)
k , d

(r)
k , d

(u)
k , and d

(d)
k , for k = 1, 2, . . . , 5.

We used another method to get the absorbed projections of the factor
structures. The idea is roughly the following (a more detailed description
is given in Subsection 4.2). This method, first, reconstructs a representative
section of the 3D factor structure trying several multiplicative constants. Then
it selects the constants giving the best reconstruction, and, finally, it applies
the selected constants as the multiplicative values for the correction of the
projections for all sections.

4.1 Reconstruction of a binary matrix from its absorbed projections

Let us suppose that the section of fk at hight z = z0 is to be reconstructed.
The section fk(x, y, z = z0) can be represented by a binary valued matrix or,
equivalently, by a vector ξ ∈ {0, 1}J where ξj denotes the jth element of the
matrix fk(x, y, z = z0), say, in a row by row order, j = 0, 1, . . . , J and J = n2.

Knowing the four absorbed projections of each fk we can try to reconstruct
them by emission discrete tomography, shortly EDT, method [3]. The EDT
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reconstruction problem can be described as a linear equation system

(8) Aξ = b ,

where b = (bi), i = 1, 2, . . . , I, denotes the vector of absorbed projection values
and A = (aij)I×J is the matrix describing the relation between ξ and b. The
elements of A can be computed from the geometry of the projections and from
the known absorption value µ. Vector b is given by the measurements. We
are looking for a binary valued ξ satisfying (8).

Because of noise, measurement errors, and model simplifications we cannot
hope to find a ξ satisfying (8) exactly. However, (8) can be reformulated as an
optimization problem. Formally, find the minimum of the objective function

(9) C(ξ) = ‖Aξ − b‖ + γ · Φ(ξ) such that ξ is binary .

The first term in (9) controls that we have a ξ satisfying (8) at least approxi-
mately. The second term gives us the possibility to include a priori knowledge
about ξ into the optimization if there are several good binary vector candi-
dates for keeping ‖Aξ−b‖ small. In our experiments we have used the function

(10) Φ(x) =
J∑

j=0

∑
l∈Qm

j

gl,j · |ξj − ξl| ,

where Qm
j is the set of the indexes of the m × m adjacent pixels of the jth

lattice pixel and gl,j is the corresponding element of a matrix representing a
2D m×m Gaussian matrix. The gl,j scalar weights the differences according to
the distance of the two adjacent, lth and jth pixels. Using this regularization
term we can force the optimization algorithm to find binary matrices with
possibly compact regions of 0s and 1s.

For solving (9) the simulated annealing (SA) optimization method [4] was
used. The implementation of this algorithm is given in [5].

4.2 Determination of the multiplicative constants

As representative section we selected those which had the highest absorbed
projections value. Then a sequence of reconstructions was performed with
different constants. From the different reconstruction results the ξ giving
the best objective function C(ξ) was selected. The multiplicative constants
belonging to the optimal reconstruction of the representative section were used
then for all sections.
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Table 2
Statistical results about the reconstructed structures

Structure name
Original
volume
(voxels)

Reconstructed
volume
(voxels)

Standard
deviation
(voxels)

Heart and aorta 2652 2541 (96 %) 5.29

Liver and spleen 10603 9486 (89 %) 100

Renal parenchymas 1350 1450 (107 %) 17.1

Renal pelvises 606 511 (84 %) 5.4

Urinary bladder 2094 1925 (92 %) 3.95

5 Results

During the reconstruction we had to choose a proper size m for the neighbor-
hood Qm

j in (10) and suitable value of γ in (9). Setting up all the necessary
values, we selected the representative sections for each structure and found
the optimal reconstruction. The reconstructed representative slices are given
in Fig. 5. For visualization of the reconstructed 3D factor structures we used
the software Slicer [8]. The results can be seen in Fig. 6.

The reconstruction method is probabilistic and in this way the results can
be different if we repeat the procedure even with the same input data. In or-
der to get information about the differences between the results reconstructed
by multiple performances, we repeated the whole process 100 times for each
structure. The average volumes were calculated from the repeated reconstruc-
tion results, see Table 2. In this table the reconstructed volumes are expressed
also as the percentage of the original volumes (see the numbers in brackets).
The last column shows the standard deviation of the volumes after repeating
the reconstruction 100 times.

The average slices coming from the repeated reconstruction also have been
visualized by Slicer using threshold values for each structure (see. Fig. 8).

6 Discussion and conclusion

A possible application of DT in SPECT is presented. A two step procedure
is suggested to reconstruct 3D factor structures from 4 absorbed projections
acquired during a dynamic renal SPECT study. In the first step factor analysis
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(a) Heart and aorta, Slice 2 (b) Liver and spleen, Slice 19

(c) Renal parenchymas, Slice 30 (d) Renal pelvises, Slice 39

(e) Bladder, Slice 61

Fig. 5. Representative slices reconstructed by the optimal multiplicative constant
settings.
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(a) First view (b) Second view

(c) Third view

Fig. 6. 3D visualization of the reconstructed structures.

separates the projections of each factor structures, then, in the second step,
an EDT method reconstructs the 3D structures.

We have observed that the reconstructed structure of liver and spleen was
considerably less smooth than the other factors. The source of the error can
be that a part of the large asymmetric volume of the liver partially invisible
from certain directions due to the absorption (see, for example, the projection
left in Fig. 2). Similar explanation of attenuation can be given in the cases of
renal pelvises and bladder (see Table 2).

We can conclude that the reconstructed volumes of the factor structures
are not far from the right values. Table 2 shows also that our reconstruction
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(a) Heart and aorta, Slice 2 (b) Liver and spleen, Slice 19

(c) Renal parenchyma, Slice 30 (d) Renal pelvis, Slice 39

(e) Bladder, Slice 61

Fig. 7. Images showing the average of the representative reconstructed slices. Darker
pixels represents less number of pixels of the corresponding 100 reconstructed struc-
tures.
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(a) First view (b) Second view

(c) Third view

Fig. 8. 3D visualization of the average reconstructed structures.

method is stable.

During the reconstruction we took into account the absorption in the com-
putation of the projections, but we did not make any correction of the scat-
tering and noise. We think that a scatter correction method combined with
this procedure would give even better results.

Another point where the procedure can be improved is the determination
of the multiplicative constants. Here we plan two modifications: The problem
will be simpler if the factor analysis will be performed only on one image
sequence (instead of the four sequences of the projections) where each image
is the composition of the four corresponding projections. In this way only one
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multiplicative constant is to be determined (instead of the four constants used
up to now). Another possibility for the determination of the multiplicative
constant is if we use the consistency condition derived for absorbed projections
[2] recently.
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