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=
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3
P (n) JL>@?�9�N�<!^\E@`�N 5 {r6#N�>@S c2]o[\E�E@?(] bd?�G�T <!V
c2`-zFT {\9\^;]-T 8-^ 5 N�] bdc
`hA � ?(D2?(] =�? E@E@?�GIY E@:�G@GI?(]

^�V
{
V
T `fM
D2N�8�=

P (1) = 1 =
1√
5

(

(1 +
√
5

2

)2

−
(1−

√
5

2

)2

)

,

:�G

P (2) = 2 =
1√
5

(

(1 +
√
5

2

)3

−
(1−

√
5

2

)3

)

.

� N\9;[;p
p![��

P (n+ 1) = P (n) + P (n− 1) = 1√
5

(

(1 +
√
5

2

)n+1

−
(1−

√
5

2

)n+1
)

+

1√
5

(

(1 +
√
5

2

)n

−
(1−

√
5

2

)n
)

=
1√
5

(

(1 +
√
5

2

)n(1 +
√
5

2
+1
)

−
(1−

√
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√
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√
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√
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√
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√
5

2

)n+2
)

.

u��_gh��.�'*)�021�0
����3 `;~\9�?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:(GI?(`w[;] ] <!^;`K6_?(<2<l^ 5 R(n, k) :(>IE@:(`�?(`*>@? �
• R(1, k) = 1 
�z(G@^;`tbdN�p2p2>H^ SU?(D2?FE@72<2`��
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• R(n, 1) = 1 
�z(G@^;`K6#?(] 6#?(] :QSU?(D2?FE@72<2`��
• R(n, k) = R(n, k − 1) + R(n − 1, k) 
�^ 5 c
E@N�]oGI{w] :(W�:�G	6#?(] 6#?(] : :�G bdN�p2p2>H^UE@~�>IJ
E@:(<2D2?FE��

3 `�~\9;?FE@`�? 5 m W2>@N�8�>H^;S ^�V\b�^USU?(8K^ R(n, k) 6#728�8�9�:(<*=-E��
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��������� 3 SU?(8-[;] ]o[�GIT
6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V
{
V
T `
^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

� � ����� ����� ��!#"$!�! %�!#�'�
()!#*'��",+ ��.,*$/0��� �d8-^ 5 N�] bdc2` E@?(] bd?�GRT <!V
c2`-zFT {a9;^;]�MaD2N�8�= R(n, k) ≤
E(n, k) ≤ 2R(n, k) − 1 A v ^ n = 1 9\^;8�= k = 1 M%^;`*`;N�> 1 = R(n, k) = E(n, k) =
2R(n, k)− 1 A v ^ ^ 5 ~-G@G 5 ?�G (n′, k′) 6= (n, k) W![;>r?�GI?FE@:(<%M
^;SU?(] =*>@? n′ ≤ n :�G k′ ≤ k
E@?(] bd?�GI72]%T 8-^ 5 ^ 5 [;] ] Y E [�G(M
^;`*`�N�>�^ 5 (n, k) W![;>r?�GI?FE@:(<qToG �

R(n, k) = R(n, k− 1)+R(n− 1, k) ≤ E(n, k− 1)+E(n− 1, k) = E(n, k)− 1
E(n, k) = E(n, k−1)+E(n−1, k)+1 ≤ 2R(n, k−1)−1+2R(n−1, k)−1+1 =

2R(n, k)− 1
R(n, k)

�	�
!#��+��,� 3	5 �
Ew^l6#?(]oGIm4G@^;>@N�`*p!^ n + k − 2 ] :(W�:�GIpfm�]r[;] ]�M�?(p2p�m�] k − 1
JL?FEj] :(W272<2`|bdN�p2p2>H^2A k 5 ^ k − 1 ] :(Wf:�G�p2[;>@SU?(] = k − 1 ] :(W�:�G�] ?(D2?FEj:�Gj^lbdN�p2p2>H^
] :(W�:�GI?(` SU?(8�D!^\EH[;>@N 5(5 [;`t^ 5 c
EH^\E�M�`�~\9;?FE@`�? 5 :�GI`�:(W2WU^ 5 c
EH^;`UG 5 [;SK^ SU?(8�?(8�=;? 5 T ` ^ 5(5 ^;]
^UG 5 [;SUSK^;]�M2^;D![;<*=-6#:(] ?(`�:(W2Wj`*T 9;[;]o^�G 5 E@D!^\E�bdc2`w^ 5 n+ k − 2 ] :(W�:�GIp�m�]�^ k − 1 bdN�p2p2>H^
] :(W�:�G�E�M2:�Gr? 5 (n+k−2k−1

) A
u��os%��.�'*)�021�0
��� � ?(] ~�] bd? Q(n) ^ 5 n 6#N�>@T <-Er] ?(D2?FEHGI:(8�?�G ?(] `�~�] E@:�GI?(T <2?(`w^UG 5 [;SK[\E�e 3

`;~\9�?FE@`;? 5 mU~-G@G 5 ? 6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• Q(1) = 1 
#D!^ ?(8�=K6#N�>@T <-E�9;^;<%M2^;`*`�N�> ?(8�=wW�?(>@?�zF?FE	9;?(D2?FE@72<2`��
• Q(2) = 3 
#`�:FE�6#N�>@T <�E@pf{�]�Mh9\^;8�=q`�:FEQW�?(>@?�z 9\^;8�=q?(8�=lz(GIN�`*T�9;^;8�=q?(8�=q6�^;8�=*]o^;] E
9;[�G@[;>@N;] D!^\E@{ �

• Q(n) = Q(n−1)+2Q(n−2) D!^ n ≥ 3 M 
#c
E@N�]oGI{ ^;] `\^;] N�SUSK^;]2W�?(>@?�zF?FE�M*z(GIN�`*T E
9;^;8�=U6�^;8�=*]o^;] E@N;Er9�?(D2?FE@72<2`�� A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ Q(n) 6#728�8�9;:(<*=-E��
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��������� 3 SU?(8-[;] ]o[�GIT%6#?(] E@:FE@?(] M(n) = (n − 1)(n − 2) A 3 D2?(] =;?�G@GI:(8�^�V
{
V
T `
^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u�� u��	.�'*)�021�0
����3 6#?(]o^�V2^\E�?(`*9*T 9\^;] ?(<!G�^ 5 ?(] m 5 m�6#?(]o^�V2^\EIEH^;]�M\^�Wf?(>@?�z�^ 5 A E@Y W2c!GI<!^;`
^�z(GIN�`*T\:�G%^ 6�^;8�=*]o^;] E�^ B :�G C E@Y W2c!GIN�`*<!^;`	6#?(] ?(];SU?(8!A � ~a9�?FE@`�? 5 :�GI`;:(W2W�?(< c28�=-^;<!^ 5(5 ^;]
^ 5 ?(] b�[;>H[�G@G@^;]�N�]oV
D!^\E@{USU?(8K^ 6#?(]o^�V2^\E�A

u��_�h��.�'*)�021�0
��� � ?(] ~�] bd? F (n) ^ 5 n SK^;8-^�G E@N�>@N�<*=n] ?(D2?FEHGI:(8�?�G 6#?(] :(W2Y E@:�GI?(T <2?(`|^
G 5 [;SK[\E�e 3 `;~\9�?FE@`;? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• F (1) = 1 
#?(8�=w?(8�=
GI:(8 SK^;8-^�G `�N
zH`\^ �
• F (2) = 3 
#`�:FE ?(8�=
GI:(8wSK^;8-^�G(M!9\^;8�=j`�:FE ?(8�=
GI:(8KSK^;8-^�G�`�:(`q9\^;8�=j`;:FE ?(8�=
GI:(8
SK^;8-^�G W2T >@N-G �

• F (3) = 6 
#?(8�=
G 5 ?(>���?�GI?FEHG 5 :FE@9;[;]o^�G 5 EH[;G �
• F (n) = F (n − 1) + 2F (n − 2) + F (n − 3) D!^ n ≥ 4 M�
#] ?(8;6#?(] 72]�^w<2:(8�=�6#:(] ?
`�N
zH`\^ 9\^;]o^;SU?(] =*T `�? ] ?(D2?FE�� A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ F (n) 6#728�8�9�:(<-=-E��
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��������� 3 SU?(8-[;] ]o[�GIT%6#?(] E@:FE@?(] M(n) = (n − 1)(n − 2)(n − 3) A 3 D2?(] =;?�G@GI:(8
^�V
{
V
T `�^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?(`-pfm;]�A

u����%�K.�'*)�021�0
� B%?(8�=;?(< L(n) n ^ 5 N�<xW!^;>IE@YozFT {�T <!^;`�^wG 5 [;SK^2M�^;SU?(] =*p�?(<xSUT <!V
?(<
G 5 [;S `*72] ~�<*p�~ 5 m!A � ?(] ~�] bd? L2(n, k) ? 5 ?(`q`�~ 5 72]R^ 5 N�`qG 5 [;SK[\E�Mh^;SU?(] =�?(`*p�?(<lSUT <!V
?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A 3 `�~a9�?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`K[;] ] <!^;`K6#?(<2< �
• � A L2(1, k) = 1 M 
�^ 5 � G 5 [;S W!^;>IE@YozFT {�T �
• � A L2(n, 1) = 0 M2D!^ n > 1 
#<2?(S ] ?(D2?FE@<2?(`�`*72] ~�<-pf~ 5 m*?(`w^ >@:�G 5 ?(`��
• � A L2(n, n) = 1 + L2(n, n− 1) 
�^ 5 n JLp�m�]%[;] ] {UW!^;>IE@YozFT { :�G	^ E@~�p2p2T �
• � A L2(n, k) = L2(n, n) M2D!^ n < k 
#<2T <!z(G n JL<2:(]h<!^;8�=�N�p2p�>@:�G 5 �
• � A L2(n, k) = L2(n, k − 1) + L2(n− k, k − 1) 
#9;^;8�=wG 5 ?(>@?(W�?(] k 9;^;8�=K<2?(S �
3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ L(n) 6#728�8�9;:(<*=-E��
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��������� 3 SU?(8-[;] ]o[�GIT
6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V
{
V
T `
^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u����h�K.�'*)�021�0
� B%?(8�=�?(< S(n) n ^ 5 N�<qW!^;>IE@YozFT {�T <!^;`j^wG 5 [;SK^2M�^;SU?(] =*p�?(<xSUT <!V
?(<
G 5 [;SZW![;>H^\E@]o^;<%A � ?(] ~�] bd? S2(n, k) ? 5 ?(`�`�~ 5 72]�^ 5 N�`�G 5 [;SK[\E�M ^;SU?(] =;?(`*pf?(<XSUT <!V
?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A v ^�GIN�<2] {-^;<%M;SUT <-Er^ 5 ?(] m 5 m�6#?(]o^�V2^\E@p!^;<U`;^;W
bdc2`fM-D
N�8�= ^Q`;~\9�?FE@`�? 5 m
~-G@G 5 ?F6#728�8�:�GI?F`w[;] ] <!^;`K6#?(<2< �
• � A S2(1, k) = 1 M S2(n, 1) = 1
• � A S2(n, n) = 1+ S2(n, n− 1) M
D!^ n W![;>H^\E@]o^;<%M S2(n, n) = S2(n, n− 1) M
D!^
n W![;>@N-G
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• � A S2(n, k) = S2(n, n) M2D!^ n < k

• � A S2(n, k) = S2(n, k − 1) + S2(n − k, k) M�D!^ k W![;>H^\E@]o^;<%M%:�G S2(n, k) =
S2(n, k − 1) D!^ k W![;>@N-G(A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ S(n) 6#728�8�9�:(<-=-E��
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6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V
{
V
T `
^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u����%� .�'*)�021�0
� B%?(8�=�?(< R(n) n ^ 5 N�<qW!^;>IE@YozFT {�T <!^;`�^wG 5 [;SK^2M!^;SU?(] =*p�?(<qSUT <!V
?(<
G 5 [;SP] ?(8-^;]o[;p2p � A � ?(] ~�] bd? R2(n, k) ? 5 ?(`j`�~ 5 72]�^ 5 N�`qG 5 [;SK[\E�M�^;SU?(] =�?(`*p�?(<xSUT <!V
?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A�k�`*`�N�>	^ `;~\9�?FE@`;? 5 mU~-G@G 5 ?F6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• � A R2(1, k) = 0 M R2(n, 1) = 0 M
• � A R2(2, k) = 1 M R2(n, 2) = 1 M2D!^ n W![;>@N-G(M R2(n, 2) = 0 M2D!^ n W![;>H^\E@]o^;<
• � A R2(n, n) = 1 +R2(n, n− 1) M2D!^ n ≥ 3
• � A R2(n, k) = R2(n, n) M2D!^ n < k

• � A R2(n, k) = R2(n, k − 1) +R2(n− k, k) M2D!^ n > k :�G k ≥ 2 :�G n ≥ 3
3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ R(n) 6#728�8�9;:(<*=-E��
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��������� 3 SU?(8-[;] ]o[�GIT�6#?F] E@:FE@?(] M(n, k) = (n − 1)(n − 2)(k − 1)(k − 2) A 3
D2?(] =;?�G@GI:(8K^�V
{
V
T `�^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?(`-pfm;]�A

u����%�Q.�'*)�021�0
� B%?(8�=�?(< H(n) n ^ 5 N�<jW!^;>IE@YozFT {�T <!^;`w^KG 5 [;SK^2M2^;SU?(] =*p�?(<jSUT <!V
?(<
G 5 [;S W![;>H^\E@]o^;<�:�Gr^UG 5 [;SUN�`KW![;>@N�<2`;:(<-Er`*72] ~�<*p�~ 5 m*?(`fA � ?(] ~�] bd? H2(n, k) ? 5 ?(`w`;~ 5 72]
^ 5 N�`nG 5 [;SK[\E�M�^;SU?(] =;?(`*pf?(<4SUT <!V
?(<�>@:�G 5 ] ?(8;6#?(] bd?(p2p k A v ^�GIN�<2] {-^;<%M%SUT <�E ^ 5 ?(] m 5 m
6#?(]o^�V2^\E@N�`*p!^;<�`;^;W
bdc2`fM2D
N�8�=�^ `�~\9;?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`K[;] ] <!^;`K6#?(<2< �
• � A H2(1, k) = 1 M
• � A H2(n, 1) = 0 M
D!^ n > 1

• � A H2(n, n) = 1 +H2(n, n− 1) M2D!^ n W![;>H^\E@]o^;<%M H2(n, n) = H2(n, n− 1) M
D!^ n W![;>@N-G

• � A H2(n, k) = H2(n, n) M2D!^ n < k

• � A H2(n, k) = H2(n, k−1)+H2(n−k, k−1) M�D!^ k W![;>H^\E@]o^;<%M\:�G H2(n, k) =
H2(n, k − 1) D!^ k W![;>@N-G(A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ H(n) 6#728�8�9�:(<-=-E��
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{
V
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^ SU?(8-^�V
N;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A
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� B%?(8�=;?(<t^�D!^;<2N�T�?(] b�[;>H[�G%?(8�= N�] =�^;<t^;] 8�N�>@T E@S c!G(M�^;SU?(] =*<2?(` D![;>@N�S
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3	5 ^;] 8�N�>@T E@S c!G 6#c
EH[�GIT%ToV
?IbL? O(n2) A
�h���%�}.�'*)�021�0
� B%?(8�=;?(< k(P ) ^ P V
N�] 8�N 5 {�D2N 5 >@?(<!V
?(] E�`�?�V
:(] =�?�G@GI:(8�T*:(>IE@:(`fe � N�<�E@J

GIc2` >@:�G 5 W2>@N�p2] :(SK[;`*>@^Q^�6#?(]o^�V2^\E@N;E�AR�xT <!V
?(< P W�N�<-E@>H^t^QD2T ?(>H^;>HzHD2To^ 6#[;b�[;p!^;<K9�?(8�=*72`
c28�=�^;<2? 5 E�^}W2>@N�p2] :(SK[\E�A � ?(] ~�] bd? F (P ) ^ 5 E�^}SK^��
T SK[;] ToG�~-G@G 5 `;?�V
:(] =�?�G@GI:(8;?FE�M\^;SUT
?(] :(>IJ
D2?FE@mU^;p2p!^;<�^ W!^;>IE@T p!^;<%M
^;SUT E�^ P 8�=�~�`;?(>��w>@:�G 5 6�[;p!^;<�G 5 ?(>@?(W
]omtWfN�<�E@N�`*pf{�]f[;] ] Y E@c2<2`
~-G@G 5 ?�A 
 3	5 ^ 5 ^ P [;] EH^;]�9;? 5 ?FE@?FEIEQ>@:�G 5 ] ?(8�p�m�]LA �nk�`*`�N�>�? 5 ^w6#728�8�9;:(<*=x>@?(`*c2> 5 Y 9\^;<n^
`;~\9�?FE@`;? 5 m�`�:(W2W�?(<j[;] ] Y E@D!^\E@{ ?(] m��3 ] ?(9�?(] ?(`*p�?(< F (P ) = k(P ) A 3 SU?(<2<-=*T pf?(<y?(8�=XWfN�<�Ew<2?(S ] ?(9�:(]�Mr^;`*`�N�>U`�:FE
] ?(D2?FE@m-GI:(8�?FEr`�?(] ]%SU?(8�9*T 5 GI8-[;] <-c2<2`fAv ^ P J�E�<2?(S D2Y 9abdc2`xSU?(8q^wW!^;>IE@T >H^2Mh^;`*`;N�> ^ P #�^;T p�{�]�T <!V
c2] {j>@:�G 5 6�[;`*>H^K<2T <!z(G
GI?(SUSUTh`*T `�~;E@:�GI72<2`fA 3 V
{
V
T `fM2D2N�8�=K?(`*`�N�> F (P ) =∑Q fia P−nek F (Q) Av ^ P J�E SU?F8�D2Y 9\bLc2`K^tW!^;>IE@T >H^2M-^;`*`;N�> P #�^;T!<2?(S bd~�D
?FE@<2?(`fM
V
? # �2` #�^;T p�{�]�
#c2<2N;J
`\[;`*p�{�] �fT <!V
c2] { >@:�G 5 6�[;`*>H^�<2T <!z(GRGI?(SUSUT*`*T `;~;EH:(GI72<2`fM\?(8�=
G 5 ?(>��2?(<t^�V
{
V
T `fM\D2N�8�=�?(`*`;N�>
F (P ) = k(p) +

∑

Q unoka P−nek F (Q) A� ?(D![\E}^ >@?(`*c2> 5 T {��
F (P ) = max{∑Q fiaP−nek F (Q), k(p) +

∑

Q unoka P−nek F (Q)}.3 >@?(`*c2> 5 T {l^;]o^;W
b�[;<X^xW�N�<-E@N�`*D2N 5 EH^;>IE@N 5 {x:(>IE@:(`�?(`nSU?(8;6#?(] ?(] mnGIN�>@>@?(<!V
p�?(<4E@~�>IJ
E@:(<2m�`*T E@~�] E@:�GI:(9�?(]�SU?(8�`\^;W2bLc2`q?(8�=xV
T <!^;SUT `*c!G}W2>@N�8�>H^;SUN 5 [�GIT%?(] b�[;>H[�G@G@^;]�^ 5 N�W
E@T SK[\J
] ToGx:(>IE@:(`�?FE�A 3	5 N�`i^ySU?(8;6#?(] ?(] m GIN�>@>@?(<!V
?F`hM�^;SU?(] =�?(`*p�?(< SUT <!V
?(<2`*TtSU?(8�?(] m 5 T ^ 5
^;W
b�[\E�AR�d] =�?(<jGIN�>@>@?(<2V
?FE `\^;W2D!^\E@c2<2`U?(8�=KG 5 T <�E�G 5 ?(>@T <-E@T�p�?Ib�[;>H[�G GIN�>@>@?(<!Vabd:(<2?(`K^tSU?(8;J
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3	5 N�W
E@T SK[;] ToG SU?(8�N�]oV2[�G�9*ToG@G 5 ^\6#?IbLE@D2?FE@m!M-D!^ ^ 5 ?(] b�[;>H[�G GIN�>H[;<USUT <!V
T 8 SU?(8\bd?(8�=;? 5 J5 72`fM
D2N�8�=�^ 5 N�W
E@T SK[;] ToGrSU?(8�N�]oV2[�G EH^;>IEH^;] SK^ 5(5 ^tJL?Q^ 8�=�~�`�?(>@?FE�A� :FE�SU{
V2G 5 ?(> ToG SU?(8-^�V
D2^\EH{�^;<2<!^;`qp2T 5 E@N-GIY EH[�G@[;>H^
M�D2N�8�=x^�9\[;] ]o^;]o^\E}6#m�<
~�`�? p2T 5 J
E@N-GQSU?(8�D2Y 9;[�G�Et<*=;?(>�bd?(<%Al�x?(8;E@?(D2?FE�bd72`fMRD2N�8�=4^q6#?(]o^�V2^\E@N;E�MRz(G@^;`4^q6#m�<2~�`nc2<2N�`;[;T >H^
N�]oV\bdc2`ySU?(8!M	:�Gj^�`;^;W�N;EIE�SU?(8�N�]oV2[�GIN�` c2<2T {�b�^XW2] c!G 5 ^|6#m�<2~�`y] ?�G 5 ^�SU{2V
N-GIY E@N;EIE
W2>@N�p2] :(SK^KSU?(8�N�]oV2[�G@^2A k�8�=xSK[�GIT `q] ?(D2?FE@m-GI:(8!M�D2N�8�=x^w6#m�<2~�`q`�?�V*:(] =�?�G@GI:(8�:FE�[\EH[;] ] Y EIJ
bdc2`x?(8�=q<!^;8�=�N�<l<!^;8�=q:(>IE@:(`*>@?t? 5(5 ?(]Rp2T 5 E@N-GIY E@9;^2MfD2N�8�=j6#?(] `;?(>@72]�^w6#?(]o^�V2^\E N�W
E@ToSK[;] ToG
SU?(8�N�]oV2[�G@[;p!^\<j^ SU?(8�D2Y 9�N;EIEH^;`w] ToG�EH[\b�[;>H^2A

�h���%� .�'*)�021�0
��� ?(] ~�] bd? n ^QEH[;>@8�=-^;` G 5 [;SK[\E�e � ?$#!<2To[;] bdc2`K^ 5 F (i,W ) 6#728�8�9�:(<-=-E�M
SUT <!V
?(< i = 1, . . . , n M W = 1, . . . , S :(>IE@:(`*>@?�A k 5 ^U6#728�8�9�:(<-=q^ 5 N�<qD![\E@T 5 G@[;`�W2>@N�p
J
] :(SK^wN�W
E@T SK[;] ToG}6#728�8�9;:(<*=�:(>IE@:(`;:FE�^�V\b�^�SU?(8!Mh^;SU?(] =*p�?(<4^KEH[;>@8�=-^;`j] ToG�EH[\b�^j^ 5 ?(]oGIm i
EH[;>@8�=�^\E EH^;>IEH^;] SK^ 5(5 ^2M*:�G�^ D![\E@T 5 G@[;`wSU:(>@?FE@? W A 3 SU?(<2<-=*T pf?(< W :(>IE@:(`�?�<2?(8-^\E@Y 9w^
6#728�8�9;:(<*=w:(>IE@:(`�? −∞ A

k�`*`�N�>�^ `;? 5 V
?FE@T2:(>IE@:(`�?F`
>@? F (1,W ) = f1 M�D!^ s1 ≤W :�G 0 `*72] ~�<*p�?(<%AR�l[�GI>@:�G 5 E
^ `�~a9�?FE@`�? 5 m >@?(`*c2> 5 T { E@?(] bd?�GI72] �

F (i+ 1,W ) = max{F (i,W ), fi+1 + F (i,W − si+1)}.3 >@?(`*c2> 5 T {q9;^;] {�p!^;<n6#?(<2<![;] ]�A 3 >@:�G 5 W2>@N�p2] :(SK^jN�W
E@T SK[;] T_GQSU?(8�N�]oV2[�G@[;p!^;<49\^;8�=
G 5 ?(>@?(W�?(]�^ 5 i + 1 JL?�V
T ` EH[;>@8�= 9;^;8�= <2?(SqM}:�Gj? 5 ?(< `�:FEq?�GI?FEjSK^��
T S c2SK^ ^�V\b�^ ^ 5
N�W
E@T SK[;] ToG zF:(] 6#728�8�9;:(<*=�:(>IE@:(`;?FE�A 3 SU?(<2<*=*T p�?(< W − si+1 <2?(8-^\E@Y 94^q6#728�8�9�:(<*=;:(>IE@:(`
F (i,W ) ] ?�G 5 A3 6#?(<�E@T ?(` ^;]o^;W
b�[;< ?(8�=Q<2:(8�= 5 ?FE@?�G�EH[;p2]o[ 5 ^\E@`*T E@~�] E@:�G@GI?(]*SU?(8�`\^;W2D!^\E�bdc2`t^ 5 N�W
E@T SK[\J
] ToGQzF:(] 6#728�8�9;:(<*=�:(>IE@:(`;?FE�A k�8�=lN�W
E@T SK[;] ToG SU?(8�N�]oV2[�G�E�SU?(8�`;^;W2c2<2`x9*ToG@G 5 ^\6#?IbLE@:�G@GI?(]�MhD!^
?(8�= V (i,W ) EH[;p2]o[ 5 ^\E@p!^;<�G 5 [;SUN�<UEH^;>IE�bdc2`fM*D2N�8�=U^ 5 F (i,W ) :(>IE@:(`U`*ToG 5 [;SUY EH[�G@^;`�N;>
^ 5 i EH[;>@8�=wG 5 ?(>@?(Wf?(] ErJL?Q^ 5 N�W
E@T Stc2SP?�GI?FE@:(<%A

�h�����%�}.�'*)�021�0
� B%?(8�=�?(< P (n) ^�] ?(D2?FEHGI:(8�?�G�6#?(] >H^\b 5 N�]o[�GIN�`tG 5 [;SK^2A�k�`*`�N�> P (1) =
1 A � ?(`*T <�EHGI72`w^ 5 n ≥ 1 ?�GI?FE@?FE�A ��?(8�=*72`w^ 2n W�N�<-E@N�<�[\E@D!^;]o^�V
{ `�~�>IE�A � ?(] ~�] bd? i ^ 5 N�<
`;~�>@~�` G 5 [;SK[\E�Ma^;SU?(] =�?(`�?FEhEH^;>IE ^;] SK^ 5 ? 5 ^�`�~�>�A%k�`*`;N�>�^�`�~�>%SK[�GIT ` SU?FEHG 5 :�GIW�N�<-E�b�^	^ 5
x E@?(<28�?(] ] =�?(]-^ (2(n−i)−1, 0) WfN�<�E�A 3 `�~�>@~�< pf?(] 72] i E@N\9\[;p2p2T;`�~�>IE%`�?(] ]�?(] D2?(] =�? 5 <-72<2`fM
? 5 E P (i) 6#:(] ?(`�:(W2W�?(<xE@?(D2?FE�bd72`qSU?(8!A 3 E@~�p2p2T�`�~�>}^ 5 1, . . . , 2(n − i − 1) W�N�<-E@N�`;N�<
`;?(] ]�[\E@SU?(<;bd?(<%M!? 5 ?(`;?FE}^ `�~�>@~�`�?FE P (n− i− 1) 6#:(] ?(`�:(W2W�?(<q>H^;b 5 N;]oD2^\ELbLc2`w6#?(]�A � ?(D![\E
^ 5 ~-G@G 5 ?�G�T ] =�?(<U6#?(] >H^;b 5 N�]o[�GIN�` G 5 [;SK^ P (n− i−1)P (i) A��l[�GI>@:�G 5 E i p![;>@SU?(] = :(>IE@:(`�?FE
6#?(] 9;?(D2?FE@T 0 :�G n− 1 `�~ 5 ~;EIE�M
Y 8�=�^ P (n) :(>IE@:(`*>@?�^ `�~\9;?FE@`�? 5 m >@?(`*c2> 5 T {U[;] ]f6#?(<2< �

P (n) =
∑n−1

i=0 P (n− i− 1)P (i)3 6#N�>@S c2]o[;p!^;<t^ 5 i = n−1 ?�GI?FE@p�?(< :�G i = 0 ?�GI?FE@p�?(< ^}G 5 N�> 5 { P (0) A � ?$#!<2To[;] bdc2`
P (0) :(>IE@:(`;:FE 1 JL<2?(`fA 3 >@?(`*c2> 5 T {}^;]o^;W2b�[;<t?(8�=*pfm�]*^�V
{
V
T `t^}V
T <!^;SUT `*c!G�W2>@N�8�>H^;SUN 5 [�GIT
^;] 8�N�>@T E@Stc!Gr] T <2?�[;>@ToG EH[;p2]o[ 5 ^\E@`*T E@~�] E@:�G@GI?(]�A

�h������� .�'*)�021�0
� � ?(8�=*72`|6#?(]�M D2N�8�=X^4] :(Wfz(GIm�`X[;]o]o^;W�N;EH^n?(8�= K E@~�Stp2pf?(< 9;^;<
SU?(8-^�V
9\^2Mf^ 5 i JL?�V
T `qD2?(] =q:(>IE@:(`�? 1 D!^w] ?(D2?FEQ^ 5 i JL?�V
T `q] :(Wfz(GIm�>@?t] :(W2<2T 0 ?(8�=�:(p2`�:(<�E�A3	5 ?F] bd[;>H[�GUD!^�GIN�<2] {|^ � A � A 6#?(]o^�V2^\E@p!^;< D!^�G 5 <![;] EK?(] b�[;>H[�GID2N 5 M ^;<2<*=*T	^4`*72] ~�<*p!GI:(8!M
D2N�8�= T [i] = 0 M2D!^U^ 5 i JL?�V
T `w] :(Wfz(GImU`�N�>@D!^�V*E�A
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�h���2gh� .�'*)�021�0
��� ?$#!<2To[;] bdc2`�^x`;~\9�?FE@`;? 5 mx>@:�G 5 W2>@N�p2] :(SK[;`\^\E�AqB%?(8�=;?(< t[i, j] ^ 5
Ai, . . . , Aj GIN�`
G 5 ~�8�>I?Q^ 5 N�W
E@T SK[;] ToG�6#?(] pfN�<�EH[�GI<!^;`q^K`;~�] E GI:F8�?�e 3	5 ?(] 6�^;bdc2] {w?�GI?FE@?(`*>@?
] ?(8�=;?(< t :(>IE@:(`;? 0 A|k�`*`;N�>U^ 5 N�W
E@T SK[;] ToGt6#?(] p�N�<-EH[�G `;~�] EHGI:(8�:FEU^ t[1, n] :(>IE@:(`�^�V\b�^2A3	5 :(>IE@:(`;?(`*>@?w^q`�~a9�?FE@`�? 5 mq>@?(`*c2> 5 T {x[;] ]�6#?(<2< 
�^ 5 N�<�V
~�<-E@:�Gt^;]o^;W2b�[;<%M�D2N�8�=nSUT ] =�?(<
D![;>@N�SKG 5 ~�8tEH^;>IEH^;] SK^ 5(5 ^ AiAj N�]oV2^;] E�� A

t[i, j] =

{

0, D!^ i = j 9\^;8�= i = j − 1 M
mini<k<j{t[i, k] + t[k, j] + w(AiAkAj)}, `*72] ~�<-pf?(<

3
t[i, j] :(>IE@:(`;?(`�?FE�N�] =-^;<UGIN�>@>@?(<!V
p�?(< `;^;W2D!^\E�bdc2` SU?(8!M-^;D
N�8�= j− i <2~a9�?(`
G 5 T `fA 3

t[1, n] :(>IE@:(`KSU?(8-^�V\b�^ ^ 5 N�W
E@T SK[;] ToGrzF:(] 6#728�8�9�:F<*=�:(>IE@:(`�: EaA 3 SU?F8�N�]_V
[�G�Er9*ToG@G 5 ^\6#?IbLE@:�G�J
GI?(]�SU?(8�`;^;W2D!^\E�bdc2`fMfD!^�SUT <!V
?(< (i, j) W![;>@>H^KSU?(8\bd?(8�=;? 5(5 72`fMfSU?(] = k ?�GI?FE@:(<n`\^;W
E@c2`
^ 5 N�W
E@T SK[;] ToGr:(>IE@:(`�?FE�A

�h���
s%��.�'*)�021�0
� ��?(8�=*72<2`}`�:FE�GIN�>@N 5 ^\E@N;E�M X = (x1, . . . , xm)J�E�:�G Y = (y1, . . . , yn)J
E�AUB%?(8�=;?(<|^�] ?(8�D2N-G@G 5 ^;p2pl`�~ 5 ~-G}>@:�G 5 GIN�>@N 5 ^\E 
�^�E@N\9\[;p2p2To^;`*p!^;<n^ 5 B � ! >@~\9*ToV
Y E@:�G�E
D!^�G 5 <![;] bdc2`�� Z = (z1, . . . , zk) A � ?(] ~�] bd? Xi i = 0, . . . ,m :�G Yi i = 0, . . . , n :�G Zi
i = 0, . . . , k >@?(<!V
>@?}^ 5 X M Y :�G Z GIN�>@N 5 ^aE@N�` ?(]oGIm i ?(] ?(SU?(T pfm�]�[;] ] {tW2>@?$#��
?(T E�ARk�`*`;N�>
^ `�~a9�?FE@`�? 5 m >@?(`*c2> 5 T {U[;] ]f6#?(<2< �
• v ^ xm = yn ^;`*`�N�> zk = xm = yn :�G Zk−1 M�^ 5 Xm−1 :�G Yn−1 GIN�>@N 5 ^aE@N�`
?(8�=�B � !rJobd?�A

• v ^ xm 6= yn :�G zk 6= xm M!^;`*`�N�> Z M!^ 5 Xm−1 :�G Y GIN�>@N 5 ^\E@N;`K?(8�=�B � !rJobd?�A
� �



• v ^ xm 6= yn :�G zk 6= yn M!^;`*`;N�> Z M2^ 5 X :�G Yn−1 GIN�>@N 5 ^aE@N�`K?(8�=�B � ! Jobd?�A
�xN-G�EQ] ?(8�=�?(< c[i, j] ^ 5 Xi :�G Yj GIN�>@N 5 ^\E@N;`lB � !rJobd:(<2?(`n^jD2N-G@G 5 ^2A k�`*`�N�>�? 5 ?(<

:(>IE@:(`;?(`*>@?Q^ `;~\9�?FE@`;? 5 mU>@?F`
c
> 5 T { E@?(] bd?(GI72]�A

c[i, j] =







0, D!^ i = 0 9\^;8�= j = 0 M
c[i− 1, j − 1] + 1, D!^ i, j > 0 :�G xi = yj M
max{c[i, j − 1], c[i− 1, j]}, D!^ i, j > 0 :�G xi 6= yj A

k�`*`�N�>t?(8�=n<2:(8�= 5 ?FE@?�G EH[;p2]o[ 5 ^\E@`*T E@~�] EH:(G@GI?(]�SU?(8�`;^;W2D!^\E�bdc2`4^ c[i, j] :(>IE@:(`;?(`�?FEt:�G
c[m,n] ^ 5 B � ! D2N-G@G 5 [\EQ^�V\b�^q9*ToG@G 5 ^2AUk�8�=4B � !rJ�EQ`;^;W2c2<2`l9*ToG@G 5 ^\6#?IbLE@:�G@GI?(]�D!^q^ c
E@~�StpK`*T E@~�] E@:�GI?�SU?(] ] ?FEIE ?(8�= b E@~�S p2p�?(<KSUT <!V
T 8QSU?(8\bd?(8�=;? 5(5 72`fM;D2N�8�= ^�>@?(`*c2> 5 T {�p!^;<
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6#N�>IJ
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∑m
j=1 sij :�G ^ 5 :(>IE@:(` ertek =

∑m
i=1 fij SU? 5 m�`;?FE�EH[;>@N�] bdc2`fM
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ToG@G 5 ^�[;] ] Y EH^;<2T�A3 B%k v k � �xk�
 � S �29;?(] ?FEQ^;`*`;N�> ^�V\bdN�<lT 8-^ 5 :(>IE@:(`�?FE�M�D!^ ∑m

j=1 sij ≤ S Mh^ 5 ^ 5 D!^
^ `*T bd?(] ~�] E�EH[;>@8�=�^;T <2`K?(] 6#:(>@<2?(`�^ D![\E@T 5 G@[;`*p!^;<%A3 �xk�
 � B �	3 �tS �29;?(] ?FE�G 5 T <�E@:(<U^;`*`;N�>R^�V\bdN�<tT 8-^ 5 :(>IE@:(`;?FE�M\D!^ ∑m

j=1 sij ≤ S M;^ 5 ^ 5
D!^U^ `*T bd?(] ~�] E�EH[;>@8�=-^;T <2`U?(] 6#:(>@<2?(`�^UD![\E@T 5 G@[;`*p!^;<%A3	5 ?(] b�[;>H[�G�EjSUT <2T SK^;] T 5 [;]o[�GIT W2>@N�p2] :(SK[;>H^X^�V*EH[;`ySU?(8!A 3 z :(] 6#728�8�9�:(<*=-E −1JL?(]
G 5 N�>@N 5 9\^4^�SK^��
T S c2S W2>@N�p2] :(SK[;>@{;]}[\EIE@:(>@D2?FE@72<2` SUT <2T S c2S W2>@N�p2] :(SK[;>H^2Ai�l[�GIT `
] ?(D2?FE@m-GI:(84^ 5 ?(] b�[;>H[�G ?(8�=
G 5 ?(>��XSU{
V
N-GIY EH[�G@^2M�SUToG 5 ?(>@T <-EK^ 5 ^;`-E@c![;] ToG N�W
E@T SK[;] ToG SU?FJ
8�N�]oV2[�G�EU^;`*`�N�> Y >�bdc2`�6#?(] 72]�M D!^|^n`;^;W�N;EIEwzF:(] 6#728�8�9;:(<*=*72<2`�<!^;8�=�N�p2p%A 3 `�~a9�?FE@`�? 5 m
W�:(]oV2[;p!^;<j? 5 E}^ SU{
V2G 5 ?(>IE�D!^�G 5 <![;] bdc2`fA

�%�os%�}.�'*)�021�0
� � ?(] ~�] bd?�^ EH[;>@8�=�^;`;^aE A = (4, 6) B = (3, 5) C = (2, 3) D = (2, 3) e
• 3	5 (A) SU?(8�N�]oV2[�GI`�? 5 V
?(SU:(<2<*=�?(]%T <!V
c2] c2<2`fMh? 5 �xk�
 � B �	3 �fMfSU?(8abd?(8�=�? 5(5 72`
^ 5 ^;`-E@c![;] ToGr] ?(8abdN�p2pxzF:F] 6_728�8�9�:(<*= CEL = 6 A

• ��EH[;<!^ ^ 5 (A,B) �xk�
 � B �	3 �fMabdN�p2p�^ zF:(] 6#728�8�9�:F<*= 11 > 6 M*Y 8�= CEL = 11 A
(A,B) JL9�?(]f6#?(] 72] Y >�bdc2` (A)J�E�A

• ��EH[;<!^K^ 5 (A,B,C) SU?(8�N�]oV2[�GI`�? 5 V
?(SU:(<-=K<2?(SPB%k v k � �xk�
 � 
#`*T 5 [;>IE�� A
� �



• ��EH[;<!^K^ 5 (A,B,D) SU?(8�N�]oV2[�GI`�? 5 V
?(SU:(<*=K<2?(SPB%k v k � �xk�
 � 
#`*T 5 [;>IE�� A
• ��EH[;<!^K^ 5 (A,C) �xk�
 � B �	3 �fM!^KzF:(] 6#728�8�9;:(<*=w<2?(S bdN�p2pqSUT <-E CEL A
• ��EH[;<!^t^ 5 (A,C,D) �qk 
 � B ��3 �fM�bdN�p2pw^QzF:(] 6#728�8�9;:(<*= 12 > 11 M-Y 8�= CEL =
12 A (A,C,D) JL9�?(]f6#?(] 72] Y >�bdc2` (A,B) J�E�A

• ��EH[;<!^K^ 5 (A,D) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
• ��EH[;<!^K^ 5 (B) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
• ��EH[;<!^K^ 5 (B,C) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
• ��EH[;<!^K^ 5 (B,C,D) �xk�
 � B �	3 �fM�^UzF:(] 6#728�8�9;:(<*=w<2?(SCbdN�p2pjSUT <-E CEL A
• ��EH[;<!^K^ 5 (B,D) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
• ��EH[;<!^K^ 5 (C) �xk�
 � B �	3 �fM!^KzF:(] 6#7
8�8�9�:(<*=w<2?FSCbdN�p2pqSUT <-E CEL A
• ��EH[;<!^K^ 5 (C,D) �xk�
 � B �	3 �fM�^UzF:(] 6#728�8�9;:(<*=w<2?(SCbdN�p2pjSUT <-E CEL A
• ��EH[;<!^K^ 5 (D) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
�%� u�� .�'*)�021�0
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• 3	5 3��	3 
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 � � M�
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 � B �	JLp2^;<
^K6#728�8�9�:(<*=;:(>IE@:(`�?(` AK((5)) = 1 + d(8 − 5)/4e = 2 M FK((5)) = 1 + d(8 −
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 � B �	JLp!^�^ 5 (5, 2) SU?(8�N�]oV2[�GI`;? 5 V
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SUT <-E}^ 5 ToGISU?(>IE	] ?(8abdN�p2pjSU?(8�N�]oV2[�G(A3 `�~\9;?FE@`�? 5 m W�:(]oV2[;p!^;<j? 5 E}^ SU{2V2G 5 ?(>IErD!^�G 5 <![;] bdc2`fA

�%���%�}.�'*)�021�0
� � ?(] ~�] bd?�^ EH[;>@8�=�^;`;^aE A = (4, 6) B = (3, 5) C = (2, 3) D = (2, 3) e� ?(]oGImU`�N�>@]o[\E�G 5 ?(>@T <-E@ThSK^��
T Stc2S W2>@T N�>@T EH[�GIThGIN�>IE�D!^�G 5 <![;] c2<2`fA
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 � B �	JLp!^;< ^
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• 3	5 FK G 5 ?(>@T <-E@ThSK^��
T S c2SUN-G�GIN�>�^ 5 (A) `�? 5 V
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 � B �	JLp!^2A
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9\^;<lN�] =�^;<x:(]�Mh^;SU?(] =x^K`�:FE >@:�G 5 6�^K`�~ 5 ~;EIE}SU?(8�=�A}k�8�=
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^;SUT 6 M2? 5 ?(] mUToG�[;] ] D!^\E�M
D!^U^ w(A,B) = 1 M w(A,C) = 2 M w(A,D) =
3 G �2] =�N�`\^\EU^�V\bdc2`fM�^;`*`�N�> ? 5 ?(`�^ 5 :(] ?(`X^;] `;N;E�b�[;`�^lSUT <2T SK[;] ToG `;~�] EHGI:(8 ��6#?�G 5 Y E@m;6�[\E�A
� 5 T <�E@:(<�] ?(D2?FE ^q`�~�] EHGI:(8 7 M�Wf:(]oV2[;c2] ^ w(A,B) = 1 M w(A,C) = 2 M w(A,D) = 4 M
w(B,C) = 3 M w(B,D) = 5 M w(C,D) = 6 ?�GI?FE@p�?(<%A �l[�GI>@:�G 5 EUE@~�p2p ?�GI?FEw<2?(S
] ?(D2?FEHGI:(8�?�G(M;? 5 E � >@c!GI`\^;]2^;] 8�N�>@T E@S c!G@^ ^;]o^;W2b�[;<U]o[\E@D!^\E�bdc2`fA 3	5 ^;] 8�N�>@T E@S c!G�^ 5 ?(]oGIm�`�:FE
] :(W�:�GIp�?(<x`*T 9;[;]o^�G 5 E�b�^U^ 5 1 :�G 2 G �2] =��x:(] ?(`�?FE�M�^KD!^;>@SK^�V
T `�] :(W�:�GIp�?(<x`*T W2>@{�p![;] b�^K^ 3
G �2] =��w:(] ?FE�M-D!^t<2?(S ^;] `�N;E `;~�>IE�M*^;`*`�N�>�p�?(9�?�G 5 T�^t`;~�] EHGI:(8 6 M-D!^t`�~�>IE ^;] `;N;E E@Na9;[;p2p2] :(W
^ 4 `�~�] EHGI:(8 ��:(] >@?�M2^;SU?(] =wSK[;>�<2?(SP^;] `�N;E@D!^\E�`;~�>IE�M
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�t3	5 :(>IE@:(`;?(` G1 JL>@? :�G G2 JL>@?�ToG�^U`;~\9�?FE@`;? 5 m�`�:(W2W�?(<�9;[;] E@N 5 <!^;`fA

Kesz = {1}, D(2) = 2, Apa(2) = 1, D(4) = 1, Apa(4) = 1, D(5) = 8, Apa(5) =
1 M
Kesz = {1, 4}, D(3) = 5, Apa(3) = 4, D(5) = 3, Apa(5) = 4, D(6) = 8, Apa(6) =
4 M
Kesz = {1, 4, 2}, D(3) = 3, Apa(3) = 2, D(6) = 6, Apa(6) = 2 M
Kesz = {1, 4, 2, 3} M
Kesz = {1, 4, 2, 3, 5}D(6) = 4, Apa(6) = 5 M
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�^�z(G �!z(GIN�`\^\E�^ 5 1, . . . , n ?(8�:�G 5 ?(`*<2?(`�6#?(] ?(] E@?FEIE@72`
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3	5 E�[;] ] Y E�bdc2`fM*D2N�8�= 6#?(<�E@Th?(] b�[;>H[�G�9�:(8�:(<w^ D 6#728�8�9;:(<*=USUT <!V
?(<�W�N�<-E@>H^t^t] ?(8�>@~\9*T J
V
?(p2p �
E D
N-G@G 5 [\E ^�V\b�^QSU?(8!A�k 5 E i G 5 ?(>@T <�E@T2E@?(] bd?�G�T <!V
c2`-zFT {\9\^;]2T 8-^ 5 N�] bdc2`fAR�xT 9�?F] 1 JLp�?
<2?(S 9�? 5 ?FE :(]�MR? 5 :(>IE ^ 5 [;] ] Y EH[�Gt^ 5 1 W�N�<-E@>H^q<*=*T ] 9\[;<*9\^;] {-^;<nE@?(] bd?�GI72]�Al�xN-G�E ] ?(8�=�?(<
i ≤ 1 < n :�G	E@?(8�=*72`j6#?(]�MfD2N�8�=q^ 5 [;] ] Y EH[�G}^ 5 1, . . . , i WfN�<�E@N�`*>H^UE@?(] bd?�GI72]�A �d8-^ 5 N�] bdc2`
i+ 1JL>@?�A 3	5 T <!V
c2`-zFT {-G 6#?(] E@?(9;:�G	^;]o^;W
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?(p2p i + 1JLpf?K9�?FJ5 ?FE@m �
E@p!^;<|^ 5 i + 1 ?(] m;EIE@T�W�N�<-E�A k�`*`;N�>Q^ 5 �
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?(p2p%M%SUT <�E
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EH^\ErSU?(8�`\^;W2bdc2`fM-D!^tSUT <!V
?(<�:(]oG �2] =-E SU?(8-G 5 N�> 5 c2<2` −1 J�?(]f:�G�Y 8�=
D!^\EH[;>@N 5(5 c2`�SU?(8�^ ] ?(8�>@~a9*T_V*?(p2p c
EH^\E�AR�l[�GIT `Q] ?(D2?FE@m-GI:(8!M\D2N�8�=t^ � N 5 ?(] T E�^;] 8�N�>@T E@Stc!G�E
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D(1) = 0 M D(2) = −5 M Apa(2) = 1 M D(3) = −2 M Apa(3) = −2 M D(4) = −9 M

Apa(4) = 3 M D(5) = −4 M Apa(5) = 2 M D(6) = −7 M Apa(6) = 2 A3 ] ?(8�D2N-G@G 5 ^;p2p�c
EH^;`fA
D(1) = 0 M D(2) = −5 M Apa(2) = 1 M D(3) = −2 M Apa(3) = −2 M D(4) = −1 M

Apa(4) = 2 M D(5) = 3 M Apa(5) = 1 M D(6) = 4 M Apa(6) = 5 A
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D(1) = 0 M Apa(1) = 0 M D(2) = 3 Apa(2) = 4 M D(3) = 9 M Apa(3) = 5 M
D(4) = 6 M Apa(4) = 1 M D(5) = 8 M Apa(5) = 1 A3 SK[�GIN2V
T `KT E@?(>H[�zFT { c
EH[;< �

D(1) = 0 M Apa(1) = 0 M D(2) = 3 Apa(2) = 4 M D(3) = 7 M Apa(3) = 2 M
D(4) = 6 M Apa(4) = 1 M D(5) = 5 M Apa(5) = 23 `;~\9�?FE@`;? 5 m T E@?(>H[�zFT { �;bd>H^ ? 5 En^ 5 ?(>@?�V
SU:(<*=-El^�V\b�^ `�~\9;?FE@`�? 5 :�GI`�:(W2W ^ E@~�p2p2T
ToG(MQY 8�=i^ 5 ?(] b�[;>H[�Gq9;:(8�?FEl:(>IE�A 3 ] ?(8�>@~\9*ToV
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EH^;` :�G �
E@D2N-G@G 5 ^;` � s(1, 4, 2) =
3, s(1, 4, 2, 3) = 7 M s(1, 4) = 6 M s(1, 5) = 8 A
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• v ^ A ≥ 1 M%^;`*`�N�> ^ 5 ?(]oGIm�T E@?(>H[�z To{wc
EH[;< D(1) = 0 M D(2) = 2 M D(3) = 3 :�G
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• v ^ −1 ≤ A < 1 MQ^;`*`�N�>x^ 5 ?(]oGIm T E@?(>H[�zFT {yc
EH[;< D(1) = 0 M D(2) = 2 M
D(3) = 2 + A :�G�? 5 ?F`n^ 5 :F>IEH:F`�?(`l^�`;~\9�?FE@`�? 5 m�T E@?(>H[�zFT {�p!^;<nGI?(S 9\[;] E@N 5 <!^;`fA� ~\9;?FE@`�? 5 :�GI`�:(W2Wx^ 5 ^;] 8�N�>@T EHStc!G	SU?(8-^�V\b�^w^K] ?(8�>@~\9*ToV
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<2T <!z(G�<2?(8-^\E@Y 9w`;~�>�A
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