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Introductory Example

@ Ranked alphabet & = {a(® 5?2}
@ Tree transformation:

@ replace every o by o1 or
@ replace every o by o,
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Use a Bottom-Up Tree Transducer

@ State set: {1, 0z}, both accepting

@ Rule set:
q1 q2
T a — ‘ 72 o — ‘
o o
'd o Q1 N
/ \ |
r3s |4q1 41 — o1
33‘1 513‘2 x1/ \xz
N\ J
e o q2 N
/' \ |
T4 Q2 42 — 02
x‘l m‘Q .’El/ \SUQ
N\ J
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Example Derivation

@ Derivation 1

i
N\
A =
a o ! a/ \a:
o Dervation2
i
N\
A =),
a « ! a/ \a:

o = = = T Dace
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Example Derivation

@ Derivation 1

o (r3) i
/N S T
a(r) o(rs3)  =* 1 /\ |
/N o o1
a(r) a(r) l‘ a/ \0“1

@ Derivation 2

q2

o (ra) I
/N oy
a(ry) o (rg) =% /\ |
/N o 02
a(ry)  a(ro) i a/ \a}
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lllustration of the Decomposition
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lllustration of the Decomposition
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Decomposed Tree Transducer

@ Tree Transducer Tg
o state set: {x}
@ new output alpabet: T' = {rq,r2,r3, rs}
® a— () o (*(X1), *(X2)) — *(r3(Xe, X2))
a — () o(x(X1), *(X2)) — *(ra(Xe, %2))
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Decomposed Tree Transducer

@ Tree Transducer Tg
o state set: {x}
@ new output alpabet: T' = {rq,r2,r3, rs}
® a— () o (*(X1), *(X2)) — *(r3(Xe, X2))
a — () o(x(X1), *(X2)) — *(ra(Xe, %2))

@ Tree Transducer Tgg
@ state set: {qi, 02}

o r; — qu(ry) r3(Ga(x1), qi(X2)) — Gu(ra(Xe, X2))

r2 — Qa(r2) ra(Ge(x1), Ga(X2)) — Ga(ra(Xe, X2))
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Decomposed Tree Transducer

@ Tree Transducer Tg
o state set: {x}
@ new output alpabet: T' = {rq,r2,r3, rs}
® a— () o (*(X1), *(X2)) — *(r3(Xe, X2))
a — () o(x(X1), *(X2)) — *(ra(Xe, %2))

@ Tree Transducer Tgg
@ state set: {qi, 02}

o r; — qu(ry) r3(Ga(x1), qi(X2)) — Gu(ra(Xe, X2))

r2 — Qa(r2) ra(Ge(x1), Ga(X2)) — Ga(ra(Xe, X2))

@ Tree Transducer Thom
o state set: {*}
o r; — «(a) ra(x(x1), *(X2)) — *(o1(Xe, X2))
o — *(a) I’4(>I<(X1), *(Xz)) — *(O’z(X]_, Xz))
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History of Results

Theorem (Engelfriet '75)

BOTtt g RELtt (¢] FTAH (¢] HOMtt
BOTy; © RELy o FTA; o HOMy
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History of Results

Theorem (Engelfriet '75)

BOTtt g RELtt (¢] FTAH (¢] HOMtt
BOTy; © RELy o FTA; o HOMy

@ Nivat '68

Decomposition of generalized sequential machines
@ Engelfriet, Fulop, Vogler '02

Decomposition of bottom-up tree series transducers

Prove a similar result for weighted multioperator tree automata!
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Basic Notions

@ ranked alphabet (%, rky,)

@ let X ranked alphabet
@ treesover ;. Ty

~ Ty = {CM,O’(CM,OZ),O’(O[,O’(OZ,CM)), . }
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Basic Notions

@ ranked alphabet (%, rky,)

@ let X ranked alphabet
@ treesover ;. Ty
0 Y — {a(0)70(2>}

~ Ty ={a,0(a,a),0(a,0(a,a)),...}
o lette Ty
@ pos(t) C N*
o t=o0(a,0(a,a))
~ pos(t) = {e,1,2,21,22}
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Motivation Weighted Multioperator Tree Automata Decomposition

Basic Notions

@ ranked alphabet (X, rky,)

@ let X ranked alphabet

o treesover X: Ty
o ¥ ={a0 5@}
~ Ty ={o,0(e, @), 0(a,0(e, @), ... }

@ lette Ty
@ pos(t) C N*
o t=o(a,0(a,))
— pos(t) = {e,1,2,21, 22}

@ let p € pos(t)
o label t(p)
o p=21 ~ t(p) =«

Summary
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Multioperator Monoids

Definition (Ops(A))

Let A be a set, k natural number.
@ Ops‘(A): k-ary operations on A,
@ Ops(A): operations on A.
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Multioperator Monoids

Definition (Ops(A))

Let A be a set, k natural number.
@ Ops‘(A): k-ary operations on A,
@ Ops(A): operations on A.

Definition (Multioperator monoid)

A multioperator monoid (M-monoid) is a tuple A = (A, ®, 04, 2),
where

@ (A, @,0a) is a commutative monoid,
@ Q C Ops(A).
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Top Concatentation

Let ¥ ranked alphabet, k € N, o € =¥

Definition (Top Concatenation)
Lettl, ke Ts.
5(t1,. .. ,tk) = O'(tl,. .. ,tk).

Definition (Language Top Concatenation)

LetLl,...,Lkng.
7Ly, L) = {o(te, ..., It € Li}.
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Top Concatentation

Let ¥ ranked alphabet, k € N, o € =¥

Definition (Top Concatenation)
Letty,..., tx € Ts.
5(t1,. .. ,tk) = O'(tl,. .. ,tk).

Definition (Language Top Concatenation)

LetLl,...,Lkng.
7Ly, L) = {o(te, ..., It € Li}.

@ Dropthe Lin at.

L= {O(j_, “1'31}, L, = {(V2mi32}
(L1, L2) = {o(a1,a2), 0(B1, 02), 001, 52), 0 (1, 52)}
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Bottom-Up Weighted Multioperator Tree Automata

Definition (Bottom-Up Weighted Multioperator Tree Automaton)

M = (Q, 3, A u, F) bottom-up weighted multioperator tree
automaton (wta) iff

@ Q finite set (of states)

@ 3 ranked alphabet

o A= (A &,04,Q) M-monoid

@ 1= (uk)ken With gy : vk (Q(k))Qka
@ Fe (Q(l))Q
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Tree Series

Definition (Tree Series)

Let X ranked alphabet, A = (A, &, 04, 2) M-monoid.
A tree series over Ty and Ais a mapping ¢ : Ty, — A.
Notation:

@ (ip,s) denotes ¢(s),
@ A(Ty)) set of tree series over Ty, and A.
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Semantics (1)

Let (Q,X, A, i, F) bewta, t € Ty.

Definition (Run)

A run of M on tis a mapping r : pos(t) — Q.
Rw (t) set of all runs of M on t.
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Semantics (1)

Let (Q,X, A, i, F) bewta, t € Ty.

Definition (Run)

A run of M on tis a mapping r : pos(t) — Q.
Rw (t) set of all runs of M on t.

| A\

Definition (Weight of a run)

Letr € Ry(t). Define weight mapping C; : pos(t) — A:

Ci(p)
= uk(t(P))r(p1)--r(ok),r (p) (Cr (P1), - . ., Cr(pK)),

where k = rk(t(p)).

\
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Semantics(2)

LetM = (Q, >, A u, F) be wta

Definition (Run Semantics)
Tree series pm € A(Ty)) recognized by M

(om,) = €D Fr(e)(Cile

reRu(t)
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Example

M@( = (Q7 EvAa K, F) Wlth
° Q={a, a2},
Q) = {a(O)’U(Z)},
o A= (P(TA)? U, ®7 {idP(TA)’ﬁ(Z)’ 1,l2,r3, r4})’

A= {aO), 052), 052)}

ri = ry is the constant {a},
rs: (Ll, Lz) — U_l(Ll, Lz),
rs: (L1, L2) — 72(Ly, L2),

© ¢ ¢ ¢
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Example (cont'd)

@ 1= (Hk)keN,
MO(Q)E)% =
Ho(®)e,q = 2,
#2(0)quon,cn = T35
12(0)qpp,00 = T4,

©

¢ ¢ ¢

otherwise (o) = (@

©

® Fy =Fg = idp(TA)'
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@ Given input tree:
g
/\
a g
/\
o o

@ Weight mapping of r:

@ Examplerunr:

@ Result:

«O» <Fr «E»r» <«

o
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Motivation

Example Computation (1)

@ Given input tree:

A
a o

Weighted Multioperator Tree Automata

Decomposition Summary

@ Examplerunr:

g (Ch)
/N
a(q) o(q)
/N
a(qa) a(q)
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Example Computation (1)

@ Given input tree:
g
/\
(@ o
/\
a o

@ Weight mapping of r:

Decomposition Summary

@ Examplerunr:

g (Ch)
/N
a(q) o(q)
/N
a(qa) a(q)
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Example Computation (1)

@ Given input tree: ® Example runr:
2 o (q1)
/\ 7 X
(@ o
/\ a(q) o(q)
a o / \
a(q) o(q)
@ Weight mapping of r: @ Result:
T3 o1
/\ /\
rh T3 a 01
/\ /\
m a

Summary
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Example Computation (2)

@ Summing up over all runs:

01 ()]
/\ /\

a 01 a 02
/\ /\
a o a o

9y
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Example Computation (2)

@ Summing up over all runs:

01 ()]
/\ /\

a 01 a 02
/\ /\
a o a o

)

Theorem (Maletti '05)
Every bottom-up tree transducer can be simulated by a wta.
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Decomposition of Mg
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Decomposition (1)

@ Define ranked alphabet

I'={(,q1),(a,%2)} U{(o,p1,P2,0) | P1,P2,9 € Q}.

@ Define a relabeling wta

Mrg = ({*}, %, Ag, fird Fra) Where
® Ay = (P(Tr),u,0,{idp(ry, @, })
® a={(a,q),(a, )},

° a(le L2) = U (07 P1, P2, Q)(le LZ)
P1,P2,d€Q
@ firel:
L llni(fx)a,* =a
@ (it (0)wn,x = O,

o (Frel)* = idfp(TF).

Summary
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Example Computation of Mg

/\
« (6%
~ (Mrel)
(o,q1,92, 1) (0,62, 92, q1)
PN PN
(,q1) (0,62,q1,2) (a,q1) (0,92,q1,92)
/N /N
, (CY,QQ) ((X,Q1) , (a7q2> (a7QI) ,

Summary
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Decomposition (2)

@ Define finite state tree automaton

Mfta - (Q7 F? Aﬁaa Hfta7 Ffta)

o Awa = (P(Tr), U, 0,{0©,0, a,5}),
o ua: for every q,d’, p1, pi, P2, p5 € Q:

a, a=q;
o pra((e,0))eq = { 7o q#q
® pa((o, p1, P2, Q))pipg,q’ =
_1o 9=0q ApL=piAP2= P
0@ otherwise

o (Fita)q = idp(ry) for every g € Q.

Summary
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Example Computation of Mg,

(anl>q27q1) (U7QQaQ2a91)
VRN VRN
(a,q1) (0,92,q1,92) (a,q1) (0,92,q1,G2)
/N /" N\
(v, q2) (a,q1) (@, q2) (@)
~~ (Mtta)
(JaqbQQv(h)
VRN
(a7Q1) (J>q2aq17q2)
N\

(a’qQ) (a7Q1) ,

Summary
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Decomposition (3)

@ Define homomorphism

Mhom = ({*}7 I', A, tthom, Fhom)
@ Lipom: for every q,p1,p2 € Q:
9 pom((@, ))e,x = p(a)eq,
@ fihom((0, P1, P2, @)+ = £4(0)pypras
o (Fhom)* = ida.
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Example Computation of Mpom

(anl>q27q1)
VRN
(,q1) (0,q2,q1,42)
/N
(CY,QQ) (a7q1) ,

~ (Mhom)
o1 o
/\ \
(6% g1 (6% g2
/\ /\
(6% (0% (6] [0

Summary
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Let A be M-monoid.
BOT(A) = {¢m | M is a wta over A}
HOM(A) = {¢m | M is a homomorphism wta over A}
REL = {¢xm | M is a relabeling wta}
FTA= {¢om | M is a fta}
BOT'(A) = {pwm | M is a fwp wta over A}
HOM'(A) = {¢m | M is a fwp homomorphism wta over A}
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Let A be M-monoid.
@ BOT(A) = {¢vm | M is a wta over A}
@ HOM(A) = {¢m | M is a homomorphism wta over A}
@ REL = {¢m | M is a relabeling wta}
@ FTA= {pom | M is a fta}
@ BOT'(A) = {¢m | M is a fwp wta over A}
@ HOM'(A) = {pm | M is a fwp homomorphism wta over A}

AwtaM = (Q,X, A, u, F) is called final weight preserving (fwp)
iff Fq = ida for every q € Q.

\
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Summary

Main Result
Theorem (Stiiber '06)

For every M-monoid A:
BOT'(A) C REL o FTAo HOM'(A) .
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Summary

Main Result
Theorem (Stiiber '06)

For every M-monoid A:
BOT'(A) C REL o FTAo HOM'(A) .

This implies

Theorem (Engelfriet '75)
BOTy C RELy o FTA¢ o HOMy

because of

Theorem (Maletti '05)
Every bottom-up tree transducer can be simulated by a wta.
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Future work

Future work
@ For every M-monoid A

BOTf(A) D REL o FTAc HOMf(A) .

@ Determine all A such that
BOT(A) = REL o FTAoc HOM(A) .

Decomposition

Summary
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