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Abstract

In the last decade there has been a considerable interest in developing (both theoretically and algorithmically) new methods for the solution of a number of problems in chemical engineering process design, synthesis, optimization and control. The phase stability analysis problem is among the most challenging, because its formulation, either as a tangent plane distance function minimization or as a Gibbs energy minimization, requires robust and reliable numerical techniques to determine the global solution. 

In our paper we use a modified tangent plane distance function and we advocate a stochastic sampling and clustering method to optimize it. The efficiency and robustness of the method are demonstrated on the example of the hydrogen sulfide-methane system, which is modeled by a Redlich-Kwong-Soave cubic equation of state. The obtained results demonstrate the high level of reliability of the method in comparison with other stochastic techniques. The procedure is user-friendly and it can well be tuned by the user. The new method significantly decreases the computational cost regarding the number of function-evaluations, and CPU time requirements which compare very favourably with other stochastic optimization methods, like plain Newton methods. 

Prior developments 

In the last decade there has been a considerable interest in developing (both theoretically and algorithmically) new methods for the solution of a number of problems in chemical engineering process design, synthesis, optimization and control. The phase stability analysis problem is among the most challenging, because its formulation, either as a Gibbs energy minimization or as a tangent plane distance function minimization, requires robust and reliable numerical techniques to determine the global solution. 

There are essentially two approaches that can be taken in order to demonstrate whether an equilibrium solution corresponds with a global minimum of the Gibbs free energy: direct minimization of the Gibbs free energy, and minimization of the tangent plane distance function (the tangent plane criterion). The second approach can be very effective in improving the chances of finding the true equilibrium solution, as has been discussed by McDonald and Floudas [1, 2]. 

For an 
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Fig. 2. The objective functions of the other feeds




 component system the tangent plane criterion can be expressed as:
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where 
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 is the difference between the reduced Gibbs energy of mixing at the overall composition 
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 (the equation of the tangent hyperplane at 
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 in the N-component thermodynamic phase space), and 
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 is the chemical potential of species 
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. The tangent plane distance function was introduced independently by Michelsen [3] and Baker et al. [4] and since then it has been used extensively for phase stability analysis. Stability of the existing phase configuration is proven when 
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. In fact, as Michelsen pointed out, it is sufficient for stability that 
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 is positive at its stationary points 
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, in particular at its minima, since it will then be positive everywhere [3]. If, however, the computational methods used cannot find with complete certainty all the stationary points, there is no theoretically based guarantee of stability. In other words even if no negative solutions are obtained for Eq. (1), the postulated configuration may still be unstable. 

The minimization of the tangent plane distance function is a difficult and challenging problem. Michelsen solves the stationarity conditions by a successive substitution method. Though his algorithm proved to be extremely reliable it requires an elaborate initialization scheme and does not give theoretical guarantees that all solutions will be found. Thus, if the method fails to locate a 
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 the system will be erroneously identified as a stable one.

There have been several attempts to overcome this problem by introducing methods and algorithms based on different numerical techniques.

Sun and Seider [5] apply a homotopy-continuation method, which will often find all stationary points. Although it is easier to initiate than the Michelsen method it may be still initialization dependent and provide no theoretical guarantee that all solution have been found, since the phase stability problem contains logarithmic terms. Such guarantees exist only in special cases, e.g. polynomial systems with no constraints [6].

McDonald and Floudas were the first to address the fundamental problem of minimization of the Gibbs free energy and the tangent plane stability criterion that arise in phase and chemical reaction equilibrium as a global optimization problem. They proposed decomposition based approaches for biconvex problems that result from the use of NRTL equation, and branch and bound approaches for the UNIQUAC, UNIFAC, ASOG, and TK-Wilson equations [1,2,4,7-9]. They proposed the combination of the Gibbs free energy minimization problem with the stability criterion problem, developed a special purpose program GLOPEQ, and performed an extensive computational study on difficult phase equilibrium problems. However, they haven't suggested a global optimization technique for an EOS modeling all phases, since EOS contain implicit composition dependence of the fugacity  coefficients. 

A relatively recent development is the use of interval mathematics to phase stability problem – it involves computation with intervals as opposed to real numbers. Interval Newton methods, when combined with a generalized bisection approach, provide the power to enclose all solutions of nonlinear systems of equations lying within certain variable bounds. They have been applied for the solution of the phase stability problem by Hua et al. and the reliability of the method has been shown in a number of publications [10-13]. The applicability of these methods, however, may come at an expense – as the number of the components in the tested system grows, the computational efficiency becomes less predictable. This is because, like any technique based on a binary tree, the worst-case computational complexity of the method is exponential [13]. Many times the space complexity is even worse: with given, fix computer memory the more complex problems cannot be solved.

Thus, there appears to remain a need for an efficient general-purpose method that can perform phase stability calculations with mathematical guarantee for any arbitrary equation of state or activity coefficient model. 

The present paper is a fresh attempt to solve the phase stability problem. We advocate a different objective function and an efficient global optimization method. Though the method is general-purpose, we focus our developments on its application to cubic equations of state (CEOS), namely on the Redlich-Kwong-Soave CEOS.

The paper is organized as follows: firstly, brief descriptions of the objective function and the new method are given; then the robustness and efficiency of our method are demonstrated on the example of the thermodynamic stability analysis of the hydrogen sulfide + methane system. The results obtained are analyzed and compared with the results of other authors, and finally future developments of the method are presented.

The objective function and the new method

The objective function

The stability analysis is based on the tangent plane criterion [3, 4], but uses a different objective function [14 ( 17]:  
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where 
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From Eqs. 2 it follows directly, that when [image: image19.wmf]y
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which is its minimum value.

The zeros of 
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, correspond with points on the Gibbs energy surface, where the local tangent hyperplane at each 
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 is parallel to that at z. To each vector 
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Furthermore, 
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 geometrically represents the distance in the Gibbs energy hypersurface between the hyperplane at 
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 and the hyperplane at any 
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.  This distance can be either positive or negative.  When all calculated 
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 of the zeros are positive, the system is stable.  If at least one zero has a negative 
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 the system is unstable (either metastable or unstable).  
The method

The essential step of our technique is the determination of all the zeros of 
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We discuss here an algorithm to solve the above problem.  In most cases, the result of a global optimization algorithm is only an approximation of the global optimum, though the precision of the modern sophisticated nonlinear optimization methods approaches that of the given computer. 

In the present work the global optimization method of Boender et al. [18] has been implemented in two versions.  These have the same structure, the only difference between them being the local search procedure (an algorithm to find a local minimizer) used: a quasi-Newton procedure with the DFP (Davidon-Fletcher-Powell) update formula [19] and a random walk direct search method UNIRANDI [20, 23].  Both are derivative-free, i.e. they do not use the partial derivatives of the objective functions.  Evaluation of the latter is rather difficult.  

In our test examples the UNIRANDI method proved to be robust but less efficient, whereas the quasi-Newton method was rather sensitive to the initial points but more accurate [21].  The global optimization method and UNIRANDI were implemented using solely [18] and [23]. 

The global optimization algorithm GLOBAL discussed in this paper can be described concisely as follows:

Step 1.

Draw M points with uniform distribution in the region of interest S (=[0,1]N-1), and add them to the current sample C. Construct the transformed sample T by taking the ( percent of the points in C with the lowest function values. 

Step 2. 
Apply the clustering procedure to T. If all points of T can be assigned to a cluster, go to Step 4.
Step 3. 
Apply the local search procedure to the points in T not yet clustered. Repeat Step 3 until every point has been assigned to a cluster.  If a new local minimizer has been found, go to Step 1.
Step 4. 
Determine the smallest local minimum values found, and stop.
The local search procedure applied is either a quasi-Newton method or UNIRANDI.  Comparison of this local search method with others can be found in [19].  For smooth objective functions the quasi-Newton method seems to be a good choice, while for problems with either discontinuous objective function or derivatives the robust random search method UNIRANDI (more details in [20]) can be recommended.

We chose the single linkage clustering procedure as being the more promising of the two discussed in [18].  The aim of this procedure is to recognize those sample points starting from which the local search would possibly result in an already found local minimizer.  Clusters are grown around seed points (local minimizers or such points of the local search procedure from which an already known local minimum was reached).  A distance d(x,x’) is defined [18] for the clustering between two points x and x’ in the neighbourhood of a local minimizer x* by 



d(x,x’)=((x-x’)T H(x*) (x-x’))1/2 .





(4)
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The quasi-Newton method gives a good approximation to the Hessian H(x*) of the objective function.  In the case of UNIRANDI the identity matrix replaces H(x*) (cf. [18]).  A new point is added to a cluster if there is a point z in this cluster for which:

Where |H(x*)| denotes the determinant of H(x*), m(S) is a measure of the set of the set S, N’ is the total number of sampled points, and 0<<1 is a parameter of the clustering procedure [18]. 

UNIRANDI, as used here, has two main parts: random search and linear search. Random search means that a line (direction determined at random) is laid through the base point. If one of the two points on that line at distance d from the base point is better than the base point, a linear search is performed in the first promising direction. If two lines are tried without success the distance d is halved and a new random search is started. Linear search means that points at distance 2d, 4d, 8d, … on the line are tried as long as better and better points are obtained. The best point of distance 2k-1d from the base point for example, is then taken as the new base point and a new random search is started with d=2k-1 d.


The two important changes in the original algorithm are the following:


1. We do not use a steepest descent step to transform the correct sample.  Its efficiency was examined in the early phase of the implementation, and it turned out that it can be omitted.


2. In the example of the 2-dimensional case we use a (=100 set, e.g. we keep all random points in the transformed sample.  We choose this set because it seems to be more appropriate and efficient for this particular case. 


The program documents its progress, and when the problem is solved it makes a list of all the local minima located with increasing function values. The optimization code is available at   ftp://ftp.jate.u-szeged.hu/pub/math/optimization/index.html.

Application of the method: the hydrogen sulfide + methane system

The robustness and efficiency of our method will be illustrated by the example of the hydrogen sulfide + methane system at T = 190 K and P = 40 atm.  We have chosen this particular example because it provides a ground for comparison of the performance of our algorithm with the performance of other algorithms [3, 5, 11, 12]. We use the same characteristic parameters for hydrogen sulfide and methane as Hua et al. [11, 12], and study the same overall compositions (feed) of the mixture.  

In what follows, we present some information, which highlights the robustness and efficiency of the method applied.  Furthermore, it could also be used as a basis for comparison with the performance of similar methods.

Tables I and II represent the results, obtained with the application of the quasi-Newton and UNIRANDI local search methods, the sample-size is 2000 independent executions (with all feeds with both local search methods).  Also included in Table I and Table II are the average number of function evaluations and the total average CPU time on a dual processor Pentium II, 233 MHz machine with 256 MB RAM and Linux Operation System.

Feed (z)

H2S             CH4
Success rate (%)
Function evaluations
Funct.evals 

used by [11]
CPU (s)

0.0115
0.9885
99.90
2 782
5 424
0.3939

0.0187
0.9813
99.90
2 646
8 438
0.4289

0.0700
0.9300
99.85
2 704
8 504
0.3900

0.5000
0.5000
99.95
2 596
8 406
0.4015

0.8880
0.1120
99.95
2 649
8 396
0.4152

0.8900
0.1100
99.90
2 627
8 410
0.4258

Table I.  Quasi-Newton local search routine

Table II.  UNIRANDI local search routine
Feed (z)

H2S              CH4
Success rate (%)
Function

Evaluations
Funct. evals 

used by [11]
CPU (s)

0.0115
0.9885
99.85
3 756
5 424
0.3459

0.0187
0.9813
99.95
4 429
8 438
0.4606

0.0700
0.9300
99.90
4 478
8 504
0.4064

0.5000
0.5000
99.65
4 235
8 406
0.4196

0.8880
0.1120
99.80
4 421
8 396
0.4447

0.8900
0.1100
99.80
4 511
8 410
0.4745

The columns “success rate” in both tables show the rate with which all roots are found.  In other words if a root is missing (always the difficult 0.01... root) then we say that the search was not successful. E.g. the presented success-rate means a 0.05 ( 0.35% failure-rate. Table III shows the roots of the objective function. Figure 1 shows the slightly different objective function of the first feed and Figure 2 shows the objective functions of the second to the sixth feeds.

The method does not require any previous information either about the function or on the derivative function. Neither we need a priori information on the minimum value (e.g. whether it is zero). In the future developments it could be used to speed-up the computation.

Tables I, II and III show the results with a parameter-set that we used to get high reliability. If one will be satisfied with a lower reliability-rate the computational cost will be less.

For example, if we employ the quasi-Newton method and if we allow a 99.83 average success-rate (instead of 99.90) the cost of the function-evaluations and the CPU-time requirements will decrease with 23 ( 32%, namely 2066 average function evaluations instead of 2666, and 0.2820 s CPU-time instead of 0.4295 s. If, however, we use the UNIRANDI method, it gives a 99.66 average success-rate instead of 99.82 but the computational requirements increase only by 1.6%.

When we allow a 92.5 ( 94.5% success-rate, the computational cost will decrease dramatically for both methods. For the original parameter set, the number of the function evaluations decreased by 57% and the CPU time requirements by 67% when the program used the quasi-Newton method. For the UNIRANDI method the savings in function evaluations and CPU time requirements are significant as well. Thus the parameter set and the required precision depend on the user.

Table III.  The roots of the objective function

Feed (z)

H2S            CH4
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0.0115
0.9885
0.0
0.0115
0.9885
0.0
0.0



3.69.10-4
0.033379
0.966621
0.0262
0.012613



0.104141
0.742215
0.257785
0.436106
0.207916

0.0187
0.9813
0.0
0.0187
0.9813
0.0
0.0



0.0
0.076676
0.923324
-0.003932
-0.003932



0.0
0.490569
0.509431
0.073016
0.073016



0.0
0.884774
0.115226
0.010978
0.010978

0.07
0.93
0.0
0.017837
0.982163
0.001451
0.001451



0.0
0.07
0.93
0.0
0.0



0.0
0.522896
0.477104
0.096495
0.096495



0.0
0.874264
0.125736
0.051280
0.051280

0.5
0.5
0.0
0.018441
0.981559
-0.079344
-0.079344



0.0
0.074615
0.925385
-0.082518
-0.082518



0.0
0.5
0.5
0.0
0.0



0.0
0.881860
0.118140
-0.056887
-0.056887

0.888
0.112
0.0
0.019005
0.980995
0.002406
0.002406



0.0
0.079183
0.920817
-0.002437
-0.002437



0.0
0.479658
0.520342
0.068229
0.068229



0.0
0.888
0.112
0.0
0.0

0.89
0.11
0.0
0.019206
0.980794
0.011084
0.011084



0.0
0.080873
0.919127
0.005632
0.005632



0.0
0.472618
0.527382
0.072348
0.072348



0.0
0.89
0.11
0.0
0.0
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Fig. 1. The objective function of the first feed

0.8





The program gives a possibility to set the number of significant digits to be achieved.  The setting that we used was 5 significant digits, which does not mean a 10e-5 precision in the optima, but on the average 10e-8 ( 10e-15 (10e-8 with the more difficult 0.01 ... root) preci​sion of approaching the zero in the function-value of the roots.  This precision seems to be enough, but if a higher precision is required, this could be achieved at a higher compu​ta​tio​nal cost.

We have changed the recommended algorithm parameters of the global program, because in one sampling the number of points selected for starting points of local search routine, the size of the current sample C ((*M/100) was maximum 20, and the maximum size M of the (original) sample was 10 000.  But in the case of our particular example the width of the valley of the difficult 0.01 ... root is relatively very small.  For example, for the 0.89/0.11 feed the first 28 points with the lowest function values from the 10 000 uniformly chosen points on the [0,1] interval are from the valleys of the other roots. (Only the 29-th point is from the narrow valley of the 0.0192 root and it gives a bad chance to find this root).  In view of the above it was necessary to change the recommended parameter-values of the program to successfully find the relatively difficult root, so that all roots be located.

Preliminary results for the methane-carbon dioxide-hydrogen  sulfide system

Sun and Seider in [5] examined the 3-components methane-carbon dioxide-hydrogen  sulfide system at T = 208.5 K and P = 54.5 atm with the zT  = [0.4989, 0.0988,0.4023] feed. We have tested our algorithm on this problem as well. The quasi-Newton local search method was applied, the sample size was 10 000. 2 000 independent runs were made in the same environment.  The input data and the obtained roots are given in Table IV.

Table IV.  The roots of the methane + carbon dioxide + hydrogen  sulfide system
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0.0
0.4989
0.0988
0.4023
0.0
0.0
0.0

0.0
0.2019
0.0856
0.7121
-0.01389
-0.01389
-0.01389

0.0
0.9241
0.0322
0.0437
-0.02493
-0.02493
-0.02493

0.0133
0.8450
0.0536
0.1014
-0.00702
0.00161
0.00885

The results obtained are in a good agreement with the results of other authors. On the average, 15 686 function evaluations were required and 2.88 seconds CPU time.  The success rate of finding all root was 99.60%. It can also be mentioned that the necessary number of function evaluations decrease with less required reliability. For example for the still relatively high reliability of 92.12% the computation cost saving is about 26-27%, the average number of needed function-evaluations is only 11 602 and the CPU time is only 2.11 seconds. On this problem further computational tests have to be performed to complete our numerical tests. 
Conclusions and future developments

The present paper advotaces a new problem setting for the phase equilibrium problem together with a stochastic global optimization technique. The method proved to be capable to solve small to moderate size problems in an efficient and reliable way. It must be stressed that the introduced technique does not require a priori knowledge on the problem, or on the place of the possible solutions. Efficiency indicators, such as number of function evaluations and CPU time required for the solution, are better than those of a comparable approach from the literature. The reliability expressed as the percentages of independent runs that could locate all the global minimizer points can easily be tuned by an  algorithm parameter. The first tests on larger dimensional phase equilibrium problems were also promising.

The planed future developments of the method will include more reliable interval-arithmetic computations, and a new, faster root finding method. Furthermore, we intend to demonstrate the robustness and efficiency of our method on more difficult problems involving systems with a larger number of components (5-9). Since the computational complexity of large dimensional problems is big, we plan to parallelize  the code, and to run it on parallel machines with a few (8, 16 or 32) processors.
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