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Nonlinear Shape Registration without
Correspondences
Csaba Domokos, Jozsef Nemeth, and Zoltan Kato Senior member, IEEE
Abstract—In this paper, we propose a novel framework to estimate the parameters of a diffeomorphism that aligns a known shape
and its distorted observation. Classical registration methods first establish correspondences between the shapes and then compute
the transformation parameters from these landmarks. Herein, we trace back the problem to the solution of a system of nonlinear
equations which directly gives the parameters of the aligning transformation. The proposed method provides a generic framework to
recover any diffeomorphic deformation without established correspondences. It is easy to implement, not sensitive to the strength of the
deformation, and robust against segmentation errors. The method has been applied to several commonly used transformation models.
The performance of the proposed framework has been demonstrated on large synthetic datasets as well as in the context of various
applications.
Index Terms—Image registration, diffeomorphism, nonlinear transformation, planar homography, thin plate spline, shape matching.

F

1

I NTRODUCTION

R

EGISTRATION is a fundamental problem in various fields
of image processing where images taken from different
views, at different times, or by different sensors need to be
compared or combined. In a general setting, one is looking
for a transformation which aligns two images such that one
image (called the observation) becomes similar to the second
one (called the template). Most of the existing approaches
assume a linear transformation (rigid-body, similarity, affine)
between the images, but in many applications nonlinear deformations [1] (e.g. projective, polynomial, elastic) need to be
considered. Typical applications include visual inspection [2],
object matching [3] and medical image analysis [4]. Good
surveys can be found in [5], [6].
Registration methods can be divided into two main categories: Landmark-based methods and featureless (or areabased) approaches. Landmark-based methods rely on extracted corresponding landmarks [5], [7], then the aligning
transformation is recovered as a solution of a system of
equations constructed from the established correspondences.
Unfortunately, the correspondence problem itself is far from
trivial, especially in the case of strong deformations. On
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the other hand, many featureless approaches estimate the
transformation parameters directly from image intensity values
over corresponding regions [8] or define a cost function based
on a similarity metric and find the solution via a complex
nonlinear optimization procedure [9].
A common assumption of both approaches is that the
strength of the transformation is limited or close to identity: The neighborhood of a landmark is searched for correspondences, while area-based methods may get stuck in
local minima for strong deformations. Furthermore, both approaches rely on the availability of rich radiometric information: Landmark-based methods usually match local brightness
patterns around salient points [10] while featureless methods
make use of intensity correlation between image patches. In
many cases, however, such information may not be available
(e.g. binary shapes) or it is very limited (e.g. prints, images of
traffic signs). Another common problem is strong radiometric
distortion (e.g. X-ray images, differently exposed images).
Although there are some time consuming methods to cope
with brightness change across image pairs [11], such image
degradations are difficult to handle. While these issues make
classical brightness-based features unreliable thus challenging current registration techniques, the segmentation of such
images can be straightforward or readily available within a
particular application. Therefore a valid alternative is to solve
the registration problem using a binary representation (i.e.
segmentation) of the images [12].
In this paper, based on our previous work [13], [14], we
propose a novel framework to estimate nonlinear diffeomorphic transformations without establishing correspondences or
restricting the strength of the deformation. The basic idea is
to set up a system of nonlinear equations by integrating a set
of nonlinear functions over the image domains and then solve
it by classical Levenberg-Marquardt algorithm [15]. If perfect
graylevel images would be available without any radiometric
distortion, then the estimation of an aligning homeomorphism
could be traced back to the solution of a linear system of
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equations [16]. In real applications, however, such a strict
requirement cannot be satisfied. Herein, we will show that
registration can be solved without making use of any intensity
information. The main contribution is a unifying framework,
which provides the registration of planar shapes under various
diffeomorphic deformations (e.g. planar homography, polynomial or thin plate spline transformations). We have conducted
a comprehensive test on a large set of synthetic images to
demonstrate the performance and robustness of the proposed
approach. The method has been successfully applied to a
variety of real images, e.g. alignment of hip prosthesis X-ray
images, registering traffic signs and handwritten characters, or
visual inspection of printed signs on tubular structures.
The paper organizes as follows. After a brief review of related methods, the general registration framework is presented
in Section 2 followed by the description of commonly used
deformation models in Section 3. Section 4 and Section 5 discusses numerical implementation issues. Finally, experimental
results and comparative tests are presented in Section 6 and
Section 7 concludes the paper.
1.1 State of the art
While registration of grayscale or color images is well studied [17], [18], [19], [20], [21], [22], [23], the alignment of
binary shapes [24], [25], [3], [26], [27], [28], [29] received
less attention. Most of the current approaches are restricted
to the affine group [24], [25], [30], [31]. In [24], Domokos
and Kato showed that it is possible to trace back the affine
matching problem to an exactly solvable polynomial system
of equations. Moments and invariants also provide an efficient
tool for recovering linear deformations [25]. A geometric,
variational framework is introduced in [30], which uses active
contours to simultaneously segment and register images. The
method [30] is applied to medical image registration, where
2D and 3D rigid body transformations are considered. Another
statistics-based algorithm is proposed in [31] for registration
of edge-detected images, which utilizes edge pixel matching
to determine the ”best” translations. Then a statistical procedure, namely the McNemar test, is used to determine which
candidate solutions are not significantly worst than the best
ones. This allows for the construction of confidence regions
in the registration parameters. Note that this method is limited
to solving for 2D translations only [31].
In this paper, we are interested in nonlinear alignment
of shapes, which is a more challenging problem. The most
common nonlinear registration methods are based on point
correspondences [7], [32], [3]. Although there are robust
keypoint detectors like SIFT [10] or SURF [33], these are
relying on rich intensity patterns thus their use is limited in
binary registration. Landmark-based nonlinear shape matching
has been addressed by Belongie et al. [3]. The method first
searches for point correspondences between the two objects,
then estimates the transformation using a generic thin plate
spline model. The point matches are established using a novel
similarity metric, called shape context, which consists in constructing a log-polar histogram of surrounding edge pixels. The
advantage compared to traditional landmark based approaches
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is that landmarks need not be salient points and radiometric
information is not involved. Basically the method can be
regarded as matching two points sets, each of them being
a dense sample from the corresponding shape’s boundary.
Obviously, there is no guarantee that point pairs are exactly
corresponding because of the sampling procedure. However,
having a dense sample will certainly keep mismatch error
at a minimum. The correspondences are simply established
by solving a linear assignment problem, which requires time
consuming optimization methods. For example, the complexity
of the Hungarian method adopted in [3] is O(N 3 ).
An important class of nonlinear transformations is the plane
to plane homography which aligns two images of the same
planar object taken from different views. Lepetit and Fua
proposed a method [17] for keypoint recognition on grayscale
images. The main idea is to find keypoints during a training
phase where a projectively different image set of target object
is used. Although the recognition of keypoints becomes very
fast, the training phase is very time consuming. In [18], a
Fourier domain based approach is presented using intensities
for computing the image-to-image transformation. Images are
transformed into the Fourier domain where the transformation
parameters are computed using cross correlation methods.
In [26], planar homography is computed in the Fourier domain
from a starting affine estimation using the shape contours.
In [27], the concept of characteristic line is employed to show
some useful properties of a planar homography matrix, which
relate with Euler angles of the planar pattern.
Stochastic models with iterative optimization techniques are
also quite popular in this domain: In [7], Guo et al. propose
a method to register shapes which underwent diffeomorphic
distortions, where simulated annealing is used to estimate
point correspondences between the boundary points of the
shapes. A Brownian motion model in the group of diffeomorphisms has been introduced in [19]. The authors exploit a
prior for warps based on a simple invariance principle under
warping. An estimation based on this prior guarantees an
invertible, source-destination symmetric, and warp-invariant
warp. The maximum-likelihood warp is then computed via
a PDE scheme. [20] uses a Markov Random Field model to
solve the registration problem. The deformation is described
by a field of discrete variables, representing displacements of
(blocks of) pixels. Exact maximum a posteriori inference is
intractable hence a linear programming relaxation technique is
used. In [34], the registration problem is formulated as probabilistic inference using a generative model and the expectationmaximization algorithm. The authors define a data-driven technique which makes use of shape features. This gives a hybrid
algorithm which combines generative and discriminative models. The measure of similarity is defined in terms of the amount
of transformation required. The shapes are represented by
sparse-point or continuous-contour representations depending
on the form of the data. Klein et al. presented a stochastic
gradient descent optimization method with adaptive step size
prediction [21]. This method employs a stochastic subsampling
technique to accelerate the optimization process. The selection
mechanism for the method’s free parameters takes into account
the chosen similarity measure, the transformation model, and
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the image content, in order to estimate proper values for the
most important settings.
Bronsetin et al. studied some fundamental problems in
the analysis of non-rigid deformable shapes [28]. In particular, a novel similarity criteria for shape comparison and
its extension to partial similarity has been proposed. They
showed that the correspondence problem is also solvable using
their similarity metric. In [32], Wörz and Rohr proposed a
novel approximation approach to registrate elastic deformations. This landmark-based method uses Gaussian elastic body
splines. Other methods use variational techniques [22]. We
note that these methods has a rather high computational demand. In [29], a non-rigid registration algorithms is proposed
based on L2 norm and information-theory.
Another common approach is to approximate a nonlinear
deformation via piecewise linear transformations: In [23], a
novel framework to fuse local rigid or affine components
into a global invertible transformation, called Log-Euclidean
polyaffine, has been presented. A simple algorithm is proposed
to compute efficiently such transformations and their inverses
on regular grids.

2

R EGISTRATION

FRAMEWORK

In the general case, we want to recover the parameters of an
arbitrary φ : R2 → R2 diffeomorphism which aligns a pair
of shapes. Let us denote the point coordinates of the template
and observation by x = [x1 , x2 ]T ∈ R2 and y = [y1 , y2 ]T ∈
R2 respectively. The following identity relation is assumed
between the point coordinates of the shapes:
y = φ(x)

⇔

x = φ−1 (y),

R2

where the integral transformation y = φ(x), dy = |Jφ (x)| dx
has been applied. The Jacobian determinant |Jφ | : R2 → R
|Jφ (x)| =

∂φ1
∂x2
∂φ2
∂x2

ω from Eq. (27)

gives the measure of the transformation at each point. Note
that in the case of affine (i.e. linear) transformations, the partial
derivatives of the distortion are constants, hence the Jacobian
is also constant and the transformation measure can be simply
computed as the ratio of the shape areas. This property has
been explored in [24]. Herein, however, the transformation
is nonlinear causing the Jacobian to become a non-constant
function of the coordinates.
Since multiplying with the characteristic functions essentially restricts the integral domains to the foreground regions
Ft = {x ∈ R2 |1t (x) = 1} and Fo = {y ∈ R2 |1o (y) = 1},
we obtain the following finite integral equation:
∫
∫
ydy =
φ(x) |Jφ (x)| dx.
(5)
Fo

Ft

The diffeomorphism φ can be decomposed as

since x and y are corresponding point coordinates.
Classical landmark based approaches would now set up a
system of equations from Eq. (1) using point correspondences.
However, we are interested in a direct approach without solving the correspondence problem. As a consequence, we cannot
directly use Eq. (1)–(2) because we do not have established
point pairs. However, we can multiply these equations and
then integrate out individual point correspondences yielding
∫
∫
y1o (y)dy =
φ(x)1t (x) |Jφ (x)| dx,
(3)

∂φ1
∂x1
∂φ2
∂x1

ω from Eq. (26)

Fig. 1. The effect of various ω functions. Top: the generated coloring of a binary shape. Bottom: the corresponding volumes.

(1)

where φ−1 : R2 → R2 is the corresponding inverse transformation. Note that φ−1 always exists since a diffeomorphism
is a bijective function such that both the function and its
inverse have continuous mixed partial derivatives. Suppose
that shapes are represented by their characteristic function
1 : R2 → {0, 1}, where 0 and 1 correspond to the background
and foreground respectively. If we denote the template by 1t
and the observation by 1o , the following equality also holds
(
)
1o (y) = 1o φ(x) = 1t (x),
(2)

R2

ω from Eq. (25)
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(4)

φ(x) = [φ1 (x), φ2 (x)]T ,

(6)

where φ1 , φ2 : R2 → R are coordinate functions. Hence
Eq. (5), which is in vector form, can be decomposed into a
system of two equations using these coordinate functions:
∫
∫
yi dy =
φi (x) |Jφ (x)| dx, i = 1, 2.
(7)
Fo

Ft

The parameters of φ are the unknowns of these equations.
Usually, φ has more than two unknown parameters therefore
a system of two equations is not enough to recover φ.
2.1

Construction of the system of equations

First of all, let us notice that the identity relation in Eq. (1)
remains valid when a function ω : R2 → R is acting on both
sides of the equation [24], [13], [14]. Indeed, for a properly
chosen ω
ω(y) = ω(φ(x))

⇔

ω(x) = ω(φ−1 (y)).

(8)

Thus the following integral equation is obtained from Eq. (5)
∫
∫
(
)
ω(y)dy =
ω φ(x) |Jφ (x)| dx.
(9)
Fo

Ft

The basic idea of the proposed framework is to generate sufficiently many equations using a set of nonlinear ω functions.
Let the number of parameters of φ denoted by k and let
{ωi }ℓi=1 , ωi : R2 → R denote the set of adopted nonlinear
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functions. In order to solve for all unknowns, we need at least
k equations, hence ℓ ≥ k. We thus obtain the following system
of equations
∫
∫
(
)
ωi (y)dy =
ωi φ(x) |Jφ (x)| dx,
i = 1, . . . , ℓ,
Fo

Ft

(10)
where each ωi function provides one new equation. Note that
the generated equations provide no new information, they
simply impose additional constraints. Note also that these
equations need to be algebraically independent. While this
condition is difficult to verify in practice, it is also clear that
linear independence of ωi functions -which is easier to verifyis crucial, as linear dependency would result in algebraically
dependent equations. Therefore in practice, we always use a
set of nonlinear ωi functions. The solution of the system gives
the parameters of the aligning transformation. Intuitively, each
ωi generates a consistent coloring of the shapes as shown in
Fig. 1. From a geometric point of view, Eq. (5) simply matches
the center of mass of the template and observation while the
new equations in Eq. (9) match the volumes over the shapes
constructed by the nonlinear functions ωi (see Fig. 1).
2.2 Discussion
Relation to moment-based approaches: Although the
derivations in the previous section are not moment-based per
se, it is interesting to analyze how the resulting equation of
Eq. (10) is related to moments. Image moments and invariants [35] were introduced by Hu [36] for 2D pattern analysis.
Since then, they became one of the most popular regionbased descriptors because any shape can be reconstructed from
its infinite set of moments [37]. Traditional two dimensional
(p + q)th order moments of a function ϱ : R2 → R are defined
as
∫
mpq =
xp1 xq2 ϱ(x)dx ,
R2

where p, q ∈ N0 . When ϱ is an image function then these
moments are also referred to as image moments. In the binary
case, where objects are represented by their∫ silhouette, ϱ is
a characteristic function yielding mpq = F xp1 xq2 dx with
F = {x ∈ R2 : ϱ(x) = 1}. This is often called shape
or geometric moment as it only uses polynomials of the
coordinates. Generally, orthogonal moments, such as Legendre [37] or Zernike moments [38], are numerically more stable
than regular moments. We remark, however, that orthogonal
moments can be expressed by regular moments.
In this sense, we can recognize a 0th order function moment
of ωi in the left hand side of Eq. (10) (just like any function
integral can be regarded as the 0th order moment of the
function itself). Similarly to Legendre or Zernike moments,
our function moments could also be expressed in terms of
shape moments whenever the adopted ωi functions are polynomials. When ωi is not polynomial then its Taylor expansion
results in an approximating polynomial which in turn yields
an infinite sum of shape moments. The right hand side of
Eq. (10) is more complex as it includes the product of the
unknown transformation φ(x) and its Jacobian determinant
|Jφ (x)| which are not necessarily polynomials. Therefore,
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independently of the choice of ωi , it can only be expressed in
terms of shape moments by expanding it into a Taylor series.
It is thus clear that our system of equations outlined in
Eq. (10) cannot be rewritten in terms of a finite set of classical
shape moments, and hence not even in terms of orthogonal
moments. This result corresponds to similar findings reported
in [39], [40] in the context of projective invariants. What we
propose in this paper is another approach, which –starting
from the identity relation in Eq. (1)– builds up a framework
to generate an arbitrary set of equations.
Invariance vs. covariance: Moment invariants [36], [39]
are extensively studied as they provide a powerful tool for
shape matching. Basically, invariants are functions immune
to the action of a particular deformation. There is a well
established theory on affine invariants [41], [35], but invariants
of higher order deformations are hard to construct. Recently
important results on the existence of projective moment invariants [40] as well as on generalized invariants, called Implicit
Moment Invariants [42], [35], have also been reported. Herein,
we are not interested in constructing invariants as, being
immune to the deformation, they do not provide constraints on
the actual transformation parameters. Instead, we need covariant functions that vary with the transformation φ(x), hence
constraining its parameters. Indeed, invariance and covariance
play a complementary role: While invariants identify a shape
regardless of its deformation, covariants identify the actual
deformation.
Registration vs. matching: There is a fundamental
difference between the problem of registration and shape
matching [35]. In either case, we fix the family of possible
transformations. In the case of matching, we need to determine
whether two objects are from the same class or not. For
that purpose, it is enough to ask whether there exists a
transformation which aligns the objects (i.e. whether they
are on the same orbit of the fixed transformation class), but
the aligning transformation is not of interest. However, in
the registration problem we always assume that there exists
a transformation which aligns the objects and we need to
estimate its parameters. This explains why multiple object
matching algorithms often make use of invariants, ignoring the
effect of the unknown transformation, and why covariance is
used to solve the registration problem. Due to the difficulty in
finding appropriate invariants under elastic deformations[42],
[35], nonlinear shape matching (or recognition) is often
solved by registering a given observation, representing the
deformed shape to be recognized, to the templates stored in a
database [3]. A similarity metric is then constructed using the
strength of the deformation (e.g. bending energy) and the shape
is recognized as the template with the minimal distortion.

3

M ODELING

DEFORMATION FIELDS

It is a quite common assumption in image registration, that
the deformation field is smooth and invertible, especially
when the resulting deformation field is further analyzed (e.g.
in deformation-based morphometry or construction of shape
models). Diffeomorphisms provide a convenient mathematical
framework to describe such deformations. Various parametric
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models of diffeomorphic deformations have been proposed in
the literature [1]. These are either based on a physical model
(e.g. planar homography) or on a general parameterization
using different basis functions (e.g. thin plate spline, Bspline). Herein, we will focus on some broadly used class
of deformations, but our framework can be applied to other
nonlinear transformations as well (see Section 6.4, for instance). Essentially, all we need to apply our framework to a
particular deformation model are the formulas of the adopted
diffeomorphism φ(x) and its Jacobian |Jφ (x)|.

3.2

Polynomial transformations

Polynomial transformations are important because they can
be used to approximate other distortions (e.g. via a Taylor
expansion as shown in Section 3.2.1) and they allow for a
more efficient numerical implementation of our method. Let
p : R2 → R2 be a polynomial transformation with p(x) =
[p1 (x), p2 (x)]T . Without loss of generality, we can assume
that d = deg(p1 ) = deg(p2 ), furthermore
p1 (x) =

y′ = Hx′

⇔

x′ = H−1 y′ ,

(11)

where H = {Hij } is the unknown 3×3 transformation matrix
that we want to recover. Note that H has only 8 degree of
freedom thus one of its 9 elements can be fixed. Herein we
will set H33 = 1. Although H33 could be 0 or small in
general, the coordinates of the input shapes are normalized
before matching into [−0.5; 0.5] × [−0.5; 0.5] with center of
mass being the origin (see Section 5). Thus if H33 would be 0
then H would map the origin [0, 0, x′3 ]T of the template into
[H13 x′3 , H23 x′3 , 0]T on the observation (i.e. to infinity yielding
an ellipse to become a parabola), which is quite unlikely to be
observed in a real image pair. Similarly, if H33 is very small,
then the origin is mapped to a distant point implying extreme
distortion which is again unlikely in practice. These are close
to degenerate situations for which a numerically stable solution
may not exists anyway.
As usual, the inhomogeneous coordinates y = [y1 , y2 ]T ∈
2
R of a homogeneous point y′ are obtained by projective
division
y1

=

y2

=

y1′
H11 x1 + H12 x2 + H13
≡ χ1 (x)
=
y3′
H31 x1 + H32 x2 + 1
y2′
H21 x1 + H22 x2 + H23
≡ χ2 (x) , (12)
=
y3′
H31 x1 + H32 x2 + 1

where χi : R → R. Indeed, planar homography is a linear
transformation in the projective plane P2 , but it becomes
nonlinear within the Euclidean plane R2 . The nonlinear trans2
2
formation
[ corresponding
]T to H is denoted by χ : R → R ,
χ(x) = χ1 (x), χ2 (x) and the Jacobian determinant |Jχ | :
R2 → R is given by
|Jχ (x)| =

∂χ1
∂x2
∂χ2
∂x2

=

aij xi1 xj2 , and p2 (x) =

|H|
(H31 x1 + H32 x2 + 1)

3

. (13)

d ∑
d−i
∑

bij xi1 xj2 ,

i=0 j=0

where aij and bij are the unknown parameters of the transformation and the number of these parameters is (d + 2)(d + 1).
The Jacobian |Jp | : R2 → R is also polynomial
|Jp (x)| =

d ∑
d−i
(∑

j
iaij xi−1
1 x2

d−j
d ∑
)( ∑

i=1 j=0

−

jaij xi1 xj−1
2

j=1 i=0

3.2.1

jbij xi1 xj−1
2

)

j=1 i=0

d−j
d ∑
(∑

d ∑
d−i
)( ∑

)
j
ibij xi−1
1 x2 .

i=1 j=0

Taylor series expansion of a planar homography

In the case of planar homographies, the integrands in Eq. (10)
can be approximated by a Taylor series expansion yielding
a system of polynomial equations. For example, consider the
term ωi (χ(x)) |Jχ (x)|. If ωi is polynomial then both the nominator and denominator of ωi (χ(x)) is polynomial and remains
a polynomial when multiplied by |Jχ (x)| from Eq. (13). Thus
we have ωi ◦ χ |Jχ | = p(H11 , . . . , H23 )ξ(H31 , H32 ) where
p is a polynomial, while ξ(H31 , H32 ) is not. For example,
assuming the ωi set from Eq. (25), we get
ξ(H31 , H32 ) =

1
,
(H31 x1 + H32 x2 + 1)3+n+m

where n and m are the exponents in ωi . In order to have a
polynomial approximation, let us rewrite ξ(H31 , H32 ) in terms
k
of its multivariate k th order Taylor series about (0, 0): Tξ(0,0)
.
The expansion is performed about (0, 0) as it corresponds to
the identity transformation. Note that this also gives an equally
good approximation for all affine transformations (i.e. where
k
H31 = H32 = 0). The degree of Tξ(0,0)
must be high enough
to cover the expected range of projectivity. In our experiments,
we found that k = 5 gives good results. We thus have the
following polynomial approximation of the integrand:
k
ωi ◦ χ |Jχ | ≈ p(H11 , . . . , H23 )Tξ(0,0)
.

2

∂χ1
∂x1
∂χ2
∂x1

d ∑
d−i
∑
i=0 j=0

3.1 Planar homography
Perspective images of planar scenes are usual in perception of
man made environments. In such cases, a planar scene and its
image are related by a plane to plane homography, also known
as a plane projective transformation. Estimating the parameters
of such transformations is a fundamental problem in computer
vision with various applications.
Let us denote the homogeneous coordinates of the template
and observation by x′ = [x′1 , x′2 , x′3 ]T ∈ P2 and y′ =
[y1′ , y2′ , y3′ ]T ∈ P2 , respectively. Planar homography is then
a linear transformation in the projective plane P2
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(14)

The advantage of such a polynomial integrand is increased
computational efficiency, as discussed in Section 4.
3.3

Thin plate spline

Thin plate splines (TPS) [1], [43], [44] are widely used to
approximate non-rigid deformations using radial basis functions. Given a set of control points ck ∈ R2 and associated
mapping coefficients aij , wki ∈ R with i = 1, 2, j = 1, 2, 3
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and k = 1, . . . , K, the TPS interpolating points ck is given
by [1]
ςi (x) = ai1 x1 + ai2 x2 + ai3 +

K
∑

wki Q(||ck − x||) , (15)

k=1

where Q : R → R is the radial basis function
2

2

Q(r) = r log r .
Note that parameters include 6 global affine parameters aij and
2K local coefficients wki for the control points. In classical
correspondence-based approaches control points are placed in
extracted point matches, i.e. we know the exact mapping at the
control points and mappings of other points are interpolated
using TPS. In our approach, however, TPS can be regarded
as a parametric model to approximate the underlying freeform deformation. The parameters of this model are then
estimated by our method. In order to capture deformations
everywhere, we place the radial basis functions (i.e. control
points) on a uniform grid. Obviously, a finer grid allows to
recover finer details of the deformation field at the price of
more equations. The physical interpretation of Eq. (15) is a
thin plate deforming under point loads acting in the control
points. Additional constraints are that the sum of the loads
applied to the plate as well as moments with respect to both
axes should be 0. These are needed to ensure that the plate
would not move or rotate under the imposition of the loads,
thus remaining stationery [1]:
K
∑

wki = 0

and

k=1

K
∑

ckj wki = 0,

i, j = 1, 2 .

(16)

k=1

Another interpretation of the above constraints is that the plate
at infinity behaves according to the affine term. Let ς : R2 →
R2 , ς(x) = [ς1 (x), ς2 (x)]T a TPS map with 6+2K parameters.
The Jacobian |Jς (x)| of the transformation ς is composed of
the following partial derivatives (i, j = 1, 2)
K
∑
(
)
∂ςi
= aij −
2wki (ckj − xj ) 1 + log(||ck − x||2 ) .
∂xj
k=1
(17)

4

C HOICE

OF

ω

FUNCTIONS

Given φ(x) and its Jacobian |Jφ (x)| of a particular deformation model, the parameters of the aligning transformation are
obtained as a solution of the system of equations Eq. (10).
For constructing these equations, we need an appropriate set
of functions {ωi }ℓi=1 . Theoretically, any nonlinear function
satisfying Eq. (8) could be applied. In practice, however there
are two important considerations. First, our equations are
always corrupted by errors arising from imperfect data (e.g.
segmentation and discretization errors). Therefore the solution
is obtained via least-squares minimization of the algebraic
error. Since both sides of these equations contain an integral
of the corresponding ωi function, the characteristics of ωi
clearly influence the overall error. In particular, we expect an
equal contribution from each equation in order to guarantee
an unbiased error measure. Second, iterative least-squares
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minimization algorithms, like the Levenberg-Marquardt algorithm [15], require the evaluation of the equations at every
iteration step. Thus the time complexity of the algorithm is
considerably decreased if the integrals can be precomputed,
hence avoiding scanning the image pixels at every iteration.
4.1 Normalization
The algebraic error of the system Eq. (10) is obtained as the
sum of squared errors :
(∫
)2
∫
ℓ
∑
ωi (y)dy −
ωi (y)dy ,
i=1

φ̂(Ft )

Fo

where φ̂ is the estimated transformation. On the other hand, the
geometric error is measured as the absolute difference between
the registered shapes:
|G| = |φ̂(Ft ) △ Fo |,
where △ is the symmetric difference. Let G1 = φ̂(Ft )\Fo and
G2 = ∫Fo \φ̂(Ft ), yielding G = G1 ∪ G2 and G1 ∩ G2 = ∅.
Since φ̂(Ft )∩Fo (ωi (y) − ωi (y)) dy = 0, the algebraic error
can be expressed as
)2
∫
ℓ (∫
∑
ωi (y)dy −
ωi (y)dy .
(18)
i=1

G1

G2

The ith equation contributes to the error by the difference
of the integrals of ωi over the non-overlapping domains G1
and G2 . Thus the magnitude of the contributed value depends
not only on the geometric error G but also on the values ωi
takes over these domains. Large variations in the range of
different ωi functions yield an uneven contribution of different
equations which leads to a biased algebraic error or, in extreme
cases, to numerical instability.
A usual remedy is to normalize the coordinates of both
shapes into the unit square ([−0.5, 0.5] × [−0.5, 0.5] in our
experiments), and to choose ωi with a range limited to a
similar interval (e.g. [−1, 1]). This is achieved by dividing
the integrals in Eq. (10) with an appropriate constant corresponding to the maximal magnitude of the integral. Since the
integral of a given ωi depends on the integration domain (i.e.
the actual transformed shape),
a trivial upper bound would
∫
be the infinite integral R2 |ωi |. Unfortunately, this integral
may not be computed or yields an infinite value thus making
this kind of normalization unfeasible. Therefore we need to
find a finite domain which contains all intermediate shapes
during the minimization process. We found experimentally
(see Fig. 2), that the transformations occurring during the leastsquares minimization process do not transform the√shapes out
of a circle with center in the origin and a radius 22 (i.e. the
circumscribed circle of the unit square). We thus adopt the
following constant
∫
Ni =
(19)
√ |ωi (x)|dx,
∥x∥≤ 22
and the normalized version of Eq. (10) becomes
(
)
∫
∫
ω φ(x) |Jφ (x)| dx
ω (y)dy
Ft i
Fo i
=
, i = 1, . . . , ℓ.
Ni
Ni
(20)
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The proof can be found in Section 4.2.1. As a consequence,
choosing a polynomial ωi function allows
the
)
∫ us(to eliminate
unknowns a from the integrand. Hence F hi ϕ(x) dx has to
be computed only once and the time complexity of the solver
becomes independent of the size of the input images.

Fig. 2. Coverage of transformed shapes of ≈ 1500
synthetic observations during the minimization process.
Pixel values represent the number of intermediate shapes
that included a particular pixel.
For reference, we also
√
show the circle with radius 22 used for normalization.

4.2.1 Proof of Theorem 1
The statement follows from the next three lemmas.
Lemma 1: If f1 and f2 are separable with respect to
(a,ϕ(x)), then the function F (x) = f1 (x)f2 (x) is also
separable.
Proof: Since both f1 and f2 are separable, there exist two
(2)
(1)
(1) (2)
sets of functions gi , gj : Rn → R and hi , hj : R2n →
R2 for 1 ≤ i ≤ s and 1 ≤ j ≤ t such that
F (x) =

s
∑

(1)

(1)

gi (a)hi (ϕ(x))

i=1

=

4.2 Computational efficiency

where m ∈ N and gj : R → R, hj : R → R for 1 ≤ j ≤
m, then we say f is separable with respect to a and ϕ(x).
The following theorem states that applying polynomial ωi
functions in Eq. (20) results in a regular nonlinear equation
with respect to the unknowns a1 , . . . , an instead of an integral
equation.
Theorem 1: When f : R2 → R2 is polynomial, then the
following equality holds:
∫
∫
m
∑
(
)
(
)
f φ(x) |Jφ (x)| dx =
gi (a)
hi ϕ(x) dx, (21)
F

2n

i=1

(2)

j=1

s ∑
t
∑

(1)

(2)

(1)

(2)

gi (a)gj (a)hi (ϕ(x))hj (ϕ(x)).
(1) (2)

Making use of the notations gl = gi gj
with l = (i − 1)t + j, we get
F (x) =

2

F

where m ∈ N and gi : Rn → R, hi : R2n → R2 for 1 ≤ i ≤
m.

st
∑

(1) (2)

and hl = hi hj

gl (a)hl (ϕ(x)),

l=1

which completes the proof.
∑n
Lemma 2: If φ(x) = i=1 ai ϕi (x), then |Jφ (x)| is separable with respect to (a,ϕ(x)).
Proof: Let us denote the components of the basis functions as ϕi (x) = [ϕi1 (x), ϕi2 (x)]. The partial derivatives ∂l φk
(k, l = 1, 2) of φ(x) are then given by
∑
∂φk
=
ai ∂l ϕik (x), k, l = 1, 2
∂xl
i=1
n

from which the Jacobian determinant of Eq. (4) can be written
as
n
n
(∑
)( ∑
)
|Jφ (x)| =
ai ∂1 ϕi1 (x)
aj ∂2 ϕj2 (x)
i=1

−

n
(∑

j=1

n
)( ∑
)
ai ∂2 ϕi1 (x)
aj ∂1 ϕj2 (x)

i=1

j=1
n

(2)

gj (a)hj (ϕ(x))

i=1 j=1

The Levenberg-Marquardt algorithm requires the evaluation
of the equations at every iteration step. Unfortunately, the
integrands on the right hand side of Eq. (20) include the
unknowns implying that we have to recompute these integrals
at each iteration, yielding a time complexity of O(k(N +M )),
where k is the number of iterations (typically around 1000
in our experiments), while N and M are the number of the
foreground pixels of the template and observation respectively.
If we could eliminate the unknowns from the integrands
then the integrals could be precomputed and the runtime of
the solver would become independent from the number of
foreground pixels M + N . We will show that this can be
achieved by applying polynomial
∑nωi functions in Eq. (20).
Let us suppose that φ(x) = i=1 ai ϕi (x), where ai ∈ R,
and ϕi : R2 → R2 are basis functions. Note that polynomial
or thin plate spline deformations are of the above form
while other diffeomorphisms can be approximated by the first
few terms of their Taylor expansion [16] yielding the above
representation. Furthermore, let us denote a = [a1 , . . . , an ]
and ϕ(x) = [ϕ1 (x), . . . , ϕn (x)].
Definition 1: When a function f : R2 → R2 is such that
n
m
(∑
) ∑
(
)
f
ai ϕi (x) =
gj (a)hj ϕ(x) ,
i=1

t
∑

=

n ∑
n
∑

j=1

(
ai aj ∂1 ϕi1 (x)∂2 ϕj2 (x)

i=1 j=1

)
−∂2 ϕi1 (x)∂1 ϕj2 (x) .
Setting gl (a) = ai aj and hl (ϕ(x)) = ∂1 ϕi1 (x)∂2 ϕj2 (x) −
∂2 ϕi1 (x)∂1 ϕj2 (x) with l = (i − 1)n + j, we get
n
∑
2

|Jφ (x)| =

gl (a)hl (ϕ(x)).

l=1

The Jacobian is thus separable,∑
which completes the proof.
n
Lemma 3: If φ(x) =
=
i=1 ai ϕi (x) and p(x)
[p1 (x1 , x2 ), p2 (x1 , x2 )], where p1 , p2 ∈ R[x1 , x2 ] are polynomials with deg(p1 ) = d1 and deg(p2 ) = d2 , then p(φ(x))
is separable with respect to (a,ϕ(x)).
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Proof: Let us consider the first component p1 of
n
n
n
(∑
) [ (∑
) (∑
)]
p
ai ϕi (x) = p1
ai ϕi (x) , p2
ai ϕi (x) .
i=1

Since p1 (x1 , x2 ) =
p1

∑

n
(∑

i=1

ai ϕi1 (x),

i=1

∑
(∑

cj

n
(∑

i=1

qj rj
j cj x1 x2

is polynomial,

n
∑
i=1

n
)rj
)qj ( ∑
ai ϕi1 (x)
ai ϕi2 (x) .
i=1

i=1

j

)
ai ϕi2 (x) =

)qj
n
a
ϕ
(x)
can be further expanded by making use
i
i1
i=1
of the Multinomial theorem [45] as
∑
qj !
as1 . . . asnn ϕ11 (x)s1 . . . ϕn1 (x)sn ,
s1 ! . . . sn ! 1
∑n
where s1 , . . . , sn ∈ N0 and i=1 si = d1 . For the lth term of
qj !
the above sum,
gl1 (a) = s1 !...s
as1 . . . asnn and
n! 1
∏nlet us define
hl1 (ϕ(x)) = i=1 ϕi1 (x)si , yielding
n
(∑

)q j ∑
ai ϕi1 (x)
=
gl1 (a)hl1 (ϕ(x)).

i=1

l

)qj
n
a
ϕ
(x)
is separable and similarly
Hence
i
i1
i=1
)r j
(∑
n
is also separable. Furthermore, their
i=1 ai ϕi2 (x)
product is also separable by Lemma 1, thus we proved that
p1 is separable. Similarly, it is easy to see that p2 is also
separable, which completes the proof.
Now the statement of Theorem 1 is easily seen: f (φ(x)) and
|Jφ (x)| are separable by Lemma 3 and Lemma 2, respectively.
Hence their product f (φ(x))|Jφ (x)| is also separable by
Lemma 1 and using the basic properties of integral calculus,
we get Eq. (21).
(∑

5

N UMERICAL

IMPLEMENTATION

The equations in Eq. (20) are constructed in the continuum
but in practice we only have a limited precision digital image.
Consequently, the integrals can only be approximated by
a discrete sum over the foreground pixels introducing an
inherent, although negligible error into our computation. The
continuous domains Ft and Fo are represented as finite sets of
foreground pixels denoted by Ft and Fo , and Eq. (20) becomes
)
1 ∑
1 ∑ (
ωi (y) =
ωi φ(x) |Jφ (x)| , i = 1, . . . , ℓ.
Ni
Ni
y∈Fo
x∈Ft
(22)

χ−1
1 (y) =
χ−1
2 (y) =

950

In addition to the above equations, the final system to be solved
may contain further equations depending on the adopted
deformation model. These equations are either to improve
numerical stability (like in the case of planar homography) or
to enforce additional constraints required by the model (e.g.
thin plate spline).
Planar homography: Each equation of Eq. (22) can
also be written in three alternative forms by making use of
the corresponding inverse transformation χ−1 and the reverse
integral transformation x = χ−1 (y), dx = Jχ−1 (y) dy (see
Eq. (24)):
1 ∑
1 ∑ ( −1 )
ωi (x) =
ωi χ (y) Jχ−1 (y)
Ni
Ni
x∈Ft
y∈Fo
1 ∑
1 ∑ ( −1 )
ωi (x) |Jχ (x)| =
ωi χ (y)
Ni
Ni
x∈Ft
y∈Fo
)
1 ∑ (
1 ∑
ωi χ(x) =
ωi (y) Jχ−1 (y) . (23)
Ni
Ni
x∈Ft
y∈Fo
Note that the above equations are equivalent to the original
equation, including them into the system is redundant in
the mathematical sense. However, in practice they play an
important role in ensuring numerical stability of the final
solution. Therefore in our implementation, we use all four
equations for each ωi .
Thin plate spline: The number of required equations,
hence the number of ωi functions, depends on how many control points we used. Furthermore, the constraints in Eq. (16)
has to be included in the system of equations.
Solution and complexity: The obtained system of equation is then solved by iterative least squares minimization using
the Levenberg-Marquardt algorithm (LM) [15]. The simple
pseudo code of the algorithm is shown in Algorithm 1. The
time complexity of the algorithm is O(N + M ) whenever
we adopt a polynomial set {ωi }ℓi=1 . Note, that LM finds
a local minimum. However, our numerical experiments show
that the solution found by LM is quite close to the geometrically correct one. A theoretical analysis would be far too
complex, but intuitively we can argue as follows: To avoid
geometrically wrong local minima, proper normalization is
crucial. As explained in Section 4.1, the equations need to be
balanced and shapes must be normalized into the unit square.
This guarantees, that initially shapes are overlapping making
the identity transform a good initialization, while balanced
equations eliminate undesirable bias during iterations caused
by large coefficients in some equations. Finally, we have to
remark that deformations with higher degree of freedom (e.g.
TPS) may have many geometrically correct solutions (i.e.

(H22 − H32 H23 )y1 − (H12 − H32 H13 )y2 + H23 H12 − H22 H13
(H32 H21 − H31 H22 )y1 − (H32 H11 − H31 H12 )y2 + H22 H11 − H21 H12
−(H21 − H31 H23 )y1 + (H11 − H31 H13 )y2 − (H23 H11 − H21 H13 )
x2 =
(H32 H21 − H31 H22 )y1 − (H32 H11 − H31 H12 )y2 + H22 H11 − H21 H12
x1 =

2

|Jχ−1 (y)| =

(

|H|

(H32 H21 − H31 H22 )y1 − (H32 H11 − H31 H12 )y2 + H22 H11 − H21 H12

)3

(24)
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many transformation may produce an almost perfect alignment
due to the fact that deformations are only visible around the
boundary of the shapes). Therefore, although the parameter
space is of higher dimension, LM also has a higher chance to
find a local minima close to one of these correct solutions.
Algorithm 1: Pseudo code of the proposed algorithm
Input : Binary images of the template and observation
Output: k parameters of the estimated transformation φ̂
1 Normalize each input shape into the unit square
[−0.5, 0.5] × [−0.5, 0.5] such that the shape’s center of
mass becomes the origin.
2
2 Choose a set of ωi : R → R (i = 1, . . . , ℓ ≥ k)
functions as described in Section 4.
3 Construct the system of equations of Eq. (22) and
include any additional equations if needed (e.g. Eq. (23)).
4 Find a least-squares solution of the system using a
Levenberg-Marquardt algorithm. The solver is initialized
with the parameters of the identity transformation.
5 Unnormalizing the solution gives the parameters of the
aligning transformation.

951

Eq. (25)

Eq. (26)

Eq. (27)

Eq. (28)

Eq. (29)

Eq. (30)

Fig. 3. Plots of tested {ωi } function sets.
parameters is independent of the choice of the {ωi } set as long
as equations are properly normalized. To verify these findings,
we evaluated the registration quality of various {ωi } function
sets. We considered power and trigonometric functions as well
as polynomials, a total of 6 different sets (see Fig. 3):
1) Power functions
i
ωi (x) = xn1 i xm
2

6

E XPERIMENTAL

RESULTS

The proposed method ha been tested on various synthetic and
real datasets. The performance of the algorithm has also been
compared to two other nonlinear registration methods: Shape
Context [3] which has been developed for general nonlinear
registration and homest [46] which implements a classical
algorithm for homography estimation. The proposed algorithm
has been implemented in Matlab R2008 and all tests have
been ran on a Pentium IV 3.2 GHz under Linux operating
system. The demo implementation of our method is available
for download at http://www.inf.u-szeged.hu/∼kato/software/.
Registration results were quantitatively evaluated using two
kind of error measures. The first one (δ) is the absolute difference of the registered shapes, while ϵ measures the distance
between the true φ and the estimated φ̂ transformation:
|Fr △ Fo |
1 ∑
δ=
· 100%, ϵ =
∥φ(x) − φ̂(x)∥,
|Fr | + |Fo |
|Ft |
x∈Ft
where Ft , Fo , and Fr denote the set of foreground pixels of the
template, observation, and the registered template respectively.
Intuitively, ϵ shows the average transformation error per
pixel. Note that this measure can only be evaluated on synthetic images where the applied transformation is known while
δ can always be computed. On the other hand, ϵ gives a
better characterization of the transformation error as it directly
evaluates the mistransformation. δ sees only the percentage of
non-overlapping area between the observation and registered
shape. Hence the value of δ depends also on the compactness,
topology, and segmentation error of the shapes.
6.1 Comparison of various ω functions
According to our theoretical results presented in Section 4,
we expect that the precision of the recovered transformation

(25)

with (ni , mi ) ∈ {(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (0, 2),
(2, 1), (1, 2), (2, 2), (3, 0), (0, 3), (3, 1), (1, 3)}
2) Rotated power functions
ωi (x) = (x1 cos αi −x2 sin αi )ni (x1 sin αi +x2 cos αi )mi
(26)
{
}
with αi ∈ 0, π6 , π3 and (ni , mi ) ∈ {(1, 2), (2, 1),
(1, 3), (3, 1)}
3) Mixed trigonometric functions
ωi (x) = sin(ni x1 π) cos(mi x2 π)

(27)

with (ni , mi ) ∈ {(1, 2), (2, 1), (2, 2), (1, 3), (3, 1),
(2, 3), (3, 2), (3, 3), (1, 4), (4, 1), (2, 4), (4, 2)}
4) Trigonometric functions
ωi (x) = Qi (ni x1 )Ri (mi x2 )

(28)

with Qi (x), Ri (x) ∈ {sin(x), cos(x)} and (ni , mi ) ∈
{(1, 1), (1, 2), (2, 1)}
5) Polynomials
ωi (x) = Pni (x1 )Pmi (x2 )

(29)

with (ni , mi ) ∈ {(1, 2), (2, 1), (1, 3), (3, 1), (2, 3),
(3, 2), (1, 4), (4, 1), (2, 4), (4, 2), (3, 4), (4, 3)}
composed of the following random polynomials:
P1 (x) =

2x2 − x − 1

P2 (x) = 2x3 − x2
P3 (x) = x3 − 30x2 + 3x + 2
P4 (x) = 3x5 − x2 + 5x − 1
6) Polynomials
ωi (x) = Lni (x1 )Lmi (x2 )

(30)
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with (ni , mi ) ∈ {(2, 3), (3, 2), (2, 4), (4, 2), (3, 4),
(4, 3), (2, 5), (5, 2), (3, 5), (5, 3), (4, 5), (5, 4)}
composed of the following Legendre polynomials:
)
1( 2
L2 (x) =
3x − 1
2
)
1( 3
L3 (x) =
5x − 3x
2
)
1(
L4 (x) =
35x4 − 30x2 + 3
8
)
1(
L5 (x) =
63x5 − 70x3 + 15x
8
The quantitative evaluation of the above function sets are
summarized in Table 1. Basically, all median δ error measures
are between 0.1 − 0.2. Although the mean values have a
slightly bigger variance, this is mainly caused by a few outliers
rather than a systematic error. It is thus fair to say that the
considered ωi functions perform equally well, which confirms
our theoretical results.
The question is therefore naturally arising: Which {ωi }
set should be used? Or in more general: What properties
should the {ωi } set have? From a theoretical point of view,
there are only trivial restrictions on the applied functions:
Obviously, ωi must be an integrable function over the finite
domains Fo and Ft . The functions have to be rich enough,
i.e. they have to produce a varying surface over the shape
domain (e.g. see Fig. 3). For example, the constant function
ω(x) ≡ c is clearly wrong as it makes Eq. (8) always true
independently of the underlying deformation. From a practical
point of view, the picture is different: First of all, we have to
solve numerically a system of integral equations. According
to Theorem 1, we can reduce this problem to the solution of
a nonlinear system of equations when the ωi functions are
polynomial. The empirical results presented in this section
show, that registration quality is almost unaffected by the
choice of ωi functions but computational efficiency is clearly
increased for a polynomial {ωi } set. Therefore we recommend
to use low order polynomials for computational efficiency. In
our experiments, we have used the set 1), unless otherwise
noted.
{ωi } set
1)
2)
3)
4)
5)
6)

m
0.09
0.11
0.21
0.12
0.10
0.10

δ(%)
µ
0.53
1.01
12.28
1.52
0.80
0.99

σ
3.38
5.01
19.61
6.25
4.75
4.84

m
0.08
0.10
0.19
0.11
0.08
0.08

ϵ(pixel)
µ
3.03
4.40
20.14
6.02
3.27
4.17

σ
22.36
24.14
41.73
25.79
18.60
20.78

TABLE 1
Quantitative comparison of various {ωi } function sets. m,
µ, and σ denote the median, mean, and deviation.

6.2 Quantitative evaluation on synthetic data
Herein, we will focus on planar homography. Synthetic tests
with other deformation models can be found in [14]. Our
benchmark dataset contains 37 different shapes and their transformed versions, a total of ≈ 1500 images of size 256 × 256.

Template

Observation

952

SC [3]

Proposed

Fig. 4. Planar homographies: Example images from
the synthetic data set and registration results obtained
by Shape Context [3] and the proposed method. The
observation and the registered template were overlaid,
overlapping pixels are depicted in gray whereas nonoverlapping ones are shown in black.

m
µ
σ

Runtime (sec.)
SC
P
T
98.72
16.04 5.67
102.78 27.04 6.52
28.26
45.34 3.62

SC
2.69
4.41
4.79

δ (%)
P
0.09
0.54
3.42

T
0.16
0.88
3.34

ϵ (pixel)
P
T
0.08
0.14
2.97
3.79
22.04 20.26

TABLE 2
Comparative tests of the proposed method on the
synthetic dataset for recovering a planar homography.
SC – Shape Context [3]; P – proposed method using
Eq. (22)–(24); and T – using its Taylor expanded form.
m, µ, and σ denote the median, mean, and deviation.

The applied plane projective transformations were randomly
composed of 0.5, . . . , 1.5 scalings; − π4 , . . . , π4 rotations along
the three axes; −1, . . . , 1 translations along both x and y
axis and 0.5, . . . , 2.5 along the z axis; and a random focal
length chosen from [0.5, 1.5]. Note that these are projective
transformations mapping a template shape from a plane placed
in the 3D Euclidean space to the xy plane. Some typical
examples of these images can be seen in Fig. 4, while a
summary of registration results is presented in Table 2. We
have also compared the performance of our method to that of
Shape Context [3]. For testing, we used the program provided
by the authors and set its parameters empirically to their
optimal value (beta init = 30 , n iter = 30 , annealing rate
r = 1 ). We remark that the program’s only output is the
registered shape, hence ϵ could not be computed. Finally, we
demonstrate that by using the multivariate Taylor expanded
form of the planar homography transformation presented in
Section 3.2.1, CPU time can be considerably reduced at the
price of a negligible loss in quality. In these tests, we have
used the 5th order approximation of the integrands.
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(a)
missing
pixels

(b) occlusion

(c)
disocclusion

(d) boundary
error

Fig. 5. Sample observations with various degradations.
(a) missing pixels
Shape Context [3]
Proposed method

m
σ
m
σ

(b) size of occlusion
Shape Context [3]
Proposed method

m
σ
m
σ

(c) size of disocclusion
Shape Context [3]
Proposed method

m
σ
m
σ

(d) size of boundary error
Shape Context [3]
Proposed method

m
σ
m
σ

5%
21.85
5.97
2.98
4.13
1%
3.03
4.79
1.41
3.49
1%
3.63
5.19
1.93
4.31
1%
2.86
4.72
0.54
3.28

10%
24.91
6.14
5.69
5.23
2.5%
3.55
4.79
3.40
4.18
2.5%
4.52
5.61
4.54
5.13
5%
3.78
4.83
1.67
3.5

15%
26.38
6.37
8.51
6.09
5%
4.55
5.09
6.19
5.09
5%
6.25
6.84
8.28
6.16
10%
4.68
5.04
2.67
3.9

20%
27.2
6.56
11.57
6.74
10%
6.79
7.03
11.27
6.6
10%
9.28
7.78
13.62
7.09
20%
6.92
5.92
4.03
4.47

TABLE 3
Median (m) and standard deviation (σ) of δ error (%) vs.
various type of segmentation errors as shown in Fig. 5.

6.2.1 Robustness
In practice, segmentation never produces perfect shapes.
Therefore we have also evaluated the robustness of the proposed approach against segmentation errors. Besides using
various kind of real images inherently subject to such errors,
we have also conducted a systematic test on simulated data:
In the first testcase, 5%, . . . , 20% of the foreground pixels
has been removed from the observation before registration.
In the second case, we occluded continuous square-shaped
regions of size equal to 1%, . . . , 10% of the shape, while in
the third case we disoccluded a similar region. Finally, we
randomly added or removed squares uniformly around the
boundary of a total size 1%, . . . , 10% of the shape. Note that
we do not include cases where erroneous foreground regions
appear as disconnected regions, because such false regions can
be efficiently removed by appropriate morphological filtering.
We therefore concentrate on cases where segmentation errors
cannot be filtered out. See samples of these errors in Fig. 5.
Table 3 shows that our method is quite robust whenever
errors are uniformly distributed (first and fourth testcases) over
the whole shape. However, it becomes less stable in case of
larger localized errors, like occlusion and disocclusion. This
is a usual behavior of area-based methods because they are
relying on quantities obtained by integrating over the whole
object area. Thus large missing parts would drastically change
these quantities resulting in false registrations. Nevertheless, in
many application areas one can take images under controlled
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conditions which guarantees that observations are not occluded
(e.g. medical imaging, industrial inspection). Note also that
Shape Context [3] is consistently outperformed by our method
except in the cases of occlusion and disocclusion.
6.3

Real images

Herein, we will demonstrate the relevance of our approach in
various application domains using two common deformation
models: planar homography and thin plate spline.
6.3.1

Planar homography

Traffic signs: Nowadays, modern cars include many
safety systems. Automatic traffic sign recognition is a major
challenge of such intelligent systems, where one of the key
tasks is the matching of a projectively distorted sign with
a template. Herein, we have used classical thresholding and
some morphological operations for segmentation but automatic
detection/segmentation is also possible [47]. Fig. 6 and Fig. 8
show some registration results. Each image pair was taken
from different signboards. The main challenges were strong
deformations, segmentation errors and variations in the style
of the depicted objects. For example, the observations in
Fig. 6(f), Fig. 8(b) and Fig. 8(c) do not contain exactly the
same shape as the object on the template. In particular, the
STOP sign in Fig. 8(c) uses different fonts. In spite of these
difficulties, our method was able to recover a quite accurate
transformation (the average δ error was 12, 66% on these
images).
X-ray images: Traumatic hip replacement is a surgical
procedure in which the hip joint is replaced by a prosthetic
implant. In the short term post-operatively, infection is a major
concern. An inflammatory process causes bone resorption
and subsequent loosening or fracture often requiring revision
surgery. In current practice, clinicians assess loosening by
inspecting a number of post-operative X-ray images taken
over a period of time. Obviously, such an analysis requires
the registration of X-ray images as shown in Fig. 7. Even
visual inspection can benefit from registration as clinically
significant prosthesis movement can be very small [48]. Since
one is looking for deformations of the bone surrounding the
implant, alignment must be based on the implant as it is the
only imaged part which is guaranteed to remain unchanged
from one image to the other. There are two main challenges
here: One is the highly non-linear radiometric distortion which
makes any graylevel-based method unstable [49]. Fortunately,
the segmentation of the prosthetic implant is quite straightforward [50], herein we used active contours to segment the
implant [51]. The second problem is that the true transformation is not a plane projective one, it also depends on the
position of the implant in 3D space. Indeed, there is a rigidbody transformation in 3D space between the implants, which
becomes a nonlinear mapping between the X-ray images.
Since the X-ray images are always taken in a well defined
standard position of the patient’s leg, the planar homography
transformation model was a good approximation here. Some
registration results are presented in Fig. 7.
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 6. Registration results on traffic signs. The first row
shows the templates while below them the corresponding
observations with the overlaid contour of the registration
results.
SIFT [10]

SC [3]

Proposed

δ = 18.65%

δ = 1.83%

δ = 1.64%

δ = 2.84%

δ = 10.23%

δ = 1.32%

Fig. 7. Registration results on hip prosthesis X-ray images. The overlaid contours show the aligned contours
of the corresponding images on the left. Images in the
second column show the registration results obtained by
SIFT [10]+homest [46], in the third column the results
of Shape Context [3]+homest [46], while the last column
contains the results of the proposed method.

(a)

(b)

(c)
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(d)

Fig. 8. Registration results on traffic signs. The templates are in the first row, then the results obtained by
SIFT [10]+homest [46] (second row), where the images
show point correspondences between the images found
by SIFT [10] in the third row. The results obtained by
Shape Context [3]+homest [46] (fourth row) and the
proposed method in the last row. The contours of the
registered images are overlaid.

Comparison: Since the grayscale versions of the images
were available, it was possible to compare our method to a
feature-correspondence based solution. For that purpose, we
have used homest [46], which implements a kind of “gold
standard” algorithm composed of [52], [53]. The point correspondences has been extracted by the SIFT [10] method. As
input, we provided the masked signboard region for traffic sign
matching and the prosthesis region for medical registration.
Furthermore, we have also extracted point correspondences
established by Shape Context [3]. Here, the input was the
binary mask itself used for SIFT as well as for our method.
Although the SIFT parameter called distRatio, controlling
the number of the extracted correspondences, has been manually fine-tuned, we could not get reliable results due to the
lack of rich radiometric features. Fig. 7 shows two results on
X-ray images while on traffic signs (see Fig. 8), SIFT could
not find enough correspondences in about half of the cases. As
for Shape Context-based correspondences, we got somewhat
better alignments (an average δ of 33.47% for the traffic sign
images).
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Fig. 9. Sample images from the MNIST dataset and
registration results using a thin plate spline model. First
and second rows show the images used as templates
and observations while the 3rd and 4th rows show the
registration results obtained by Shape Context [3] and the
proposed method, respectively.

Shape Context [3]
Proposed method

Runtime (sec.)
m
µ
σ
35.02 34.43 7.58
10.00
9.81
1.47

m
7.86
7.66

δ (%)
µ
9.40
8.93

σ
4.71
4.22

TABLE 4
Comparative results on 2000 image pairs from the
MNIST database. m, µ, and σ stand for the median,
mean, and standard deviation.

6.3.2 Thin plate spline
Matching handwritten characters: The performance of
our method has been evaluated on aligning handwritten digits
from the MNIST dataset [54]. A standard approach in matching
characters is to align the observation (to be recognized) with
each of the digit templates, and recognize it as the template
with the lowest deformation. A similar approach is used
in [3] which can be applied in our case too. Herein, we
will concentrate on the alignment of these characters. Since
this is a free-form deformation, we used the thin plate spline
model with 25 control points placed on a regular grid over
the input shapes. The model has 2 · 25 + 6 = 56 parameters.
The equations were generated using the function set Eq. (25)
with parameters 0 ≤ mi , ni ≤ 8, mi + ni ≤ 8 resulting in
an overdetermined system of 81 equations. The experiment
consisted of ≈ 2000 test cases, some example images and
registration results are shown in Fig. 9. Moreover, we also
compared our results to Shape Context [3], which also uses
a thin plate spline model but control points are placed on
corresponding contour points. Comparative results in Table 4
show that our method provides slightly better matches within
1/3 CPU time.
Aligning multimodal prostate images: Transectal Ultrasound (TRUS) guided needle biopsy is used to confirm the
presence of cancerous tissues in prostate [55], [56]. Unfortunately, the localization of malignant tissue regions is challenged by the rather low signal to noise ratio of Ultrsound (US)
images. Therefore in clinical practice, samples are collected
from different zones of the prostate to maximize the chance
of locating malignant tissues. Superior contrast of soft tissues
of the prostate gland in MR images can considerably improve
detection of cancerous tissues, but interventional MRI guided
biopsy is expensive and complicated. Therefore a viable solution is the fusion of the two modalities to exploit the high

Fig. 10. Alignment of MRI (left) and US (right) prostate
images using a TPS deformation model. The contours of
the registered MRI images are overlaid on the US images.
δ errors are 2.12% (first row) and 1.88% (second row).

quality of MR images in TRUS interventional biopsies [55],
[56]. An essential part of this procedure is the alignment of
the segmented prostate regions in the two modalities. Since the
prostate may undergo deformations due to the insertion of the
endorectal probe through the rectum during the MR imaging as
well as inflation of the endorectal balloon, nonlinear registration is needed for the multimodal alignment. Due to the rather
different content of these modalities, radiometric information
cannot be used reliably. Fortunately, the segmentation of the
prostate is available in both modalities, which is efficiently
obtained by an Active Appearance Model [55]. Based on
these segmentations, point correspondences are established by
making use of the prostate geometry in [56]. In our case,
however, there is no need for further processing, the shapes
can be directly aligned without established correspondences.
Fig. 10 shows some examples of aligned prostate images
obtained by our method.
6.4

Application in industrial inspection

An important step in hose manufacturing for automotive
industry is to print various signs on the hose surface in order
to facilitate installation (see Fig. 11). The quality control of
this process involves visual inspection of the printed signs. In
an automated inspection system, this can be implemented by
comparing images of the printed sign to its template, which
requires the alignment of the template and observation shapes.
The main challenges are segmentation errors and complex distortions. The physical model of the contact printing procedure
is as follows:
1) The stamp (basically a planar template of the sign) is
positioned on the hose surface. This can be described by
a 2D rotation and scaling S : R2 → R2 of the template.
2) Then the stamp is pressed onto the surface, modeled as
a transformation γ : R2 → R3 that maps the template’s
plane to a cylinder with radius r:
[
x1 ]T
x1
.
γ(x) = r sin , x2 , −r cos
r
r
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Fig. 11. Registration results of printed signs. Top: planar
templates. Bottom: the corresponding observations with
the overlaid contour of the registration results. The first
image pair shows the segmented regions used for registration. Note the typical segmentation errors. (Images
provided by ContiTech Fluid Automotive Hungária Ltd.)

obtained as a solution of a set of nonlinear equations. Experimental results show that the proposed method provides good
alignment on both real and synthetic images. Furthermore,
its robustness has been demonstrated on a large synthetic
dataset as well as on real images. Although our method clearly
dominates state of the art correspondence-based methods, it
has to be noted that, being calculated from the whole object,
our equations are sensitive to partial occlusions. On the other
hand, a common limitation of classical approaches is that they
assume a deformation close to identity in order to establish
reliable correspondences. Therefore we see our contribution
as a complementary method rather than a replacement for all
previous registration algorithms. Its superiority can be fully
exploited in applications where occlusion can be kept at a minimum (e.g. medical imaging or industrial inspection), while
feature-based methods can be more efficient when occlusions
are common (e.g. surveillance). A rigorous theoretical analysis
on selecting an optimal {ωi } set has also been presented and
our findings have been confirmed experimentally. A unique
feature of the proposed framework is that it can be used not
only with standard transformations but also with applicationspecific deformation models.
Finally, we would like to mention two open questions which
might inspire further research. In this paper, we have been
dealing with binary images, but the extension of our method
to gray-level images is feasible. For example, assuming that
the image functions f (y) and g(x) are covariant under the
unknown transformation φ, i.e. g(x) = f (φ(x)) = f (y), we
could rewrite Eq. (9) as
∫
∫
yω(f (y))dy =
φ(x)ω(g(x)) |Jφ (x)| dx.
(32)
Fo

3) Finally, a picture is taken with a camera, which is
described by a classical projective transformation P :
R3 → R2 with an unknown camera matrix.
Thus the transformation
φ(x) = (P ◦ γ ◦ S)(x)

(31)

acting between a planar template and its distorted observation
has 11 parameters: S has 3 parameters, γ has one (r), and
P has 7 (six extrinsic parameters and the focal length). The
Jacobian |Jφ | is straightforward to compute, although yields
a lengthy formula that we omit here due to lack of space.
Equations were generated by the function set {Eq. (26)} with
parameters using all combinations for αi ∈ 0, π6 , π3 and
(ni , mi ) ∈ {(1, 2), (2, 1), (1, 3), (3, 1)} yielding a system of
12 equations. The method has been tested on more than
150 real images and it proved to be efficient in spite of
segmentation errors and severe distortions.

7

C ONCLUSION

We have proposed a general framework for recovering diffeomorphic deformations. The fundamental difference compared
to classical image registration algorithms is that our model
works without any landmark, feature detection, or correspondences by adopting a novel idea where the transformation is
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Ft

The main advantage of this equation is that the nonlinear
function ω is acting on the image functions f and g hence
avoiding a nonlinear mapping of the unknown deformation
parameters. Unfortunately, the above equation also implies,
that no radiometric distortion is allowed – something which
is quite unlikely in any real imaging system when objects are
subject to elastic deformations. Therefore the key challenge
here is to recover radiometric distortion.
The second open problem is the optimal choice of the ωi
functions with respect to a given shape. Although in our
experiments we did not observe this kind of dependency,
it is definitely a valid and interesting question. Since the
integration domains in Eq. (9) are determined by the shapes,
the integrals are clearly influenced by the characteristics of
the ωi functions over the shapes. The right answer may
also depend on the interpretation of optimality. In this paper,
we explored the case when optimality means computational
efficiency. We shown, that a polynomial {ωi } set is the
most favorable as iterative LSE methods (like the Levenberg
Marquardt algorithm) doesn’t need to scan through the input
shapes at each iteration. Note that under certain conditions
discussed in Section 2.2, such a function set yields to classical
shape moments. However, if optimality means a minimum
number of equations, then the optimal set may depend on
the shape as well as on the actual deformation. Since we
want to recover an aligning transformation, this latter is also
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an important factor as the equations need to represent the
deformation rather then the underlying shape. The analysis
of this dependency is definitely interesting from a theoretical
point of view.
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