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Graph representations

Graphs can be represented by matrices. For us the most important
ones are the

incidence matrix
adjacency matrix
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A Graph’s incidence matrix is TU

Theorem. The incidence matrix of a directed graph is totally unimodular.

Proof. Easy to see by induction (according to the size of
subdeterminants).

Note : Combining this theorem with that we learnt in Lecture 5 we can
see that if an IP is given by an incidence matrix (of a graph) is simplified
to an LP problem. This makes easier to solve the problem (can be solved
in polynomial time), moreover the strength of duality can be utilized.
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Brief history and motivation

The Shortest Path Problem is one of the most important efficient
computational tools at this disposal

It is used everywhere, from GPS navigation and network
communication to project management, layout design, robotics,
computer graphics, and the list goes on

First algorithms for the Shortest Path problem were designed by Ford
(1956), Bellman (1958), and Moore (1959). For non-negative weights,
a more efficient algorithm was first suggested by Dijkstra (1959).

All-pairs Shortest Path problem the first algorithms were founds by
Shimbel (1953), and by Roy (1959), Floyd (1962), and Warshall
(1962)
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Brief history and motivation

The Minimum Spanning Tree problem also has a rich history

The first known algorithm was developed by Boruvka (1926) for
efficient distribution of electricity

Later independently discovered by many researchers over the years:
Jarnik (1930), Kruskal (1956), Prim(1957), and Dijkstra (1959)
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Shortest path problem
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Dijksra’s algorithm
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Dijksra’s algorithm

We can read the shortest path from 1 to 6: that is path 1,2,5,6.
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Minimum spanning tree
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Minimum spanning tree - Kruskal’s algorithm
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Maximum flow problem
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Maximum flow problem - The Ford-Fulkerson algorithm
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Maximum flow problem - Minimum cut

Theorem. (Max. flow - Min. cut) The maximum value of an (s, t)-flow is
equal to the minimum capacity of an (s, t)-cut.
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Maximum flow problem - Minimum cut
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Maximum flow problem - Minimum cut
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Minimum cost flow problem
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Minimum cost flow problem
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Example #2

Sunco Oil wants to ship the maximum possible amount of oil (per hour)
via pipeline from node so to node si in Figure. On its way from node so to
node si, oil must pass through some or all of stations 1, 2, and 3. The
various arcs represent pipelines of different diameters. The maximum
number of barrels of oil (millions of barrels per hour) that can be pumped
through each arc is shown in the Table. Each number is called an arc
capacity. Formulate an LP that can be used to determine the maximum
number of barrels of oil per hour that can be sent from so to si.
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Example #3

Five male and five female entertainers are at a dance. The goal of the
matchmaker is to match each woman with a man in a way that maximizes
the number of people who are matched with compatible mates. Table
describes the compatibility of the entertainers. Draw a network that makes
it possible to represent the problem of maximizing the number of
compatible pairings as a maximum-flow problem.
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Example #3

the arc joining each woman to the sink has a capacity of 1, conservation
of flow ensures that each woman will be matched with at most one man.
Similarly, because each arc from the source to a man has a capacity of 1,
each man can be paired with at most one woman. Because arcs do not
exist between noncompatible mates, we can be sure that a flow of k units
from source to sink represents an assignment of men to women in which k
compatible couples are created.
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