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Abstract— This paper studies a special operator system called plianA. Examination of the Generalized DeMorgan Identity
operators, for whichf.(z)fa(xz) = 1, where f.(z) and fq(z) are

the generator functions of the conjunction and the disjunction. In Consistent many valued (fuzzy) operators require the
the second part we give a generalization of the Dombi operator,

which involves most well-known operators. We can get the Dombi,Va“d'ty of certain Boole identities. ThFT' most lmportqnt one
product, Einstein, Hamacher, min-max and drastic operators as!S DeMorgan law. Esteva [2] and Dombi [3] were the first two
special cases. The conjunctive and disjunctive operators differesearchers, who carefully studied the DeMorgan identity. It
only in the sign of a parameter: i.e. if it is positive we get the corresponds to the conjunction, disjunction and negation. It is

Coh”jU”C“"e opergtor, if it is Inegative it is dthe diSjE”CtiV‘le opﬁratokr]. well-known, that conjunctive and disjunctive operators, which
The DeMorgan identity is also examined. We show also that the : . . - . .
operator is isomorph with the multiplicative utility function. are strict monotonously increasing, associative, Archimedian,

and fulfilling the boundary conditions have the following form:

Keywords— Fuzzy operators, t-norm, t-conorm, negation, multi- _ 1
plicative utility, Einstein operator, Hamacher operator c(z,y) = fe (fel@) + fe(y) @)
d(z,y) = fi" (fa(z) + fa(y)) )
I. INTRODUCTION where f.(z) and f;(x) are the generator functions of the

conjunctive and disjunctive operators. The shape of the

. function can be found in Dombi’s paper, and the result is based
In fuzzy theory there has been quite many operators and, Acl's theorem

membership functions introduced. There is also a wide In the following, we examine the relation ¢f(x), fu(x)

choice of unary operators, e.g. negation. In this heterog dn(z), if e(z,y), d(z,y) andn(z) fulfills the DeMorgan
environment there is a need to examine operator structures t First Iet’s’ genera{lize the conjunction and disjunction

fulfill consistency properties, such as the DeMorgan idemi%pérators.

The min-max class introduced by Zadeh fulfills the DeMorgan

identity. Consistent operators can also be constructed within

the nilpotent operator class and the strict operator class. Pliant n

systems consist of an operator family from each of the latter (w1, @15 W2, T2;. .. W, 20) = fo ' (Z w; fe(z:) | (3)
two classes, defined as follows. Lgt(x) be a generator i=1

function of conjunction and lef;(x) be a generator function n

of disjunction. Theadd_itive pliant sys@enit_; defined by the_ d(wy, T1; W2, T . . Wy, Tp) = [ (Z wifa(x;) | (4)
fe(x) + fa(x) = 1 equation. The Lukasiewicz operator family =1

is an additive pliant system. Thmaultiplicative pliant systeris
defined by thef.(z) - f4(x) = 1 equation. The Dombi operator
family [1] is a multiplicative pliant system. As we shall see

The DeMorgan law is:

in the following sections there is a strong correspondence clwn,n(z1);- - wn,n(@n)) = n(d(ws, 2133 Wn, 7))
between the additive and the multiplicative pliant systems. ()
Theorem 2 (DeMorgan Lawl.et ¢ andd have the former
[I. DEMORGAN IDENTITY AND NEGATION form. The generalized DeMorgan law is valid iff
—1 -1
Definition 1: n(x) is a negation iffn : [0,1] — [0, 1] fo @) =iy (az)) ©)

satisfies the following conditions: wherea # 0.

Cl: n(0)=1,n(1)=0 (Boundary conditions) Remark 3:On the basis of Theorem 2 by the givén(x)

C2: n(z) <n(y)forz>y (Monotonicity) andn(x), fs(x) can be determined, so thatd andn is a

C3: n(z)is continuous (Continuity) DeMorgan triple. Similar to the above mentioned, by a given

C4: n(n(x)) == (Involutivness) fa(z) andn(zx), f.(x) can be determined.

@ -



B. Negations from the DeMorgan Law Remark 7: The most frequently used negation has an
important role. If
Naturally arises the question, ff(x) and f,(x) are given, 4
then what kind of condition ensure thatz) is a negation (i.e. k(z) = f(1-f' () (16)
fullfils C1-C4). From Theorem 2 we know that the necessanan,
and sufficient condition of the DeMorgan Law is (6). Using the

x = f71(x) substitution, we get n(z)=1-x a7
Lemma 8: A DeMorgan triple can be built by using only
z=n(f;'(afe(x), a#0 (7)  one operator's generator function and choosirig#), i.e. it
is valid that
From this, we get
. n(z) = f ' (k(fe(@))) (18)
ww) = 1 (1h@) . azo @  clw) = I Gela) + 1) (19)
d(w,y) = f ' (k(k(fe(@)) +k (fe())) (20)

This negation fulfills (C1-C3). The most important question is )
C4, the involutivnessa(z) = n~=! (z). form a DeMorgan triple.
tive‘l'i?feorem 4 (Involutive negation)(x) given by 8 is involu- C. Examples for DeMorgan Systems

1 Using the above results, we can get the classical and also
felz) = gk(fd(x))7 a#0 ) new operator systems.

o If fo(z) =—1In(z) andn(z) =1 —z then
wherek : (0,00) — (00,0) is a strictly decreasing function
with the property c(z,y) =y

d(z,y) =x+y—xy

E~Y(z) = k(). (20) () — — In(] — o2
We can get a new representation theorem for the negation. (z) = —In(1—e™)
Theorem 5 (General form qf thg negation) o If f.(z) = —In(x) andk(z) = L then
¢, d andn form a DeMorgan triple iff r
) c(z,y) =y
@) = Sk(fal@)) ay (o) = M (e P
_ 1/Inz
and n(z)=e
. D. Parametrial Form of the Negation
n(z) = (k(f())) (12)

] ] From C1-C4 follows, that there exists:a fix point of
where f(z) = f.(x) or f(z) = fa(z) and k(z) is a strictly negation where
decreasing function with the property

n(v) = v, (21)
k(z) = k™' () 1w _ o o
From (12) it is easy to get It is another possible characterization of the negation, if we
give av decision value for a given, (usuallyvy = 1/2). If
k(z) = f(n(f 1 (x))) (14) s less than the decision value, the negated value is larger than

the threshold and vice versa:

i.e. if f(x) andn(xz) is given, therk(z) is determined by (14).
Another interesting question whether (12) is a general
representation form of the negation? The following theorem

x<v then n(z) >y
x>v then n(z) <y

ensures, that all negation has the form (12). If z =, then
While Trillas’s theorem represents negations (from our
point of view) for the nilpotent class of t-norms and t-conorms, n(v) = vo (22)

our next result gives a representation theorem of the strict
norms and t-conorms.

Theorem 6 (Representation theorem of negatiba)  all
givenn(x) andk(x), there exist arf (x) such that

i n(x) hasv, fix point, we use the notation, (z) and if the
decision value i#, thenn, (z). Let's characterize the negation
with thev,, vy andv parameters.

Lemma 9: The parametrial form of the negation is

n(w) = £~ (B (@) as (s o) 23

wherek(zx) is a strictly decreasing function with the property F(f ()
k(z) = k~'(z) and f(z) is the generator function of n(x)=f" (f(yo)k(f(x))> ) (24)
conjunctive, or disjunctive operator. v




Ill. PLIANT DEMORGAN SYSTEMS If a >0, theno, (z,y) = co(x,y), if @ <0, theno, (z,y) =
do(x,y),ifrg=1/2
From Dombi’s result [1] we know, that jf(x) is a generator

function, thenf“(z) is a generator function, too. As we've ny(z) = 1
seenk(r) plays an important role in DeMorgan systems. Let us 14 ez
define the multiplicative pliant system with one of the simplest

k(z) if v, =1/2then

Definition 10: If f.(z) - fq4(z) = 1 that is k(z) = 1/x
and f,(z) = f*(z) then we call the generated connectives
multiplicative pliant system.

Remark 11:The first pliant system was introduced by
Roychowdhury [4], who defines it only with(z) = 1/x.

Theorem 12:The general form of the multiplicative pliant
system is

nz)=1—x
IV. THE GENERALIZED DOMBI OPERATOR
From the work of Dombi [3] we know that the generator

function of the strict monotone conjunctive (disjunctive)
operator class have the following properties:

0ale,y) = 171 (/@) + £ () (25) f(1) =0 fa(0) =1 (29)
My (2) = f 1 ( f(v@%) or 26) lim £, () = —o0 lim fo(z) =+00  (30)
2 (vs) where f.(z) (fq(x)) is strictly monotonously decreasing

nu*($)=f1< e > @7 (increasing).

] ) ) ) ) Definition 15: The generator functions of the Generalized
where f(z) is the generator function of either the conjunctiven o mpi operator are

or the disjunctive operator. If(z) = f.(z), then depending

on the value ofx the operator is —z\”
P fc(x):ln(l—i—l% (1 ”5) ) a>0 (31
a>0 0a(7,y) = c(x,y) o lx o
a<0 oo (z,y) = d(z,y) fa(z)=1n (1+ Vd ( —:c) ) a0 (32)
Q=00  Oyco(x,y) =min(z,y) 1—7a x
a=—-00 0_c(z,y)=max(z,y)

wherey,.,vq € [0,1]. From
Remark 13:1t is important, that in the multiplicative pliant N
system the negation is independent of the value and the sign of o(x) = 1 ch(:ri (33)
a. (In other words it is independent of whether the generator ¢ =

function is conjunctive or disjunctive.)

)
Theorem 14:If g(x) = f*(x) is the generator function d(x) = f7 <ifd($i)> (34)
i=1

then the negation does not change.

A. Dombi’s Operator Class and Pliant Notation and
_ 1
We can get the generalized Dombi operator class [3] by /f. '(z) = ) /o a>0 (35)
using 1+ (;—7 (e® — 1))
1-— _ 1
fla) = —= (28) Jitw) = —— e a<0  (30)
1+ (552 (em - 1))
then
1 the operators are
0a(21,22,...,2n) = - o - )
1—!],‘7; o] @ —
1+ (2 (55) ) 6D, () = T3 ey a>0 37)
(@) _ 1
Its pliant notation: Ay (X) = 14D, (%) a<0 (38)
1 where
{1‘%1/},/0 = 1_"_1—71/1—1/0%
v vo 11—z . " . N 1/a
-7 v T
if vy =1/2then Dv(x):<7 (H <1+1—7< T ) >>—1>
i=1 v
1 39
e<v)y=— (39)

and’Yca Ya € [07 1]



Definition 16: The functionc(z, y) is a strict conjunctive C. The Einstein operator case

operator iff
1. ¢:[0,1] x [0,1] — [0,1] is continuous Einstein in his famous work on special relativity theory
2. associative examined how two velocities have to be added. His result was
3. strictly monotonously increasing in bathandy v = + v (47)
4. compatible with the boolean "and” i.e. 14 oz’
: EE(I):(B _ ?1’0) =(0.1)=0 Let us introduce the relative velcities toasz = vy /¢, y =

The functiond(z, ) is a strict disjunctive operator iff it vz/candz = v/c, then

fulfills (1)-(3) and
4’. compatible with the boolean "or” i.e.

« d(0,0)=0 Itis easy to check thatis a disjunctive operator. Because (48)

« d(1,0)=d(0,1) =d(1,1) = 1. can be derived from (47) it is called Einstein operator. The
It is easy to check that(;, ~.(x) and dg%, ,(x) are  corresponding conjunctive operator can be built by using the
conjunctive and disjunctive operators i.e. fulfill (1)-(4) and (1)DeMorgan identity with the negation(z) = 1 — x:
(3),(4") respectively. Equations (37) and (38) are the same and

r+y
1+ay

de(z,y) =2 = (48)

so the Generalized Dombi operator class is: cp(r,y) =1—dp(l—z,1—-y) =
) . (1-2)0-y) _
ogh . (x) = : . o 1+ 2, —2)(1—-y) (49)
1= n v (1lzzy _ _
1+<v (Hi:1<1+1—v(zz ) )) 1210 T 1+ (1-a)(1-y)
(40) Theorem 21:The Einstein operator is a special case of the
Theorem 17: Generalized Dombi operatorif=2/3 anda = +£1.
(@) (@) . Using this result, the n-ary Einstein operators are
OG«DW(X) = cGD%(X) iff >0 (41) 1
o) (x)=d%)  (x)iff a<0 (42) cGp,2/3(X) = 1 1 (50)
GD, = Agp, , ’ 1+ (118, (1+2=2) —1
Theorgm 18:The ?El)llowing equation is valid for the t3 (szl ( T ) )
enerator functiong, and f;: -1 1
g $4 fd d(GD)Q/S(X) = N N 1 ( )
fole) = fal1 ~ @) (43) 2 (I (14225 ) - 1)

and we can give the general law of additivity of velocities in
the framework of special relativity theory.

Theorem 22:The general law of Einstein additivity of
velocities is

A. The Dombi operator case

The Dombi operator has the form
)00 = : (44) - ‘ .
op’ (%) . (ZL (1‘7"‘)&) e 44 v - (H?:l (1 N 20%) - 1) — (52)

and if« > 0 then the operator is conjunctive andiif< 0 then D. The Hamacher operator case
the operator is disjunctive.
Theorem 19:The Dombi operator is a special case of the Hamacher [5] was one of the first who discussed that finding

Generalized Dombi operator4f= 0. new logical operators can be done using the solutions of
associative functional equations. With the help of the generator
B. The product operator case function of the operator, infinitely many operators can be

constructed. To restrict the solution space Hamacher added a
The product operator is the most widely used among thaew requirement. Namely he looked only for operators which
applications of fuzzy sets. Zadeh in his first paper alsoan be written in rational form (a proportion of two polinoms).
suggested to use it. It is also called probabilistic operatdfuwagaki [6] showed that in this case the generator function
because the probabilities of independent events is the prodeetn only have the following forms:
of the event probabilities. It has the following form:

1 ar +b 1 ae® +b

= or = 53

) J M) = o ) = o (53)
cp(x) = sz (45 Hamacher showed that to have conjunctive or disjunctive

=1 . operators equations (53) have the following solutions

dp(x) =1~ (1~=). (46) gy 4

i1 fc ($>_1+(1*7)6I 0<ry (5)

Theorem 20:The product operator is a special case of the fl ) = e/w —1 1< (55)

Generalized Dombi operatorif=1/2 anda = £1. v ter

-d @ >



The Hamacher operator is x,y € (0,1]. So the drastic operators are

cq(x,y) = o (folz) + fely) = rify=1
= it 56 r(Ty)=qyifz=1 (67)
v+ (=)@ +y—ay) °) o z otherwise
i (,) = £ () + faly)) = vty
S e 67)  dpewy)=yifr=0 (68)
R 1 otherwise

where) < vand—1 < ~'.

Theorem 23:The Hamacher operator class is a special case Theorem 24:The drastic operator class is a special case of
of the Generalized Dombi operatordaf= +1 and~ € (0,1). the Generalized Dombi operatorjf= 1.

Using the new type of generator functions we can write the

Hamacher operators in a new form F. The min and max operator case

cp(x) = 1 (58)

1—v. 2 c 1—z;
b (I (1 252 ) 1)

The most widely used operators in fuzzy theory are the
min and the max operator. They have many advantages: they
are easy to calculate, and they can be extended into a lattice
and structure. In practice the strict operators are more intensively

1 used. The reason is that the result is determined only by
dp(x) = — one variable and the other have no influence, opposite to the
1+ (1—w (Hﬂzl (1 4 57) _ 1)) strict monotonously increasing operators like the Generalized
Yd U 1—vyq 1—x; . P
Dombi operator class. We show here that as a limit we can get

(59) the min and max operators.

Using the Genera"zed Domb| Operator then Theorem 25The min and max Opel’atOI’S are the I|m|tS Of

the Generalized Dombi operatorif= 0 anda — oo or a —
1 —0Q.
0l (x) =
v 1y n - R 1/«
L+ (T (Hi:l (1 T ( @; ) )) B 1) G. The Acél-Alsina operator case

(60)

The Aczl-Alsina operator is (see Klement, Mesiar and

where o € {0,1} is a common form for the Hamacher
Pap [7])

operators. So

1/
0th (x) = cu(x) (61) c(,y) = exp [— ((—logz)* + (~logy)*) ] (69)
and The Aczl-Alsina operator can not be derived from the the
Generalized Dombi operator. We have to modify it by
O(C;l) (x) = d(x) (62) introdU(_:ing a third parametek’. . It is known from the
v properties of the generator functions that the power of the
wherery € (0, 1). generator function is also a generator function of an operator.

Let us take the generator function of the Generalized Dombi

. operator to the\'th power:
E. The drastic operator case P P

« A
. . 1-
The drastic operators are used if we want to go as close as f(x) = (— In (1 + % ( x) )) (70)
possible to the two valued logic. Because from the solution of -7 r

the associative equation it is known that . )
Theorem 26:Equation (70) generates the AdzAlsina

(63) operator if and only ifx = 1, v = 1/2 in the conjunctive case,

clx,l)=c(l,z)=x . I .

o(@,0) = ¢(0,z) = 0 (64) anda = —1, v = 1/2 in the disjunctive case.
d(z,1)=d(1,z) =1 (65) .

d(,0) = d(0,2) = (66) H. Summary of special cases

so the drastic operator in the conjunctive case takes the valueTable H summarizes the special cases of the Generalized
0if 2,y € [0,1) and in the disjunctive case takes the value 1 iDombi operator.

-d @ >



VI. THE DEMORGAN LAW

Value ofa
Type of operator| Value of conj. | disj.
P Domgi 0 . 0 <iy o <JO It is natural to demand the validity of the DeMorgan law
in a consistent logical system. In this section we examine the
Product 1/2 1 -1 e " :
. h necessary and sufficient conditions of it. We suppose that the
Einstein 2/3 1 -1 . . L .
Hamacher Y€ 0.0 1 — conjunctive and the disjunctive operators have the saniée
. ! three operators are:
Drastic 1 O<a | a<0
in- _ 1
Min-max 0 0 00 C(ci‘ll)) - (x) = o Di(x) a>0 (78)
Table I. Summary of special cases 1%
) - 79
GDWd( ) 1+D7d(x) a<0 ( )
1
V. THE NEGATION My, (T) = ————————— (80)
L e 22 (5F)
The negation is a unary operator. Its most frequently useodr
formis
1
n(xz)=1-—a. (71) ny, (z) = 2 - (81)
1+ (52) (52)
Sugeno also introduced a hegation:
. where
— X
1—7 ¥ 1—uxz;
. . D,(x)=| —— H 14 — —= -1
The usual requirements for a negation are: v i1 1—v T
1. n:[0,1] — [0,1] is continuous (82)
2. strictly decreasing
3. n(0)=1andn(1l)=0 andy.,v4, v, vo, Vs« € (0,1).
4. n(x) is involutive i.e.n(n(x)) =z Theorem 28:The Generalized Dombi operator class (i.e.
Trillas gave the general representation theorem of thequations (78), (79) and (80),(81)) is a DeMorgan triple if and
negation: only if
(@) =1 (1- f(x)) (73) L=% v _ (1—Vo.1—v)“ (83)
- . - . . Ye 1—q Vo v
where f(z) is a continuously increasing strictly monotone
function, f(0) = 0 and f(1) = 1. According to this infinitely ©Of
many negations exist. Hamacher in his work showed that the 20
rational form of involutive negations is also (72) (it is also 1 —7c o Ya (1 V*) (84)
called Hamacher negation). In this paper we modify the form Ye 1= Vs
of (72) and we give the semantic meaning of the technical Corollary 29: If the negation is
parameter. Two types of characterizations will be given. _1 85
If the negation fulfills axioms (1)-(4) then there exists a fix n(z)=1-=z (85)
pointx/ such that i.e. v =1y =, =1/2 then (78) and (79) form DeMorgan
triples with if and only if
n(Vy) = V. (74) P n(z) y
=, = g 86
If we fix a neutral value (usually it isy = 1/2) then there T e = (86)
exists av value such that A. The DeMorgan law of special cases
n(v) =1 (75)

In Theorem 28 we did not examine the casenof 0
(Dombi operator); = 1 (drastic operator) and = oo (min-
max operator).

Theorem 30:The Dombi operators form a DeMorgan triple

and\ can be expressed by andv, 1.
Theorem 27:The Dombi form of the negation is

1 with the negations (80) and (81) with the samefor all
ny, (z) = 3 - (76) v, v € (0,1).
1+ (1;7”) (%‘T) Theorem 31:The min-max operators and the drastic oper-
1 ator are DeMorgan triples with any involutive negation.

(77) Corollary 32: The min-max operators form DeMorgan
triples with the negations (80) and (81) forall, v, v € (0,1).

-d @ >



VIl. THE WEIGHTED GENERALIZED DOMBI VIll. AGGREGATION
OPERATOR
The aggregation operator can be built in the following
In the area of multicriteria decision making not only themanner:
values of the criteria determine the decision. The general form

of the weighting is a(x) = f1 (H f(m)) . (94)
0(@1, W13 T2, Wa; -3 Ty W) = (Z wif (@i ) @7 The generator function of the Generalized Dombi operator is
Using (87) and the generator function of the operator we get fo(z) =In (1 + v <1 — $>a> (95)
N 1-— T
1
o X, W) = i (88)
opbew) =17 3 (D(x, w))/® 5
1
where aGp(x) = ) 1/a (96)
B v 1+ (%7 exp [D(x, W)])
1-— xX; a\
(x,w) 1;[ (1 +— (mi ) ) ~1 (89 oo
Theorem 33:In the Dombi operator casey(= 0) the D(x,w) = ﬁln <1+ v <1 x>a> —1(97)
weighted operator is ’ . 1- x
on(X, W) = 1 - (90) The weighted form is
T+ (20w (e 1
( 1 ( i ) ) agp(x, W) = 7 (98)
1—
A. The weighted Min-max operators 1+ (T7 exp [D(x, W)])
The min-max operators are the limit of the strict monoton&here
operators. The min or max value does not change by the n 12\
weights. Letmin(zy,...,z,) = z;, then D(x,w) = [[ " (1 + % ( > ) -1 (99)
i=1 -7 v
n e
lim 0@ () = Tim £ [ (S wife ) _ IX. UNARY OPERATORS OF THE GENERALIZED
Q=00 a—0o0 . DOMBI OPERATOR
n ) ay 1/«
(3 () )
e w0 @) = 171 (Bf () =
o1) — : - = (100)
1+ _'Y(1+'Y 1-z\@ 1>)
Becausev'/® — 1 andifA < 1andK > 0 then ( K ( 1= (%) )
lim (14 KAY)Y*=1. (92)

c (ﬁ(ﬁl)(xl), e /1(5“)(33”)) =

B. The weighting of the Drastic operators

. . . an Bi 1/()(
The weighted Drastic operators are not logical operators. 14 (1 e (H:‘L—l (1 b (1_“) ) 3 1))

We will show that the result is

1 (101)
ap (X) = " 1 N\ Wi (93)
1+, (%)
which is the weighted aggregation operator introduced by (z1,wi;...;2,,wy,) =
Dombi [1]. 1

Theorem 34:The weighting of the Drastic operator getting =~ o o
as a limit of the Generalized Dombi operator is the weighted 1 + (17 (H?—l (1 + 2 (1—796) ) C 1))
aggregation operator (93), and it is the same in the conjunctive e Te N
and disjunctive cases. (102)

-d @ >



X. THE MULTIPLICATIVE REPRESENTATION OF THE
GENERALIZED DOMBI OPERATOR

It is known that the solution of the associative equation is

o(z,y) = f~1 (f(2) + f(y)) (103)
Let

f(x) = In(g(x)) (104)
then

FH @) =971 () (105)
For the operator is valid

o(z,y) = f~H (f(z) + f(y) =

—g! (eln<g<w>>+ln<g<y>>> — (106)

= g7 (M9 = g7 (g(a)g(w))

This is the multiplicative form of the solution of the associative

equation. Using the fact that

Jep(r) =1In (14—17’y (1;33)“) (107)
e
gGD(x)lJrlj’y(lxl) (108)
and
1
gap(@) = — (109)
R (52 @-1) v
From this
oap(X) = goh <H gGD(xi)> =
=t | (110)

TG )

Xl. THE GENERALIZED DOMBI OPERATOR AND THE
MULTIPLICATIVE DECISION FUNCTION

Let Ay, As,..., A, be mutually exclusive events so
if i £ j

p(AiNA;) =0 (111)

and

(112)

where p(A;) is the probability that eventd; will occur.

Associated with each event is a reward or consequepce

(not necessarily money) to which one associates some value
or utility u(c;). The expected utility is

E =Y p(A)u(c;) (113)
=1

The Expected Utility Rule is the following. I andy are
lotteries, thenx is preferred tay if and only if

n m

ZP(Ai)U(Ci) > ZP(A;')U(CJ)

i=1 j=1

(114)

where the first sum is over the events and consequences
of lottery x and the second sum is over the events and
consequences of lottegy

SupposeX is a set of consequences ahds a collection
of lotteries with consequences K. Let P be a binary strict
preference relation o.. Any functionu : K — R will be
called a value function o’. We say that the tripl¢K, L, P)
satisfies the Expected Value Hypothesis if there is a value
functionu on K that whenevef and¢’ are inL and

c1 dy
q1

Co 8 a2 do
qm

Cn dm

are lotteries then
(P < E(0) =Y pu(c;) > > qyu(d;) = E(C') (115)
i=1 j=1

In this caseu is a value function satisfying the Expected Value
(EV) Hypothesis.E(¢) is called the expected value of lottery
L.

Suppose- is a strict preference relation dd. We would
like to find an order preserving utility function dik, ) that
isu: K — R satisfying

¢ d < ue) > u(d) (116)
In a sense each element in the #éts a lottery, for we can
identify a consequencein K with the lottery that gives with
probability 1. This lottery will be denoted b§(c). We shall
assume that each such lottery idinlf P is a strict preference
relation onL, we also assume that for alld € K

¢ d<& Lc)Pld). (117)
If these two assumptions hold, we s@y, P) extends(K, >)
and then any value functiomon K satisfying the EV Rule is
an order preserving utility function fqix’, ). For

¢ d<e Lc)Pld) < E[l(c)] > E[¢(d)] & u(c) > u(d).
(118)

-d @ >



We shall assume the EV Hypothesis, that is, that there is a val8&icea > 0, it follows that for allc andd in A,
functionu on K satisfying the EV Rule. We shall not assume
thatw is known, but only that it exists. u(c) > u(d) < pc) > p(d). (127)

Assume that there are two elementd@fc,, andc*, sothat ) ) N )
Sinceu is an order-preserving utility function ovéf, we have

c* > ey (119)
and so that for alt in K, crd e ple) > pld) (128)
Thusp is an order-preserving utility function ovéf. Notice
that computation of the utility functiop only assumes that
That is, ¢* is strictly preferred toc,, nothing is strictly —€Xists, and does not require knowledgeuwof Also, there is
preferred tac*, andc, is not Strict|y preferred to anything_ The NO need to assume that the individual whose Utlllty function is
consequences® andc, can be thought of as the “best” andbeing calculated actually computes expected values or utilities
“worst” consequences if. Sincec* - ¢, andu is an order t0 make decisions, but only to assume that he astsf he
preserving utility function, we have(c*) > u(c,), and hence Makes decisions on the basis of expected utilities. Finally,
u(c*) —u(es) > 0. calculation of the number(c) is required only» times if there
Given ¢ in K, let /(c) be the lottery with only one aren consequences being compared.
consequence;. We are assuming thdtc) always belongsto ~ Suppose an individual is considering how much money to
L. Consider the lottery invest on a risky venture if his payoff is $1000 if things go well
and $0 otherwise. He can calculate his utility of, say, $400 by
finding that value ofp = p($400) for which he is indifferent

~(c=c") and ~ (¢ > c). (120)

c* between having $400 for certain and having-probability of
p obtaining $1000, 41 — p)-probability of $0. Note thap($n)
l, . is almost certainly notp($1). For examplep($500) is almost
P certainly greater thai/2, sop($1000) < 2p($500).
Cy

A. The Basic Reference Lottery Ticket

Let us fix the same two consequenegsandc* described
before. A ticket to enter the lottery will be callegtbasic
reference lottery tickedr 7-brlt for short. To make a choice
between two complicated lotteriéand?’, Raiffa suggests that
we reduce them ta-brlt’s. Namely, ifc is a consequence and
{(c)Ely (), then replace: is lotteries/ and ¢’ by the lottery
{r(c)- FOr example, the lottery

Since (L, P) extends(K, ), if p is 1, you either prefer
¢, 10 £(c) or are indifferent between these lotteriesplis 0,
you either prefer!(c) to ¢, or are indifferent between these
lotteries. As we letp gradually increase from O to 1, it is
reasonable to assume that we can find some numbep(c)
so that you are indifferent betweép., and/(c). Thenp(c)
defines an order-preserving utility function over For

E(lp(e) = p(c)u(c?) + [1 = p(e)]ulc.) =

121
—p(Oule) —ule)] tule). D N s
Since you are indifferent betweef),., and /(c), the EV ¢
Hypothesis implies that 2
E[(c)] = E [lye)] (122) ¢
or C2C3
u(c) _ p(c) [U,(C*) _ U(C*)] + u(c*) (123) becomes the |Ottery
Sinceu(c*) —u(c.) # 0, we may divide byu(c*) — u(c.), and
we obtain m(e) ¢
ule) —uler) 2] Cy
p(c) = W) —ule) au(c) + B, (124) 1—m(c1)
m(e2) — c*
where 12 D2
1 1—m(c2) Cx
a=————< (125) D3
u(e*) —u(cy) m(ea) — c*
and
? 1— 7|'(C3) Cx
R p—G)) (126)

u(c*) —u(cy)
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Using standard properties of tree diagrams, we can reglace a .5-brlt; and he is indifferent betweé(r) and
by the simpleX-brlt

o 25

75

Cx

a .25-brlt. Then he is indifferent betweénand
where\ = py7(c1) + par(ca) + psm(cs). We havelEY,,. 1 — brit
Similarly, we reduce an alternative lottefyto ad-brlt ¢5, with

¢'Els. Then, if preference is strict weak, we should have

S—brlt
(Pl < (\Pls (129)
If the EV Hypothesis holds, we should have 25 — brit
U\Pls & X > 6 (130)
0—brit

sincec* > c.. The point of this procedure is that you can make
choices between lotteries or acts or choices without knowing a
utility function over consequences.

To illustrate how to make decisions using the idea 4frlt .25(1) +.25(.5) + .25(.25) + .25(0) = .4375. (131)
let us give some examples. Suppose a small businessman faces
decreasing sales in his present location and considers movigce .25 is smaller than375, the small businessman should
to a new location. Suppose for want of further information, hehoose’ over/(c) —that is, he should choose to move.
thinks it is equally likely that one of the following will happen

which is the same as a .4375-brlt, since

if he moves: B. The Allais Paradox
a = he will increase his sales, _ ] )
b = his sales will stay at their present level, Consider the following four lotteries:
¢ = his sales will continue to decrease, 1 $5,000,000
d = he will face bankruptcy.
Thus, the businessman faces a choice between the lottérjes ) $1,000,000 £ -89 1,000,000
and .01
$0
Lo $5,000,000 11— $1,000,000
299 )
$0 $0

We shall pose two problems: Problem 1 is to choose
between/() and ¢(?), and Problem 2 is to choose between
() and¢®. The French economist Allais, and others, have
reported that most subjects preféh) to £(2) and¢®) to ¢(4).

To quote Raiffa, most subjects reason as follows: “In Problem
1, I have a choice between $1,000,000 for certain and a gamble
where | might end up with $0. Why gamble? In Problem 2,
there is a good chance that | will end up with $0 no matter what

| do. The chances of getting $5,000,000 are almost as good as
getting $1,000,000, so | imght as well go for the $5,000,000
and choose?®) over/®),

Suppose he chooses = ¢ andc, = d, and, on reflection,
he is indifferent betweef(b) and

XIl. QUASI-ADDITIVE UTILITY FUNCTIONS

One of the necessary conditions @A; x Ay, ) for the
existence of an additive order-preserving utility function was
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independence: for afl,a’ € A; andby,b; € A,, We say that the componemt; is bounded if there are

ax,a™ € A1, such that for alb € Ay,

(a,bo) = (a',by) < (a,by) = (a’,bp), (132)
a* 7 a7 as, (135)
and for allag, aj, € Ay andb, b’ € A,
where
/ ! ! /
(a0,0) = (a0, 5) & (a, ) > (o, ). A33)  mid e @be A (b 5 (d)b). (136)

Suppose again that there is aaiditivevalue functionu which A gimilar definition applies on the second component.

satisfies the EV Hypothesis fard; x As, L, R). Such a Theorem 35:Suppose (A; x A, =, L, R) satisfies the
function« is an additive order-preserving utility function for following conditions:

(A1 x Ag, =) if (L, R) extend(K, -). If u exists, a stronger 1 The EV Hypothesis

condition to be called strong independence (sometimes calledy String independence

utility independence) holds. We say that; x A, -, L, R) 3. Each componem; is bounded

satisfies strong independence (on the first component) if, for 4 - continuity

all by € Az, whenever/ and ¢’ are lotteries all of whose Then there is a quasi-additive value functioron 4; x A,
consequences have the forfm, by), then preferences fof  \yhich satisfies the EV Hypothesis. If in additiaiL, R)
versust’ do not change if the common valtigis changed in - extends(K, ), thenu is a quasi-additive order-preserving
every consequende the saméy, in A,, and the probabilities utility function for (4; x Ay, ).

p(a,bo) andp(a,by) are the same. A similar definition applies  Remark 36:Under the EV Hypothesis, strong indepen-
to the second component, and we say #ta&ing independence gence is a necessary condition for quasi-additivity.

holds if strong independence holds ob both components. To corollary 37: Under the hypothesis of Theorem 35, either
give an example, we observe that strong independence sgjgre is an additive value functianon A; x A, which satisfies
that one prefers lotterd; to lottery/; if and only if one prefers  {he EV/ Hypothesis, or there is a multiplicative value function

lottery £, to lottery ¢5, where the lotterie$,, ¢}, ¢, and/; are  , on A, x A, which satisfies the EV Hypothesis.
given by

(a1,bo) Xlll. ISOMORPHISM WITH THE MULTIPLICATIVE
P q (as,bo) MULTIATTRIBUTE UTILITY FUNCTION
A (az,b0) 44
3 ' 2 (s, bo) In their seminal treatment of multiattribute utility (MAU)
(as,bo) 570 theory, Keeney and Raiffa (1976) show how certain conditions
(a1,b}) of independence among attributes yield the so called multi-
P 0 ¢ (as,bp) plicative multiattribute utility form
, (az,5)) eg< "
2 (s, b)) (as,bp) Ku(x) +1= H (kkiui(z;) + 1) (137)
3,%0 i=1

Trivially, strong independence implies independence, if w#/hich can also be expanded as

assume thatL, R) extends K, >-).

Under the EV Hypothesis, the condition of strong indepen-  u(x) = Z kiui(z;) + k Z Kok jug () ug (25)+
=1

dence does not imply that there is an additive value function

i<j

u on Ay x A, satisfying the EV Hypothesis or that there is an (138)

additive order-preserving utility function on (4; x A, >).
However, under certain simple assumptions, we shall conclude

F B2 kikku (v ug (2w () +
+ k" Ykky . kpun (1) g (22)

the existence of a that is almost additive. Let us say a real-

valued functioru on A; x A, is quasi-additivef there are real
valued functiong:; on A;(1 = 1,2) and a real numbex so that

for all (a,b) € Ay x Ao,

u(a,b) = uy(a) + ua(b) + Aug (a)usa(b).

The third term on the right hand side represents an interacti?n
effect. We shall see that under certain additional assumptions,
strong independence implies the existence of a quasi-additive

value or utility function.

Nonadditive representations for utility, in particular the

The so called constarit is a function of allk;s, that aside
from single-attribute utilitiesu; just u free constant have to
be estimatedk satisfies

n

Lk =[]+ kk). (139)

i=1

n the particular case, ¥ = 0 from (138) and (139) we get

u(x) = 2”: ki (2:) (140)
i=1

quasi-additive representation, have had a wide variety @hg

applications, for example, to transportation, medical decision-

making, management, solid waste disposal, air pollution and Z =1, (141)
=1

urban services.
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So the multiplicative model reduces to the additive form.

Use of the multiplicative model requires that the condition
of mutual utility independence is satisfied. A subset of criterid)
to be independent of its complement. The criteria are said to
be mutually independent if every subset of the criteria is utility?!
independent of its complement. The multiplicative MAU(3
model is able to represent fairly rich preference structures
including nonlinearities in the attributes and interaction
between attributes without restricting to unrealistic behavior:i?]
assumption. Furthermore it is quite tractable in practice. THg]
assessment required for its calibration are neither prohibiti\fa
in number nor unduly difficult for the decision maker. In short,
the multiplicative MAU model constitutes a good compromise
of flexibility and practicality for application to real problems.m
It has been used in numerous applications.

In the following we will show that the Generalized Dombi
operator is isomorph with the multiplicative multiattribute
utility function which can be written in the following form:

1 n
The Generalized Dombi operator has the form
o) (x) = ———— (143)
' 1+ D, (x)
where

n a 1/«
_ (1= (Lo _
neo= ([T (5 (52))) )
(144)
Let us denote
1—7v -1
k= (’7) Zi; = kiui (J‘L) (145)

and we will use the generator function of the Dombi operator
ie.

h(x)—(l;x>a and h*l(x):ﬁ (146)

Theorem 38:h(x) is isomorph transformation between the
Generalized Dombi operator and the multiplicative multiat-
tribute utility function, i.e. it is valid

wn(x) =h(ogp (W™ (1))
ogp(z) =h~" (urr (h(x)))

(147)
(148)

A. Isomorphism in the case bf=0

Theorem 39:If £k = 0 i.e. in the case of additive ultility,
(140) is isomorph with the Dombi operator.
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