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Abstract

Thinning is an iterative layer by layer erosion for extracting skeletons. This paper presents an efficient 3D parallel
thinning algorithm which produces medial surfaces. A 3-subiteration strategy is proposed: the thinning operation is
changed from iteration to iteration with a period of 3 according to the three deletion directions. © 2002 Elsevier

Science B.V. All rights reserved.
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1. Introduction

Skeletonization provides shape features that are
extracted from binary image data. A very illus-
trative definition of the skeleton is given using the
prairie-fire analogy: the object boundary is set on
fire and the skeleton is formed by the loci where
the fire fronts meet and quench each other (Blum,
1967). In discrete spaces, the thinning process is a
frequently used method for producing an ap-
proximation to the skeleton in a topology-pre-
serving way (Kong and Rosenfeld, 1989). It is
based on digital simulation of the fire front prop-
agation: border points of a binary object that
satisfy certain topological and geometric con-
straints are deleted in iteration steps. The entire
process is repeated until only the “skeleton” is left.
Therefore, a thinning algorithm can be regarded as

*Tel.: +36-62-420-184; fax: +36-62-420-292.
E-mail address: palagyi@inf.u-szeged.hu (K. Palagyi).

a reduction operation that changes some 1’s (ob-

ject elements or black points) to 0’s (white points)

but does not alter 0’s.
A 3D reduction operation does not preserve

topology (Kong, 1995) if

e any object in the input picture is split (into two
or more parts) or completely deleted,

e any cavity in the input picture is merged with the
background or with another cavity,

e a cavity is created where there was no cavity in
the input picture,

e any hole in the input picture is merged with the
background or with another hole, or

e a hole is created where there was no hole in the
input picture.

A simple point is an object point whose deletion

does not alter the topology of the picture (Mor-

genthaler, 1981). Sequential thinning algorithms

delete simple points which are not end points, since

preserving end-points provides important infor-

mation relative to the shape of the objects. Curve

thinning (i.e., a thinning process for extracting
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medial line) preserves line end-points while surface
thinning (i.e., a thinning process for extracting
medial surface) does not delete surface end-
points.

Parallel thinning algorithms delete a set of
simple points. A possible approach to preserve
topology is to use subiteration-based approach
(Hall, 1996); the thinning operation is changed
from iteration to iteration with a period of n
(n = 2); each iteration of a period is then called a
subiteration where only border points of certain
kind can be deleted. There are six kinds of border
points in 3D pictures on cubic grid, therefore, 6-
subiteration thinning algorithms were generally
proposed.

In this paper, a 3-subiteration algorithm is
proposed for surface thinning. Some experiments
are made on synthetic objects and the topology
preservation for (26, 6) binary pictures (Kong and
Rosenfeld, 1989) is proved. Our approach dem-
onstrates a possible way for constructing non-
conventional subiteration-based thinning
algorithms.

2. Basic notions and results

Let p be a point in the 3D digital space Z°. Let
us denote N,(p) (for j = 6,18,26) the set of points
Jj-adjacent to point p (see Fig. 1). The sequence of
distinct points (xo,xi,...,x,) is a j-path of length
n = 0 from point x, to point x, in a nonempty set
of points X if each point of the sequence is in X

k { N
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Fig. 1. The frequently used adjacencies in Z>. The set Ny(p)
contains the central point p and the six points marked U, D, N,
E, S and W. The set Nis(p) contains the set Ng(p) and the 12
points marked “[0”. The set N (p) contains the set Nig(p) and
the eight points marked “x”.

and x; is j-adjacent to x; ;| for each 1 <i<n. (Note
that a single point is a j-path of length 0.) Two
points are j-connected in the set X if there is a
j-path in X between them. A set of points X is
Jj-connected in the set of points ¥ DO X if any two
points in X are j-connected in Y.

The 3D binary (m,n) digital picture P is a qua-
druple P = (Z°,m,n,B) (Kong and Rosenfeld,
1989). Each element of Z° is called a point of P.
Each point in B C Z° is called a black point and
value 1 is assigned to it. Each point in Z°\ B is
called a white point and value 0 is assigned to it.
Adjacency m belongs to the black points and ad-
jacency n belongs to the white points. A black
component (or object) is a maximal m-connected
set of points in B. A white component is a maximal
n-connected set of points in B C Z°.

We are dealing with (26,6) pictures. It is as-
sumed that any picture contains finitely many
black points.

A black point is called border point if it is 6-
adjacent to at least one white point. (Note that this
definition is correct only for the special cases
m = 26 and m = 18.) A border point p is called U-
border point if the point marked by U in Fig. 1 is
white. We can define N-, E-, S-, W- and D-border
points in the same way.

A black point is called simple point if its deletion
does not alter the topology of the picture (Mor-
genthaler, 1981). We make use of the following
result for (26, 6) pictures.

Theorem 1 (Malandain and Bertrand, 1992; Saha

and Chaudhuri, 1994). Black point p is simple in

picture (7°,26,6,B) if and only if all of the fol-

lowing conditions hold:

1. the set (B\ {p}) N Ny(p) contains exactly one
26-component;

2. the set (Z*\ B) N Ny(p) is not empty and it is 6-
connected in the set (Z* \ B) N Nig(p).

Theorem | shows that the simplicity in (26,6)
pictures is a local property; it can be decided in
view of the 3 x 3 x 3 neighbourhood of a given
point.

We need to consider what is meant by topology
preservation when a number of black points are
deleted simultaneously. Ma (1994) and Kong
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(1995) gave sufficient conditions for parallel
reduction operations of 3D (26,6) pictures. We
use the following, much simpler sufficient condi-
tions:

Theorem 2 (Palagyi and Kuba, 1999a,b). Let F

be a parallel reduction operation on (26,6) pictures.

Then F is topology preserving, if for all pictures

P = (7°,26,6,B), all of the following conditions

hold:

1. for all points p € B that are deleted by F and for
all sets Q C (Nis(p) \ {p}) N B that are deleted
by F,p is simple in the picture (Z°,26,6,B\ Q);

2. no black component contained entirely in a unit
lattice cube (i.e., a 2 x 2 x 2 configuration in
Z%) can be deleted completely by F.

If an operation satisfies Theorem 2, then it obeys
the sufficient conditions stated by Ma (1994) and
Kong (1999).

We propose a surface thinning algorithm. The
deletable points of the algorithm are border points
of certain types and not surface end-points (i.e.,
which are not extremities of surfaces). The pro-
posed algorithm uses the following characteriza-
tion of the the surface end-points.

Definition 3 (Palagyi and Kuba, 1999a,b). The set
Ns(p) is subdivided into three kinds of opposite
pairs of points (U, D), (N,S) and (E, W) (see Fig.
1).

A black point p is a surface end-point in a
picture if the set Ng(p) contains at least one op-
posite pair of white points.

3. Existing parallel thinning algorithms

Most of the existing thinning algorithms are
parallel as the fire front propagation is by nature
parallel. These algorithms delete a set of simple
points simultaneously that can alter the topology.
There are three major strategies to overcome this
problem (Hall, 1996):

Fully parallel algorithms: Algorithms from this
group do not divide the thinning operation into
different kinds of subiterations. In order to pre-
serve topology, the known three fully parallel 3D

thinning algorithms investigate larger neighbour-
hood than the 3 x 3 x 3 one: Ma (1995) proposed
an algorithm, in which the new value of a black
point depends on 30 points (and a parallel re-
checking pass is required), the fully parallel algo-
rithm of Ma and Sonka (1996) uses a special
neighbourhood containing 50 points and Manza-
nera et al. (1999) developed an algorithm using a
symmetric neighbourhood consisting of 81 points.

Subiteration-based algorithms: In the subitera-
tion-based approach (often referred to as direc-
tional or border sequential strategy) the thinning
operation is changed from iteration to iteration
with a period of n (n = 2); each iteration of a pe-
riod is then called a subiteration where only border
points of certain kind can be deleted simulta-
neously. Since there are six kinds of major direc-
tions in 3D pictures, 6-subiteration thinning
algorithms were generally proposed (Bertrand,
1995; Gong and Bertrand, 1990; Lee et al., 1994;
Mukherjee et al., 1990; Palagyi and Kuba, 1998a;
Tsao and Fu, 1981). Note that 8-subiteration
(Palagyi and Kuba, 1999a) and 12-subiteration
(Palagyi and Kuba, 1999b) algorithms have been
developed, too. Each existing subiteration-based
algorithm examines the 3 x 3 x 3 neighbourhood
of each border point.

Subfield-based algorithms: The 3D digital space
7? is partitioned into several (disjoint) subfields
that are alternatively activated (Golay, 1969;
Preston, 1971). At a given iteration step, only
border points in the active subfield are designated
to be deleted. Each subiteration is executed in
parallel (i.e., all border points in the actual subfield
satisfying the deletion condition are simulta-
neously deleted). Two subfield sequential 3D
thinning algorithms working in cubic grid have
been proposed so far (Bertrand and Aktouf, 1994;
Saha et al., 1997). Both algorithms investigate the
3 x 3 x 3 neighbourhood and use eight subfields,
therefore, each iteration step contains eight suc-
cessive subiterations. Palagyi and Kuba (1998b)
proposed a hybrid thinning algorithm. It uses both
subfield and subiteration approaches (with two
subfields and eight deletion directions). Note that
Hall and Kiigiik (1992) developed a 3D shrinking
algorithm that also uses a mix of subfield and
subiteration methods.
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The algorithm proposed in this paper follows
the subiteration strategy. It requires only three
subiterations (corresponding to the three kinds of
opposite pair of points) in each iteration step, but
an additional point not in the 3 x 3 x 3 neigh-
bourhood is examined in each subiteration.

4. The new thinning algorithm

In this section, a new algorithm is presented for
extracting medial surfaces from 3D (26,6) pic-
tures.

Each conventional 6-subiteration 3D thinning
algorithm uses the six deletion directions that can
delete certain U-, D-, N-, E-, S- and W-border
points, respectively (Bertrand, 1995; Gong and
Bertrand, 1990; Lee et al., 1994; Mukherjee et al.,
1990; Palagyi and Kuba, 1998a; Tsao and Fu,
1981). In our 3-subiteration approach, two kinds
of border points can be deleted in each subitera-
tion. The three deletion directions correspond to
the three kinds of opposite pairs of points, and are
denoted by UD, NS and EW.

Suppose that the 3D (26, 6) picture to be thin-
ned contains finitely many back points. Reduction
operations associated with the three subitera-
tions are called deletion_from UD, dele-
tion_from NS and deletion_from_ EW.

We are now ready to present the 3-subiteration
approach formally:

Input: picture P = (Z°,26,6,B)

Output: picture P' = (Z°,26,6,B')

3-subiteration_thinning(B,B’)

begin
B' = B;
repeat
B =deletion_from UD(B');
B =deletion_from NS(B');
B =deletion_from EW(B);
until no points are deleted,
end.
The new value of a black point depends on 28
points in each subiteration. The three special
neighbourhoods assigned to the different subiter-
ations are presented in Fig. 2.

Deletable points in a subiteration are given by a
set of matching templates. A black point is delet-
able if at least one template in the set of templates
matches it. Templates are usually described by
three kinds of elements, “black™, “white” and
“don’t care”, where “don’t care’” matches either
black or white point in a given picture. In order to
reduce the number of masks we use additional
notations (see Fig. 3).

The first subiteration assigned to the deletion
direction UD can delete certain U- or D-border
points; the second subiteration associated with the
deletion direction NS attempt to delete N- or S-
border points, and some E- or W-border points
can be deleted by the third subiteration corre-
sponding to the deletion direction EW. The set of
templates Typ is given by Fig. 3. Note that Fig. 3
shows only the eight base templates T1-T8. Ad-
ditionally, all their rotations around the vertical
axis belong to Typ, where the rotation angles are
90°, 180° and 270°. It is easy to see that the com-
plete Typ contains 2-(1+4+4+4) =26 tem-

Fig. 2. The special local neighbourhoods assigned to the deletion directions UD (a), NS (b) and EW (c), respectively. The new value of
a black point p depends on the 3 x 3 x 3 neighbourhood of p (marked ““<>”’) and an additional point (marked “4”) that is not in Nxs(p).
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Fig. 3. Base templates T1-T8 and their rotations around the vertical axis form the set of templates Typ assigned to the deletion di-
rection UD. This set of templates belongs to the first subiteration. Notations: each position marked “c”, “@”, “l” and “*” matches a
black point; each position marked “o” matches a white point; each “-”” (“don’t care’’) matches either a black or a white point; at least
one position marked “x’” matches a black point; at least one position marked “y”’ matches a black point. Emphasis is to be put that “x”

and “y” positions provide that surface end-points cannot be deleted. (Note that using different symbols for black template positions
helps us to prove the topological correctness of the algorithm.)

plates. This set of templates was constructed for
deleting some simple points which are neither
surface end-points (see Definition 1) nor extremi-
ties of surfaces. The deletable points of the other
two subiterations (corresponding to deletion di-
rections NS and EW) can be obtained by proper
rotations of the templates in Typ. Each template of
our algorithm can be given by a Boolean condition
that makes easy implementation possible.

Note that choosing another order of the dele-
tion directions yields another algorithm. The pro-
posed algorithm terminates when there are no

more black points to be deleted. Since all consid-
ered input pictures are finite, it will terminate.

5. Discussion

There are some 3D thinning algorithms that
give their deletable points by sets of templates (or
formulae) (Gong and Bertrand, 1990; Ma, 1995;
Ma and Sonka, 1996; Manzanera et al., 1999;
Mukherjee et al., 1990; Paldgyi and Kuba, 1998a;
Palagyi and Kuba, 1998b; Palagyi and Kuba,
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1999a; Palagyi and Kuba, 1999b; Saha et al., 1997;
Tsao and Fu, 1981). A number of configurations
around a point are classified as deletable, but they
form only a proper subset of simple points of
certain kinds. Generally, it is not explained how
the templates are designed. One may think that
they are pulled out of a hat. Therefore, we try to
show our motivation.

Thinning algorithms have to take care of the
following four aspects:

1. forcing the “skeleton” to retain the topology of
the original object (i.e., topology is to be pre-
served);

2. providing ‘“‘shape preservation” (i.e., significant
features of the original object are to be pro-
duced);

3. forcing the “‘skeleton” to be in its geometrically
correct position (i.e., in the “middle” of the ob-
Ject);

4. producing “maximal” thinning (i.e., the desired
“width” of the “‘skeleton” is one point).

The first requirement (about the topological

correctness) is proved in Section 6. It is based on

the properties of the templates in 7yp (see

Proposition 4).

Shape preservation is a fairly important re-

quirement too. For example, an object like “b”

cannot be thinned into an object like “0”’. The aim
of the thinning is not to produce the topological
kernel (Bertrand and Aktouf, 1994) of an object:
the thinning differs from shrinking. This is the
reason why end-point criteria are used in thinning.
We propose the end-point characterization given
by Definition 3. According to this requirement, the
end points are removed by none of our templates.

Geometrical correctness of the extracted skele-
ton is mostly achieved by the subiteration (multi-
directional) thinning approach. An object is to be
shrunk uniformly from each direction.

Maximal thinning and skeletonization without
creating spurious branches are contradictory
goals. It is rather difficult to prove that the re-
quirement about maximal thinning is satisfied. It is
worth testing an algorithm for a lot of objects
containing various segments. For example, Gerig
et al. (1993) demonstrated that the curve thinning
algorithm proposed by Tsao and Fu (1981) does
not provide maximally thinned “skeleton”. How-
ever, base templates T4 and T8 in Typ can match
relatively few configurations; they are fairly
important in thinning some kinds of segments.
Our algorithm has been tested on objects of dif-
ferent shapes. Here we present five examples (see
Figs. 4-8).

Fig. 4. The synthetic picture #1 containing a 64 x 64 x 64 cube with a hole (left) and its medial surface produced by the proposed

algorithm (right).
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Fig. 5. The synthetic picture #2 containing a 64 x 64 x 64 cube with two holes (left) and its medial surface produced by the proposed

algorithm (right).

Fig. 6. The synthetic picture #3 containing a 64 x 64 x 64 cube with three holes (left) and its medial surface produced by the proposed

algorithm (right).

Thinning-based skeletonization concentrates on
the topological correctness. Unfortunately, the
distance induced by the investigated local neigh-
bourhood cannot be regarded as a good approxi-
mation to the FEuclidean distance. Therefore,

thinning algorithms are neither invariant under
rotation (assuming arbitrary rotation angles) nor
scale change. It can be stated that there is no
thinning algorithm capable of preserving the
sharpness of any corners (if a local neighbourhood
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Fig. 7. The synthetic picture #4 (of size 64 x 64 x 20) containing a doughnut (left) and its medial surface produced by the proposed

algorithm (right).

Fig. 8. The synthetic picture #5 (of size 64 x 64 x 32) containing five connected pyramids (left) and its medial surface produced by the

proposed algorithm (right).

of border points is investigated). Skeletonization
methodology based on Euclidean distance map-
ping (Borgefors, 1984) can provide a geometrically
correct result, but the topological correctness is
not guaranteed. The two approaches (i.e., thinning

and skeleton extraction from distance maps) can
be combined to ensure both topologically and
geometrically correct ‘‘skeletons”. There are
some promising 3D skeletonization algorithms
using both the approaches (Borgefors et al., 1999;
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Pudney, 1998; Saito and Toriwaki, 1994; Svensson
et al., 1999; Borgefors et al., 1999).

Generally, there are two ways to define delet-
able points. One is to delete all simple points of a
given type which are not end points. The second
way is to select a subset of simple points, for ex-
ample, by a set of templates. Deleting all simple
points (that are not end points) may create spuri-
ous skeletal parts. On the other hand, template
matching may not provide maximal thinning.
Template matching can be regarded as a trade-off
between general and controlled deletion.

The proposed algorithm makes easy imple-
mentation possible. The dependence for the first
subiteration can be given by a Boolean function of
28 variables F : {0,1}** — {0,1}. We refer to the
individual variables by assigning indices to them as
illustrated in Fig. 9(a). Boolean function F can be
expressed in the following form:

26
S Xa8) = x1 A\ gi(x2,x3, ... x07),
i=1

/
x; = F(x1,x2,..

where Boolean functions of 27 wvariables g;
(i=1,...,26) correspond to the 26 templates in
Tup- For example, the conjunctive formula of g
assigned to the base template T1 is presented in
Fig. 9. Since the templates belonging to other
subiterations can be derived from rotations of
templates in Typ. Boolean functions assigned the
derived templates can be given by the function

= ‘\
AN

I

LN
\L
A\

(a) 28

gi((xa,...,x)), where IT is the proper permu-
tation of 27 variables.

It is easy to see that evaluation of the new value
of a point takes less than 500 elementary Boolean
operations including logical or (“Vv”’), logical and
(“A”), and logical not (“~”"). Optimization of the
Boolean function evaluation could be achieved,
for instance, with binary decision diagrams
(Robert and Malandain, 1998). Mention is to be
made that the optimization is not important if we
use a sequential computer. In this case, Look-up
tables (LUTs) can be generated to store deletable
point functions.

The computation time of a thinning process
depends on the complexity of an iteration step and
the required number of iteration steps. Note that it
is rather difficult to give any kind of estimation of
the complexity, since the number of required iter-
ation steps is “data-dependent”.

We have compared the proposed algorithm
with other subiteration-based 3D surface thinning
algorithms. The following five algorithms have
been investigated:

e D3-P: the 3-subiteration curve thinning algo-
rithm (presented in this paper).

D6-GB: 6-subiteration surface thinning algo-
rithm that was proposed by Gong and Bertrand
(1990).

D6-PK: modified version of the 6-subiteration
curve thinning algorithm proposed by Palagyi
and Kuba (1998a) for extracting medial faces.

T/%?“ﬂf 4
pd

i

N

(V)
r

S

—

7

(b) x

Fig. 9. The set of indices {1,2,...,28} is assigned to the special local neighbourhood of the investigated point (a) and the base
template T1 contained in Typ (b). (Note that at least one position marked “x” matches a black point and at least one position

[TERt}

marked “y

matches a black point.) The sample template can be described by the following formula: gj(x, ..

'7x28) =

X2 AX5 AX AT AX6 ANX7 AXg AXg AXig Axas Axog A (x12 Vxiz) A (x4 V xgs).
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Table 1
The number of required iteration steps for the five test pictures and the investigated algorithms
Test pictures Algorithms
D3-P D6-GB, D6-PK D8-PK DI12-PK
#1, #2, #3 42 84 48 84
#4 21 42 16 24
#5 12 24 24 24

e D8-PK: 8-subiteration surface thinning algo-
rithm that was proposed by Palagyi and Kuba
(1999a).

e DI2-PK: 12-subiteration surface thinning algo-
rithm that was proposed by Palagyi and Kuba
(1999b).

The number of required iteration steps is given in
Table 1 for the five test pictures (see Figs. 4-8) and
the investigated algorithms. We can state that the
proposed 3-subiteration algorithm generally re-
quires the least number of iterations. If we assume
unit time access LUTs, then the presented algo-
rithm (D3-P) may be the fastest subiteration-based
one.

Eight iterations of the 8-subiteration algorithm
and 12 iterations of the 12-subiteration algo-
rithm produce an (n — 8) x (n —8) x (n — 8) cube
from an nxnxn one) then three iterations
of the 3-subiteration algorithm and six iterations
of the 6-subiteration algorithm can remove only
the outmost layer from an object (one period of
subiterations of these algorithm produces an
(n—2)x(n—2)x (n—2)cubefromann xnxn
one).

6. Verification

The proposed 3-subiteration thinning algorithm
is topology preserving for (26,6) pictures. It is
sufficient to prove that reduction operation given
by the set of templates Typ is topology preserving.
If the first subiteration of the algorithm is topology
preserving, then the other two are topology pre-
serving, too, since the applied rotations of the
deletion templates do not alter the topological
properties. Therefore, the entire algorithm is to-
pology preserving, since it is composed of topol-
ogy-preserving reductions.

In order to prove both conditions of Theorem
2, we classify the elements of templates and state
some properties of the set of templates Typ. The
element in the very centre of a template is called
central (marked by ‘¢’ in Fig. 3). A noncentral
template element is called black if it is always black
(marked by “@”, “W” and “*” in Fig. 3). A
noncentral template element is called white if it is
always white (marked by “O” in Fig. 3). Any other
noncentral template element which is neither white
nor black is called potentially black (marked by
“x”, “y” and - in Fig. 3). A black or a poten-
tially black noncentral template element is called
nonwhite. A black point p is deletable if it can be
deleted by at least one template in Typ; p is non-
deletable otherwise.

Proposition 4. Let us consider the first subitera-

tion and examine the configurations illustrated in

Fig. 10.

1. Black point p in configuration (a) is nondeletable.

2. Black point p in configuration (b) is deletable if
e g=0,r=1ands=1, or
e g=1andr=0.

3. Black point p in configuration (c) is deletable if
g=1landr=1.

4. Black point p in configuration (d) is deletable if
qg=1.

The topological correctness of the first subitera-
tion of the proposed algorithm is stated by the
following theorem.

Theorem 5. Reduction operation given by the set of
templates Typ is topology preserving for (26,6)
pictures.

Proof. It is easy to see that each template in Typ
deletes only simple points of (26, 6) pictures.
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Fig. 10. Configurations assigned to Proposition 4. Note that Proposition 4 holds for their rotations around the vertical axis, too. (The

rotation angles are 90°, 180° and 270°.)

The first point is to verify that there exists a 26-
path between any two nonwhite positions (condi-
tion 1 of Theorem 1). It is sufficient to show that
any potentially black position is 26-adjacent to a
black position and any black position is 26-adja-
cent to another black position. It is obvious by
careful examination of the templates in Typ.

To prove that condition 2 of Theorem 1 holds,
it is sufficient to show for each template in Typ
that:

1. there exists a white position 6-adjacent to the
central position;

2. for any two white positions 6-adjacent to the
central position p are 6-connected in the set of
white positions 18-adjacent to p;

3. and for any potentially black position 6-adja-
cent to the central position p, there exists a 6-
adjacent white 18-neighbour which is 6-adjacent
to a white position 6-adjacent to p.

The three points are obvious by a careful exam-

ination of the templates in Typ.

We know that each deletable point p is simple.
It can be stated that the value of any point coin-

ciding with a potentially black template position
does not alter the simplicity of p. We can state that
the simplicity of a point p does not depend on the
points that coincide with a template position
marked “*”’, “x” or “y” (see Fig. 3). In addition,
black points that coincide with template positions
marked “I’ are nondeletable (by Proposition
4(1)). Therefore, it is sufficient to deal with delet-
able points that coincide with template positions
marked “@”. Note that base templates T1, T4, TS
and T8 (and their rotated versions) do not contain
any positions marked “@”. Therefore, only base
templates T2, T3, T6 and T7 (and their rotated
versions) are to be investigated. It is easy to see
with the help of Proposition 4 that deletion of
points coinciding with template positions marked
“@” does not alter the simplicity of point p.
Therefore, Condition 1 of Theorem 2 is satisfied.
Condition 2 of Theorem 2 can be seen with the
help of Proposition 4(2) too. Let us consider a unit
lattice cube containing an upper set of four points
U = {uy,u,u3,us} and a lower set of four points
L={l,,151;}. Let CCUUL be a black
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component contained in the unit lattice cube. If
C N L contains a deletable point then C N U # () by
Proposition 4(2). It is easy to see that any point in
C N U is nondeletable by Proposition 4(2). There-
fore, black component C cannot be deleted com-
pletely. [
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